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Abstract. Association, or LD (linkage disequilibrium), mapping is an
intensely-studied approach to gene mapping (genome-wide or in candi-
date regions) that is widely hoped to be able to efficiently locate genes
influencing both complex and Mendelian traits. The logic underlying as-
sociation mapping implies that the best possible mapping results would
be obtained if the genealogical history of the sampled individuals were
explicitly known. Such a history would be in the form of an “ancestral
recombination graph (ARG)”. But despite the conceptual importance of
genealogical histories to association mapping, few practical association
mapping methods have explicitly used derived genealogical aspects of
ARGs. Two notable exceptions are [35] and [23].

In this paper we develop an association mapping method that explicitly
constructs and samples minARGs (ARGs that minimize the number of
recombinations). We develop an ARG sampling method that provably
samples minARGs uniformly at random, and that is practical for mod-
erate sized datasets. We also develop a different, faster, ARG sampling
method that still samples from a well-defined subspace of ARGs, and
that is practical for larger sized datasets. We present novel efficient algo-
rithms on extensions of the “phenotype likelihood” problem, a key step
in the method in [35]. We also prove that computing the phenotype like-
lihood for a different natural extension of the penetrance model in [35] is
NP-hard, answering a question unresolved in that paper. Finally, we put
all of these results into practice, and examine how well the implemented
methods perform, compared to the results in [35]. The empirical results
show great speed ups, and definite but sometimes small, improvements in
mapping accuracy. Speed is particularly important in doing genome-wide
scans for causative mutations.

1 Introduction

One type of genetic disease, or more generally any phenotype (observable trait),
is caused by a single mutation at a single locus, and that mutation has “high
penetrance”, meaning that the probability of the trait given the mutation is very
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large. Sometimes this type of disease is called “Mendelian”. In contrast, “com-
plex traits” can originate independently at many different loci; or a combination
of mutations is required to create a phenotype; or different combinations of mu-
tations can create the trait; or the penetrance of the mutations may be low.
Understandably, although many Mendelian traits have been mapped quite suc-
cessfully, mapping the genetic origin of complex traits remains a very challenging
problem.

Association, or LD (linkage disequilibrium), mapping is a current, intensely-
studied approach to gene mapping (genome-wide or in candidate regions) that is
widely hoped to be able to efficiently locate genes influencing both complex and
Mendelian traits. Indeed, one of the major motivations behind the international
HapMap project [16, 17] is to provide SNP (single nucleotide polymorphism)
data from several populations, at a density of about one SNP per one to five
Kb, to facilitate association mapping (in humans). The association mapping ap-
proach uses (sparse) data obtained from a number of unrelated individuals in a
population, looking for sites, or small regions, whose states strongly discriminate
between those individuals (called “cases”) with the trait of interest, and those
without it (called “controls”). Association mapping relies on the assumption that
the cases (or a significant fraction of them) share a genealogical history that is
distinct from the history of the controls, and that over time, meiotic recombi-
nation has shortened the shared region(s) containing the causative mutation(s).
It follows from these assumptions that SNP sites near a causative mutation will
have states (alleles) that more highly correlate with the trait of interest than do
sites that are far from a causative mutation, and this is the general basis for as-
sociation mapping. The following papers provide good overviews and discussions
of association mapping [28, 5].

The logic behind association mapping implies that the best possible mapping
results would be obtained if the true genealogical history was explicitly known
for the cases and controls. Such a history would be in the form of an “ancestral
recombination graph (ARG)” [7, 26, 13], also called a “phylogenetic network”
in [9, 8]. The true ARG would explicitly show all the ancestral relations, the
mutations and the recombinations that lead to the extant SNP sequences of the
sampled individuals, starting from some ancestral SNP sequence. Quoting from
a recent paper (also see [23]):

Unless we have the actual disease variants in our marker set, the best
information that we could possibly get about association is to know the
full coalescent genealogy of our sample at that position. If we knew this,
the marker genotypes would provide no extra information; ... [35]

It is important to note that the concept of ARG in this paper is synonymous
with phylogenetic network, which is about a network showing ancestral relations
among samples. This use of the term “ARG” is similar to the usage of this
term in [23], and is different from a stochastic process called coalescent-with-
recombination. Even with this restriction, an ARG is still very informative about
the genealogical history of the samples.
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Despite the conceptual centrality of the genealogical history, few associa-
tion mapping methods have tried to explicitly deduce or exploit the underlying
genealogical histories to map complex traits, particularly with recombination.
Initial work on association mapping with ARGs by a full coalescent likelihood
approach suggests that this is indeed a very challenging problem [19], and most
existing genealogy-based mapping approaches [33, 22, 24, 27] make some approx-
imations (i.e. not using a full genealogical network) in modeling recombination.

Recently, however, a few papers have developed association mapping methods
that explicitly try to exploit recombination or some aspects of the “underlying
ARG space”, that is, the set of ARGs that can generate a given input set of SNP
sequences. Two papers, the first published in 2005 by Zollner and Pritchard [35],
and the second by Minichiello and Durbin [23], are the most highly developed
examples of these efforts.

The method of Zollner and Pritchard [35] explicitly uses some inferred infor-
mation on recombination for genealogy inference, although it does not generate
full ARGs. The method uses a rigorous stochastic framework and disease model
to map certain kinds of complex traits. The basic strategy in [35] is to generate,
and average over, some information from many samples of the ARG space for
the given data. In particular it generates (independent) subtrees embedded in
the ARGs, at different loci. Each such tree describes how the SNP sequences,
restricted to an interval of SNP sites, could have evolved. The quality of a sub-
tree is assessed using a rigorous statistical model (detailed later). A locus where
many generated subtrees have significant scores is then deduced as being near a
site that is causative for the trait.

The Zollner and Pritchard paper is an important advance because it defines a
formal disease model, and it uses a rigorous likelihood approach to evaluate the
significance of the mapping results. Moreover, it considers complex phenotypes
showing “allelic heterogeneity”, where the genetic basis for the trait can be a
mutation at one of several different sites, but the sites are located close to each
other. This is the case for example for BRCA1, or for mutations causative for the
ability to metabolize lactose in adults. However, the implemented method (based
on Markov Chain Monte Carlo) is very slow in practice, does not guarantee
proper mixing, and does not use the full ARG model. Moreover, the disease
model is somewhat limited and it would be desirable to extend it in several
natural directions.

More recently, Minichiello and Durbin [23] developed an association mapping
method that is similar to that in [35] at a high-level, but quite different in detail.
In [23], full “plausible” ARGs are explicitly generated by using heuristics that
allow rapid computation. There is no precise definition of what a “plausible”
ARG is, although the algorithm tries to locally reduce the number of recombi-
nations used, and can be viewed as producing an approximation to a “minARG”
[29], i.e., an ARG that globally minimizes the number of recombinations used
to generate the SNP sequences (in a model detailed below). There is no char-
acterization of the sampling bias that is caused when ARGs are created in this
way.
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Our paper is centrally motivated by the paper of Zollner and Pritchard [35].
Our paper addresses computational, and some statistical, challenges from [35],
with results concerning all the essential steps of the method in [35]. Essentially,
we show that the statistical approach in [35] can be sped up and made practical
when full minARGs (or near-minimum ARGs) are sampled. We adopt the disease
model introduced in [35] and present new results in evaluating the “phenotype
likelihood”, used to assess the significance of a “marginal tree” (defined below).
However, some parts of our method are more similar to the method in [23], and
so some of our results also relate to that paper.

2 Definitions and Background

A single nucleotide polymorphism (SNP) is a single nucleotide site where exactly
two (of four) different nucleotides occur in a large percentage of the population.
A genotype comes from a pair of haplotypes. As in [35] we assume that haplotypes
can be determined from sampled genotypes, and to simplify the exposition, we
just say that haplotypes are sampled in the population. The set of haplotypes
sampled from a population is denoted by M , where M has n haplotypes (rows)
and m sites (columns). We assume at most one mutation in any sampled SNP site
in the evolution of the haplotypes, which is supported by the standard “infinite
sites model” in population genetics [13, 14]. This is particularly justified in the
context of association mapping where the time-scale of interest is short enough
that two mutations at any single site are unlikely. In addition to mutation,
haplotypes evolve by (meiotic) recombination. Recombination takes two equal
length sequences (haplotypes) and produces a third sequence of the same length
consisting of some prefix of one sequence, denoted P , followed by a suffix, of the
other sequence, denoted S. The changeover point is called the “crossover point”
or “breakpoint”.

The evolutionary history of a set of haplotypes M , that evolve by mutations
and recombinations is displayed on a rooted, directed acyclic graph called an
“Ancestral Recombination Graph (ARG)” [7] (also in [26, 13]), or a “Phyloge-
netic Network” in [9, 8]. An example of an ARG is shown in Figure 1(b); A formal
definition of an ARG is given in [9, 8]. An ARG that derives a set of sequences
M and minimizes the number of recombinations assuming at most one mutation
per site is called a “minARG” [29]. The problem of finding a minARG for M ,
or even determining the number of recombinations in it, is NP-hard [34, 3], but
there are methods constructing minARGs for moderate-size haplotype data [29,
21]. Other methods construct minARGs with some structural constraints [8–10].
We can also efficiently compute close upper bounds [11, 12, 31] and lower bounds
[15, 25, 30, 1, 2, 31] on the number of recombinations in a minARG.

The marginal trees of an ARG

Let N denote an ARG for M . The following crucial observation is central in the
methods in [35] and [23] and in our method. For any site x, the full evolutionary
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history of the states of site x in the sequences M , is completely represented by
a subtree Tx of N , which can be extracted from N by removing, at each recom-
bination node v in N , one of the two directed edges entering v. In particular,
suppose b is the breakpoint for the recombination at v; then remove the edge
into v from the node labeled with the sequence P (providing the prefix for the
recombination), if site x is to the right of b; otherwise remove the edge into v
from the node labeled S. The resulting subtree, Tx, is a rooted directed tree
that details how each of the sequences in M obtained their polymorphism value
at x. An example is given in Figure 1. Tree Tx is called a marginal tree. The
next critical point is that if no recombination in N has occurred at a breakpoint
between sites x and y, then the marginal trees Tx and Ty are identical. Hence,
there is a single well-defined marginal tree for each interval between successive
breakpoints in N (along the linear ordering of the polymorphic sites), and also
for the two intervals before the first, and after the last, breakpoints.

(a) SNP data. (b) An ARG deriving the
data.

(c) Marginal tree for positions
between sites 1-3

(d) Marginal tree for posi-
tions near site 4

(e) Marginal tree to the right
of site 4 fits the phenotypes
well

Fig. 1. An example of the general association mapping method using ARGs. Figure
1(a) shows the input haplotypes M , where rows 1-3 are controls and rows 4-6 are
cases. Figure 1(b) shows an ARG for the haplotypes in Figure 1(a), with 00111 as
root sequence. A site mutation changes the state from that at the root to the opposite
state. Leaves are labeled with row numbers in the input matrix. Figures 1(c) is the
marginal tree embedded in the ARG at positions between site 1 and 3. Figure 1(d) is
the marginal tree near site 4. Figure 1(e) is the marginal tree to the right of site 4.
Note this tree shows a cut of an edge that clearly separate cases and controls.

3 The High-level Strategy

Our high-level strategy involves sampling ARGs from the ARG space; then con-
structing the marginal trees for each sampled ARG; and then assessing the sta-
tistical significance of the marginal trees given the observed cases and controls,
and the disease model. To get the intuition behind this assessment, suppose the
disease is Mendelian. In that case a significant marginal tree is expected to have
an edge, such that there is a “larger than random” number of cases in the leaves
of the subtree below the edge, and few controls. A locus contained in marginal
trees that have high significance is then deduced as being near a site that is
causative for the trait. This basic idea is adopted in [23]. The general method,
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in the Mendelian case, is illustrated in Figure 1, where the third marginal tree
corresponding to sites to the right of site 4, contains an edge that perfectly sep-
arates the cases from the controls. Therefore, the tree to the right of site 4 fits
the observed phenotypes well. If no further sampling were done, we might then
conclude that the genomic region near site 5 is the most likely to contain the
causative mutation for the trait. Now, for complex diseases, the assessment of
the significance of a marginal tree is more involved. Then we need to compute
the probability, given the disease model, that the observed cases and controls
would have been derived on that marginal tree. If the disease model specifies low
penetrance or multiple causative mutations, then we would not expect a perfect
separation of the cases and controls as in Figure 1.

The above high-level strategy is in the same spirit as some parts of the meth-
ods in [35] and [23], but our method differs from, extends and sometimes outper-
forms those methods in several important ways. Most importantly, in contrast
to both earlier methods, our methods explicitly compute minARGs, or ARGs
that (empirically) use a number of recombinations close to the global minimum,
rather than other ARGs from the ARG space. There are several reasons we want
to generate minARGs (or near minimum ARGs) rather than other ARGs from
the ARG space. First, it is currently believed that in the human genome (and
perhaps others) there are many regions (haplotype blocks) where the recombina-
tion rate is low, but not zero. In those regions, we expect that minARGs reflect
the true genealogical history better than an ARG with many extra recombina-
tions. Also, the method in [23] has implicit (but not rigorous) rules for reducing
the number of recombinations used, and the use of minARGs better formalizes
that implicit effect.

Phenotype likelihood is defined as, given a marginal tree Tx at position x with
leaf labels, the probability Pr(Φ|X = x, Tx) of the observed phenotypes Φ of the
leaves being generated on Tx according to the following disease model assuming
disease mutations occur near x [35]. Here Φ is the collection of case and control
status for each sample sequence. The basic disease model that we adopt in this
paper is the one introduced by Zollner and Pritchard [35].

– The disease loci are not sampled, i.e. are not in the sampled SNP sites.
– Phenotypes are determined by mutations at disease loci and the disease

penetrance. There may be multiple independent disease mutations, but these
mutations occur relatively close together, so that they may all occur on a
single marginal tree.

– There are two alleles M0 (wild-type) and M1 (mutant) at a disease locus.
Mutations M0 to M1 occur at edges of the marginal tree according to Poisson
process with a rate of ν/2. There is no mutation from M1 to M0. Further-
more, mutations on different edges of a marginal tree occur independently.

– Multiple mutations on the same haplotype have the same effect on pheno-
types as a single mutation.

The concept of penetrance is important to this paper. Zollner and Pritchard
uses the haploid penetrance model to specify the effect of alleles M0,M1 on
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phenotypes: Pφ,m is the probability of a haplotype exhibiting phenotype φ for
wild-type haplotype (m = 0) or mutant haplotype (m = 1). Here, φ ∈ {A,C}
(i.e. cAse or Control). Since Pφ,m is for a single sequence (haplotype), we call it
haploid penetrance. In practice, penetrances are often not known. Zollner and
Pritchard used a numerical integration approach, averaging over a grid points of
penetrance (e.g. an evenly spaced 20 by 20 grid with range [0.0, 1.0], where each
point represents a possible penetrance PA,0 and PA,1). Thus in the following, we
assume penetrance is known when we compute phenotype likelihood.

Suppose we are given a (rooted) tree Tx. Let M be a binary vector with one
bit for each edge, indicating whether the corresponding edge has at least one
disease mutation or not. Then,

Pr(Φ|X = x, Tx) =
∑

M

P
nA,0

A,0 P
nA,1

A,1 P
nC,0

C,0 P
nC,1

C,1 Pr(M |x, Tx)

where nφ,m = number of sequences in the sample showing phenotype φ who have
mutation state m, and Pr(M |x, Tx) is the probability of the edge mutations
specified by M in Tx, which can be easily computed. Zollner and Pritchard use
the Peeling algorithm [6] to efficiently compute phenotype likelihood with haploid
penetrance. Understanding this is important for our new results on phenotype
likelihood in Section 5. Refer to [35] for more details.

4 Sampling Ancestral Recombination Graphs

4.1 Uniform sampling of minARGs

Now we present two methods for sampling ARGs given a set of sequences M .
We first present a method to count the number of minARGs. With a simple
modification, the method can be turned into a uniform sampler of minARGs.

We begin by reviewing the self-derivability problem originally studied in [31].
In the following, we assume that M does not contain two identical sequences.
Often an ARG may derive sequences that are not present in input data M . We
call these sequences Steiner sequences. The self-derivability problem is to decide
whether there is an ARG N deriving M (assuming at most one mutation per
site) which only contains the input sequences in M . That is, N contains no
Steiner sequences. We call such an ARG, if it exists, a self-derived ARG. We
first describe algorithms for data with self-derived ARGs, and then extend to
more general case. Lemma 1 is a simple extension of a result in [31] and we omit
the proof here.

Lemma 1. A self-derived ARG is also a minARG.

Here, we give an algorithm (Algorithm 1) for counting the number of self-
derived ARGs for M . The algorithm runs in O(2n + n3m) time. Two ARGs
are different if they derive a different set of sequences. Moreover, the nodes (i.e.
sequences) in an ARG are derived in a particular linear time order. That is, for
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any two nodes, we know which corresponding sequence is derived earlier. We
consider two ARGs to be different if the derivation order of the sequences in
them are different, even if they are topologically identical and derive the same
set of sequences. This total time-order property is quite convenient to avoid over-
counting (as explained later). Also, the time-ordering suggests ways to determine
edge lengths for the edges in an ARG, and this will be useful for the phenotype
likelihood computation, discussed later. Moreover, true ARGs are total-ordered
since genealogical events are time-ordered.

For each subset S ⊆ Rows(M), we define N [S] as the number of the mi-
nARGs deriving sequences in S (and deriving no other sequences). Therefore,
N [Rows(M)] is equal to the total number of self-derived ARGs that derive hap-
lotype matrix M . For a subset of rows S and a single row r /∈ S, we denote
D(S, r) as the total number of ways of deriving r by sequences in S through an
unused mutation or a recombination. By ”unused mutation” we mean a mutation
at a site where all sequences in S have the same states (i.e. either all 0 or all 1)
and different from that of r. Note that if r is derived by an unused mutation, this
is only one way of deriving r and no two sequences in S can recombine to derive
r. Similarly, when r can be derived through recombination of two sequences in
S, r can not be derived through an unused mutation from a sequence in S. Thus,
there are the following mutually exclusive situations:

1. If a sequence in S can derive r by an unused mutation, then D(S, r) = 1.
2. If two sequences in S can derive r by a recombination, then D(S, r) ≥ 1.
3. Otherwise, D(S, r) = 0.

Algorithm 1

1. For each row r ∈ M , set N [{r}] ← 1.
2. Set sz ← 1.
3. while sz < n

3.1 sz ← sz + 1
3.2 For each subset of rows S ⊆ Rows(M) and |S| = sz, initialize N [S] ← 0.

3.2.1 For all r ∈ S, such that (a) N [S−{r}] ≥ 1, and (b) D(S−{r}, r) ≥ 1,
then N [S] ← N [S] + N [S − {r}] × D(S − {r}, r).

The correctness of Algorithm 1 is easy to establish from the total time-
ordered property. The key observation is that since the ARG is fully time ordered,
each way of choosing r generates a different ARG. Intuitively, picking r means
we choose to derive r immediately after the sequences in S − {r} in the ARG.
Two ARGs generated by picking r1 and r2 respectively at the same stage are
different because the time order of r1, r2 is different.

Now we show that Algorithm 1 can be converted to a uniform sampler of
minARGs for data M when M is self-derivable. This is presented in the following.

Algorithm 2

1. First count the total time-ordered minARGs using Algorithm 1.
2. Initialize S, the set of current underived rows, to Rows(M). Do:
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2.1 Choose a sequence r from S as the last sequence in S to derive, with

probability N(S−{r})×D(S−{r},r)
N(S) .

2.2 Choose uniformly at random (and remember) a derivation way (i.e. either
through a mutation or a recombination) for r from total D(S − {r}, r)
possible ways of derivation.

2.3 Let S ← S−{r}. Go to Step 3 if |S| = 1 (i.e. the only remaining sequence
is the root sequence). Otherwise, continue on step 2.1.

3. Construct an ARG (starting from the root) according to the (reverse) order
for each sequence r and the chosen way of deriving r.

It is easy to show that the above algorithm is indeed a uniform sampler
of self-derived minARGs. Here is the intuitive idea behind this method. We
construct a uniformly sampled time-ordered minARG backwards in time. That
is, we decide how to derive the last sequence first. For a given data, we choose a
sequence r as the last sequence to derive in the minARG with probability equal
to the ratio of the number of minARGs with r as the last sequence to the total
number of minARGs. This ensures that the last sequence is picked uniformly.
We pick the rest of sequences uniformly backwards in time. Thus, the generated
ARG is sampled uniformly. We remark that the (exponential) set-up time for
the uniform sampling is the dominant portion of the running time. Note however
that once the counting is performed, sampling of an ARG takes O(n2) time.

A remaining issue is that the above uniform sampling method only works for
a special type of data M , namely the data where M is self-derivable. The method
can be extended to handle general data for moderate-sized datasets as follows.
When the number of needed Steiner sequences and the number of candidate
Steiner sequences are small, we can simply add Steiner sequences to M in order
to make the expanded dataset self-derivable. This and several other ideas that
we have implemented make uniform sampling of minARGs practical in a range
of data we report in Section 6. Recall also that association mapping is often done
on candidate regions or on windows in a genome, and these also fall in the range
of practicality for minARG generation. The efficiency of our minARG sampling
method depends largely on the number of haplotypes (and number of Steiner
sequences needed) of M . Our experience indicates that minARGs can often be
found (within practical amount of time) for data with up to 30 haplotypes when
the data is self-derivable, and up to 20 haplotypes when the number of sites is
small and one or two Steiner sequences are needed.

Remarks. The above uniform sampling can be extended to weighted sam-
pling, where larger weights are assigned to more likely operations. Weighted
sampling may improve the mapping accuracy. We omit the details here.

4.2 ARG sampling for larger data

The performance of the uniform sampling method degrades with the increase of
the number of haplotypes in M or the number of needed Steiner sequences. To
sample ARGs for larger data, we need heuristic sampling methods.
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The efficient ARG sampling method presented here samples a special type
of ARGs, where sequences are derived by a derivation pathway. Constructing a
single ARG by a derivation pathway has been previously used in [31], and implicit
application of the pathway is also used in [20] for estimating recombination rate.
In this paper, we develop an ARG sampling method based on minimum pathway.
Minimum pathway is a way of deriving a new sequence from a set of derived
sequences using the fewest recombinations. Thus, we also explicitly reduce the
number of recombinations here. We also sample uniformly derivation paths from
minimum pathways. We call the ARGs constructed from pathways as pathway
ARGs, and this sampling method pathway sampling.

The detailed description of the pathway ARG sampling method together with
a uniform sampling method of a derivation path from the minimum pathway for
a fixed derivation order is deferred to the full version of this paper.

5 Phenotype Likelihood

5.1 More on phenotype likelihood

An alternative to the the phenotype likelihood (denoted as PL and described in
Section 3) in [35] is that, instead of summing over all possible subsets of mutated
edges, we seek one subset of edges in the marginal tree where disease mutations
occur, which maximizes the probability of the observed phenotypes caused by the
chosen mutations [4]. Due to the lack of a better name, we name the maximized
probability as maximum phenotype likelihood (MPL). More precisely, MPL is
equal to MAXM (Pr(Φ|M,X = x, Tx) ∗Pr(M |X = x, Tx)), where M is a vector
indicating on which tree edges mutations occur. It is easy to demonstrate an
efficient procedure (details omitted) for computing maximum likelihood with
haploid penetrance by dynamic programming (a variant of the peeling algorithm
used in [35]). Initial experiments show, however, mixed results of using MPL as
the scoring scheme. Thus, in this paper, we adopt the original PL scheme as the
scoring scheme.

5.2 Expected phenotype likelihood

An important computational problem for a statistical method is assessing statis-
tical significance of the results. For the phenotype likelihood problem, a natural
question to ask is whether the given phenotypes are indeed caused by disease
mutations (i.e. the alternative model) or just some random noise (i.e. the null
model). Imagine that we randomly permute phenotypes of leaves in a given tree
(i.e. without changing the number of cases). A commonly used scheme to assess
statistical significance is to compute a P-value, which is the adopted method
in [35]. In practice, computing the P-value is often through permutation tests.
Permutation tests may not give accurate result and are time-consuming, and
may be the bottleneck of whole genome scan for trait mapping [35].

Besides the P-value, other statistics may provide hints on statistical sig-
nificance, including, for example, the expected phenotype likelihood. It might
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be possible to develop another scheme for assessing significance involving the
expected likelihood. Unlike the permutation tests used in [35], our method
computing the expected phenotype likelihood is an exact method, running in
polynomial-time and fully deterministic. In the following, we show that the ex-
pected value of phenotype likelihood with haploid penetrance can be efficiently
computed. With some small modifications, we can also compute variance of
phenotype likelihood with a polynomial-time algorithm (details omitted). For
simplicity, we assume the marginal tree T is binary. Note that if the given T is
not binary, we can easily transform T to a binary tree T ′ without changing the
phenotype likelihood [4].

We define Lr(s,m, k) to be expected (randomized) phenotype likelihood for
the subtree under node (i.e. sequence) Ks where node Ks has disease mutation
state m and the subtree contains exactly k case haplotypes. Recall that m is
either 0 (Ks is a wild-type) or 1 (Ks is a mutant). The base case when Ks

is a leaf is easy. We have, Lr(s, 0, 0) = 1.0 − PA,0, Lr(s, 1, 0) = 1.0 − PA,1,
Lr(s, 0, 1) = PA,0, and Lr(s, 1, 1) = PA,1.

Now consider an internal node Ks with k case haplotypes under Ks. Denote
the number of leaves (both cases and controls) under Ks as kt,s. Denote the
two children of Ks as Ksl

and Ksr
. Denote µl is the probability of at least one

mutation occurs at edge from Ks to Ksl
. Similarly, µr is defined for Ksr

. There
are up to O(k) different way of splitting the k cases into two subtrees under Ksl

and Ksr
. Suppose in one way of splitting, we have k1 cases in subtree under Ksl

and k − k1 cases in subtree under Ksr
. The probability of such split is equal

to the probability of a randomly chosen kt,sl
balls from total kt,s balls (with k

black balls) such that k1 black balls are chosen. This is equal to:

Ps(s, k, k1) =

(

k
k1

)(

kt,s−k

kt,sl
−k1

)

(

kt,s

kt,sl

)

Therefore, we have the following recursions (whose proof is omitted) :

Lr(s, 1, k) =
∑

k1

Ps(s, k, k1)Lr(sl, 1, k1)Lr(sr, 1, k − k1)

When d = 0, we need to consider the probability of edge mutation as well.

Lr(s, 0, k) =
∑

k1

Ps(s, k, k1) ∗ ((1 − µl)Lr(sl, 0, k1) + µlLr(sl, 1, k1)) ∗

((1 − µr)Lr(sr, 0, k − k1) + µrLr(sr, 1, k − k1))

Note that the expected phenotype likelihood is precisely Lr(r, 0, nc), where
Kr is the root of the tree and nc is the number of cases. The above recursion can
be easily implemented in a dynamic programming algorithm with O(n3) running
time.
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5.3 Diploid penetrance

Zollner and Pritchard used haploid penetrance in phenotype likelihood compu-
tation. Since we are mostly interested in diploid samples, diploid penetrance,
rather than haploid penetrance, seems more natural. A diploid sample contains
two haplotypes, and its phenotype is decided by the joint mutation status of
the two haplotypes. In diploid penetrance, we have Pφ,00, which is the prob-
ability of a diploid sample exhibiting phenotype φ if both of its haplotypes
are wild-type haplotypes. Similarly, Pφ,01 (resp. Pφ,11) is the probability of a
diploid sample exhibiting phenotype φ if exactly one (resp. none) of its hap-
lotypes is wild-type haplotype. An important question stated but unanswered
in Zollner and Pritchard [35] is how to efficiently compute phenotype (denoted
Prd(Φ|X = x, Tx)) likelihood using diploid penetrance model.

The main difference between Prd(Φ|X = x, Tx) and Pr(Φ|X = x, Tx) is that
the diploid likelihood considers a diploid individual as a single entity rather than
two haplotypes as in haploid likelihood. Similar to the haploid penetrance case,
we can define the maximum likelihood problem with diploid penetrance. For
easy reference, we name the problem of computing Prd(Φ|X = x, Tx) Diploid-
Phenotype-Likelihood or DPL. We name the problem regarding maximum like-
lihood as Max-Diploid-Phenotype-Likelihood or MDPL. Theorem 1 says that
diploid likelihood problems are NP-hard, whose proof is deferred to the full ver-
sion of this paper.

Theorem 1. The MDPL and DPL problems are both NP-hard.

6 Experimental Results

The described methods are implemented using C++ in an association mapping
program, which we name as Trait Mapping tool with ARG (TMARG). For test-
ing statistical significance of phenotypes, TMARG uses the PL scheme with hap-
loid penetrance as the scoring scheme. Different from LATAG (program devel-
oped in [35]), we take maximum of PL values over penetrance grid points, rather
than taking average. Initial experiences show that taking maximum slightly im-
proves mapping accuracy. However, taking maximum also appears to give less
repeatable mapping results.

TMARG takes a matrix of haplotypes or phase-known genotypes and their
phenotypes (i.e. case/control status) as input, and provides point estimate for
the complex trait loci. TMARG supports both uniform sampling of minARGs
in a sliding window, and pathway ARG sampling for the entire data. TMARG
currently only allows data consisting of binary SNPs. For unphased or noisy
data, we suggest to first preprocess the data using haplotype inference programs,
such as PHASE [32]. To evaluate the effectiveness of our program, we test with
both real biological data and simulated data. We compare TMARG with both
LATAG and MARGARITA (the program developed in [23]). When running
MARGARITA, we sample 50 ARGs and perform 10000 permutations for each
data.
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The first data is the Cystic Fibrosis (CF) data [18], which has been analyzed
by many association mapping methods. It contains 23 binary markers over 1.8
Mb. There are 94 disease haplotypes and 92 control haplotypes. The most com-
mon mutation is located 885 Kb from the left end of the region. We use program
PHASE 2.1 [32] to impute missing data. The uniform sampling scheme gives the
point estimate at 1096 Kb, while the pathway sampling scheme gives 915 Kb.
For each method, we perform 50 independent runs, while in each run we sample
50 genealogies. The reported results are the consensus point estimates over the
50 runs. The LATAG’s point estimate is at 867 Kb, while MARGARITA’s point
estimate is at 870 Kb.

The second data contains 50 simulated datasets used in Zollner and Pritchard
[35], which we call ZPS data. These data were intended for testing effectiveness
of gene mapping methods regarding complex traits. Each ZPS data contains
30 diploid cases and 30 diploid controls (with known phases). Each data typi-
cally contains between 45 to 65 binary markers. The generation of these data
essentially follows from the disease model in Section 5. Typically 10-25 disease
mutations (including many redundant) are generated for each data. One reason
that these data may not be easy for mapping is that only part (10 to 33 among
60) of case haplotypes do actually carry disease mutations while some (0 to 9
among 60) control haplotypes also carry disease mutations. Table 1 lists our
mapping result using TMARG, comparing to LATAG/MARGARITA.

Table 1. Mapping for simulated data in Zollner and Pritchard [35]. We test both
Uniform and Pathway sampling schemes. We measure the accuracy by the average
point estimate error, standard error and percentage of data with point estimate within
0.1 cM distance from the true trait loci for the 50 datasets. The units of all the point
estimates are cM. The results of TMARG are consensus from 10 independent runs,
where each run sample 50 or 5000 genealogies.

U P P LATAG MARGARITA

Sample Num 50 50 5000 50 50

Ave. Err. 0.184 0.180 0.166 0.19 0.229

Std. Err. 0.215 0.210 0.197 0.23 0.255

% < 0.1 cM 50% 50% 56% 54% 44%

Our simulation results show that TMARG is comparable with LATAG and
MARGARITA for CF data and slightly outperforms the other two programs in
accuracy for the ZPS data. Note that we only tested MARGARITA with one
settings and its mapping result may change when using different settings (e.g.
more permutations per data). We note that both uniform sampling and path-
way sampling methods are comparable to MARGARITA in speed and are much
faster than LATAG for the data we tested (when same number of samples are
generated). For example, for the CF data, LATAG takes 8 hours for each run,
while our sampling methods take a few minutes. As seen in Table 1, pathway
sampling method appears to be slightly more accurate than the uniform sam-
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pling method and sampling more ARGs per data may slightly improve mapping
accuracy. On the other hand, uniform sampling appears to produce more repeat-
able results than the pathway sampling. We remark that more simulation tests
on both real biological and simulated data are needed to further validate our
proposed methods and compare our methods with LATAG/MARGARITA.
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