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Abstract

Broadcasting and multicasting are fundamental operations. In this work we develop algorithms
for performing broadcast and multicast in clusters of workstations. In this model, sending a message
to a machine in the same cluster takes 1 time unit, and sending a message to a machine in a different
cluster takes C' time units. The clusters may have arbitrary sizes. Lowekamp and Beguelin proposed
heuristics for this model, but their algorithms may produce broadcast times that are arbitrarily
worse than optimal. We develop the first constant factor approximation algorithms for this model.
Algorithm LCF (Largest Cluster First) for the basic model is simple, efficient and has a worst case
approximation guarantee of 2. We then extend these models to more complex models where we
remove the assumption that an unbounded amount of communication may happen using the global
network. The algorithms for these models build on the LCF method developed for the basic problem.
Finally, we develop broadcasting algorithms for the postal model where the sending processor does
not block for C' time units when the message is in transit.

1 Introduction

Networks of Workstations (NOWs) are a popular alternative to massively parallel machines and are
widely used (for example the Condor project at Wisconsin [18] and the Berkeley NOW project [17]). By
simply using off-the-shelf PC’s, a very powerful workstation cluster can be created, and this can provide
a high amount of parallelism at relatively low cost. With the recent interest in grid computing [9] there
is an increased interest to harness the computing power of these clusters to have them work together to
solve large applications that involve intensive computation. Several projects such as Magpie [15, 14] are
developing platforms to allow applications to run smoothly by providing primitives for performing basic
operations such as broadcast, multicast, scatter, reduce etc. Many of these primitives are implemented
using simple heuristics. Our goal is to develop models, and an understanding of the difficult issues
and challenges in implementing broadcast and multicast on such platforms. Several approximation
algorithms have been developed in the theory literature, but they are for different models (typically an
underlying communication graph exists that forbids any communication between non-adjacent nodes).
The algorithms developed are computationally intensive and complex.

One fundamental operation that is used in such clusters, is that of broadcast (this is a primitive in
many message passing systems such as MPI [1, 5, 10, 12]). Some of this framework has been extended
to clustered wide area systems (see [15, 14]) of the type we are addressing. In addition it is used as
a primitive in many parallel algorithms. The main objective of a broadcast operation is to quickly
distribute data to the entire network for processing. Another situation is when the system is performing
a parallel search, then the successful processor needs to inform all other processors that the search
has concluded successfully. Various models for heterogenous environments have been proposed in the
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literature. One general model is the one proposed by Bar-Noy et al [2] where the communication costs
between links are not uniform. In addition, the sender may engage in another communication before
the current one is complete. An approximation factor with a guarantee of O(logk) is given for the
operation of performing a multicast. Other popular models in the theory literature generally assume
an underlying communication graph, with the property that only nodes adjacent in this graph may
communicate. See [7, 8] for recent approximation algorithms on this model. However, this model is too
restrictive and allows direct communication only between nodes adjacent in a certain communication
graph. Broadcasting efficiently is an essential operation and many works are devoted to this (see
[19, 11, 13, 3, 4] and references therein).

Consider several clusters of workstations. Each local cluster (sometimes this is also called a subnet)
is connected on a fast local area network, and inter-cluster communication is via a wide area network.
In such situations, the time taken for a pair of machines in the same cluster to communicate, can be
significantly smaller than the communication time of a pair of machines in different clusters. In fact, in
the work by Lowekamp and Beguelin [16] they also suggest methods for obtaining the subnets/clusters
based on communication delays between pairs of processors.

Motivated by this, the communication model we consider is the following. There are k clusters of
machines. Cluster ¢ has size n;. We will assume that in one time unit, a machine can send a message
to any machine in its own cluster. However, sending a message from one machine to another machine
in a different cluster takes C' time units. Even if the machines in a cluster are heterogenous, their
transmission times are usually much less than the communication time across clusters. We also assume
that a machine can be sending or receiving a message from only one machine at any point of time. In
this model Lowekamp and Beguelin [16] propose some simple heuristics for performing broadcast and
multicast. However, these heuristics may produce solutions arbitrarily far from optimal.

One potential concern with the above model is that it allows an arbitrary number of processors
to communicate in every time step. This is of concern if the global network connecting the different
clusters does not have enough capacity to permit such arbitrary communication patterns. There are
several ways in which we can restrict the model. One model that we propose is the bounded degree model
where each cluster 7 is associated with a parameter d; that restricts the number of processors from this
cluster that can communicate with processors outside this cluster in each time step. Another possible
manner in which we may restrict global communication in each time step is to restrict the total number
of simultaneous transfers that may be going on in each time step without restricting the number of
transfers into/out of a single cluster. We call this model the bounded size matching model.

In addition, we consider a postal model [3] where each message simply has a latency of C time units
when the message is sent from one processor to another processor belonging to a different cluster. The
sender is busy for only one time unit while the message is being injected into the network. The message
takes C units of transit time and the receiver is busy for one unit of time when the message arrives.
This model essentially captures the communication pattern as discussed in several papers that deal with
implementations of systems to support such primitives (see [15, 14]).

The results for these models can be described as follows.

1. We develop algorithms for broadcasting and multicasting in the basic 1/C model, and show that
these algorithms produce solutions where the time to perform the broadcast is not more than
optimal by a factor of 2 (moreover, this bound is tight for both algorithms).

2. For the bounded degree model we show how to reduce the problem to an instance of the basic
model to develop a factor 3 approximation. The corresponding bound for multicasting is 3.

3. For the bounded size matching model we develop an algorithm for which we can prove a factor 2
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approximation. The corresponding bound for multicasting is 2.

4. For the postal model our algorithm has a bound of 3. In addition, we present another algorithm,
called Interleaved LCF and show that the makespan is at most 2 times OPT’ where OPT' is the
minimum makespan among schedules that minimize the total number of global transfers.

In many of these cases the algorithm we develop, called Algorithm LCF (Largest Cluster First),
plays a central role. We first show that there is a simple analysis that shows that the worst case
broadcast time can be bounded by a factor of 3 for this algorithm. We then improve the lower bound by
introducing the concept of “experiencing” inter-cluster transfers to improve the approximation factor
to 2. This lower bound in a sense combines the difficulty of propagating messages to a large number of
clusters with the fact that some of the clusters may be very large.

The LogP model [6] suggests an alternative framework when dealing with machines in a single cluster.
Broadcasting algorithms [13] for the LogP model have been developed and shown to be optimal. An
interesting generalized model would be to have a “two level LogP” model with different parameters for
the local networks (intra-cluster) and global networks (inter-cluster).

Finally, note that we do not know if the problem of minimizing the broadcast time is N P-hard or
not (in any of these models). In addition, we are currently examining generalizations of this model
when the communication time in different clusters may be different due to different speed networks and
different speed processors.

2 Formal Description of Problem

We assume we have k clusters of processors. Cluster K; has size n;,i = 0...(k — 1), the number of
processors in the i*” cluster. The total number of processors, denoted by N, is Ef;ol n;. We will assume
that the broadcast/multicast originates at a processor in Kj. We order the remaining clusters in non-
increasing size order. Hence ny > no > ... > ng_1. Clearly, ng could be smaller or larger than n1; since
it is simply the cluster that originates the broadcast/multicast.

A message may be sent from a processor, once it has received the message. If the message is sent to a
processor in its cluster, the message arrives one time unit later. If the message is sent to a processor in a
different cluster then the message arrives C' time units later. Both the sending and receiving processors
are busy during those C' time units. In addition, we assume that each cluster advertises a single address
to which messages are sent. Each cluster thus receives a message only once at this machine and then
the message is propagated to different machines in the cluster. Thus new machines may be added or
dropped without having to inform other clusters of the exact set of new addresses (we only need to keep
track of the sizes of the clusters). In some cases, the broadcast time can be reduced by having many
messages arrive at the same cluster. However, when we compare to the optimal solution we do not make
any assumptions about the communication structure of the optimal solution.

In Section 6 we consider a slightly different postal model where a processor is busy for only one time
unit when it sends a message. The time a message arrives at a receiver depends on whether the sender
and receiver are in the same cluster or not — it takes one time unit if it is a local transfer, and C time
units otherwise.

3 Broadcasting

The high level description of the algorithm is as follows. The source node first performs a local broadcast
within its cluster. This takes [logng| rounds. After all the nodes of K have the message, we broadcast
the message to the first ngy clusters. Each node in K sends a message to a distinct cluster. This takes
exactly C rounds. Each cluster that receives a message, does a local broadcast within its cluster. All
nodes that have received the message then send the message to distinct clusters. Again this takes C' more

3



rounds. While doing this, every node in K keeps sending a message to a cluster that has not received a
message as yet. Repeat this until all the processors receive the message. We call this algorithm Largest
Cluster First (LCF) as we always choose the largest cluster as a receiver among clusters that have not
received the message.

Algorithm LCF
1. Broadcast locally in K.
2. Each cluster performs the following until all processors get informed.

(a) cluster K; in which all processors have messages, picks the first n; clusters that have not
received a message, and sends the message to them at every C time unit. Repeat until all
clusters have at least one message.

(b) Each cluster which received a message does local broadcasting until all processors in the
cluster have messages'.

Note that in our algorithm each cluster receives only one message from other clusters. That is,
the total number of global transfers is minimized (we need k — 1 global transfers). This property is
important since we want to avoid wasting wide area bandwidth which is expensive.

3.1 Analysis

In this subsection, we prove that LCF' gives a 2-approximation. For the purpose of analysis, we modify
LCF slightly. The makespan of the schedule by the modified algorithm may be worse than the original
algorithm (but no better) and it is at most 2 times the optimal.

In Modified LCF, local and global phases take place in turn (see Figure 1). Let L; be the set of
clusters that receive the message at i-th global step. For example, Lj includes Ky and L; includes all
clusters that receive the message from Kj at the end of the first global phase. Let N; be the total
number of processors in clusters belonging to L;. That is, N; = Y kcr, | K]|-

Algorithm Modified LCF
1. Broadcast locally in Ky. Then we have that Ly = Ky and Ny = ny.
2. At i-th step (repeat until all processors get informed)

a) Global phase: Pick Y ._, ,; 1 N, largest clusters that are not informed as yet. Each processor
7=0..5.—1+"J g
in {J;j-..i—1 L;j sends one message to each of those clusters.

(b) Local phase: Clusters in L; do local broadcasting.

Let p be the number of global transfer steps that Modified LCF uses. Then we have the following
theorem.

TWe interrupt all local broadcasting and do one global transfer, if the number of processors having the message is at least the

number of clusters that have not received a message.



Ly

(b) i-th step

(a) Modified Largest Cluster First

Figure 1: (a) It shows how Modified LCF works (b) At i-th step, all processors in clusters K € L; (j = 0,...,i—1)
send messages to L; and then clusters in L; perform local broadcasting. Therefore, i-th step takes C + [log 4;].

THEOREM 3.1. The broadcast time of our algorithm is at most 2log N + pC + 3.

Define A; (B;) to be the biggest (smallest) cluster in L;. We need the following two lemmas to prove
this theorem.

LEMMA 3.1. Fori=0...p—1, ng-|B1|---|B;|] < N;.

Proof. We prove this by induction. For ¢ = 0, it is true since Ny = ng. Suppose that fori =k (< p—1)
we have ng - |By|- - |Bg| < Ng. Since at (k + 1)-th global transfer step, every node in Ny will send the
message to a cluster in Lg11, |Lg11| > Ni. Furthermore, the size of clusters in Ly, is at least |Bgy1]
by definition. Therefore,

Newi= ) K[> Y [Bii|l = |Lggal - |Brsr| = Ng - [Biya| > no - |Bil -+ [Bi| - |Bryal-
KELk+1 KELk+1

LEMMA 3.2. log|4;| <logN — (p — 2).

Proof. After we have all processors in A; receive the message we need p — 1 more global transfer steps.
With |A;| copies, we can make |A;| - 2° processors receive the message after i global transfer steps by
doubling the number of copies in each global step. Therefore |A;|-2P~2 < N (otherwise, we do not need
p-th global broadcasting step). O

Proof of Theorem 3.1. The upper bound of the total broadcast time for local transfer phases is
[logng]| + [log|A1]] + ... + [log|Ap|]. Since we have |4;| < |B;—1| (for 2 < i < p) in LCF, it is
upper bounded by [logng] + [log|A1|] + [log |B1|] + ...+ [log |Bp—1|]. By Lemma 3.1 and Lemma 3.2,
the total broadcast time only for local transfer steps is at most
Nog no] + [log | 411 + [log |Bi[] + ... + [og | Bp1]
logng + log |B1| + ... +log|Bp_1]| + log|A1| +p+1
logng - [Biy|:++|Bp-1| +logN —(p—2) +p+1
logNp_1+1logN+3 < 2logN +3.
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Figure 2: An example to show the inter-cluster transfers processor 7 experiences.

Our schedule uses p global transfer steps, taking a total of pC additional rounds. O

In the next lemma, we prove that pC is a lower bound on the optimal broadcast time. To prove this
we count the number of inter-cluster transfers a processor ezperiences as follows. Given a broadcast
schedule, let the path from the source to the processor ¢, be ag,a1,...,a; = i. That is, the source ag
sends the message to a; and a; sends to ag and so on. Finally a; ; sends the message to processor
i (= a). Let ej (j = 0...1 — 1) represent the number of processors that receive the message from
a; via inter-cluster transfers until a;;1 receives the message (including the transfer to a;; if they are
in different clusters). In addition, let e; be the number of processors that receive the message from
processor % via inter-cluster transfers. That is, ¢ sends the message to e; processors in other clusters.
Then we say processor ¢ experiences e inter-cluster transfers where e = Zé-:() ej. Figure 2 shows an
example of how to count the number of inter-cluster transfers that a processor experiences. In the
example, processor ¢ experiences 11 inter-cluster transfers. If there is any processor that experiences p
inter-cluster transfers, then pC is a lower bound on the optimal solution.

LEMMA 3.3. At least one node in the optimal solution experiences p inter-cluster transfers.

Proof. ITmagine a (more powerful) model in which once a node in a cluster receives the message, all
nodes in the cluster receives the message instantly (That is, local transfers take zero unit of time).
In this model the broadcast time is given by the maximum number of inter-cluster transfers that any
processor experiences. We will prove that LCF gives an optimal solution for this model. Since LCF
uses p global transfer steps, the optimal broadcast time is pC' in this model. Since this lower bound is
for a stronger model, it also works in our model.

Suppose that there is a pair of clusters K; and K; (0 < ¢ < j < k) such that K receives the message
earlier than Kj; in the optimal solution. Let K; receive the message at time ¢; and K receive at time ;
(t; > tj). Modify the solution as follows. At time ¢; — C' we send the message to K; instead of K; and
K; performs broadcasting as K; does until ¢; (This can be done since the size of K; is at least as big as
K;.) At time t;, K; receives the message and after that the same schedule can be done. This exchange
does not increase the broadcast time and therefore, LC'F' gives an optimal solution for the model with
zero local transfer costs.

We now prove the lemma by contradiction. Suppose that there is an optimal solution (for the
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original model) in which all processors experience at most p — 1 inter-cluster transfers. Then in the
model with zero local transfer costs we should be able to find a solution with broadcasting time (p —1)C
by ignoring local transfers, which is a contradiction. O

Using the above lemma, we know that pC' is a lower bound on the optimal broadcast time. Since
log N is also a lower bound on the optimal solution, this gives us 3-approximation (and an additive term
of 3). However, the lower bound pC' considers only the global communications of the optimal solution.
On the other hand, the lower bound log N only counts the local transfers. To get a better bound, we
prove the following theorem that combines the lower bounds developed above.

THEOREM 3.2. The optimal solution has to take at least (p — 1)(C — 1) + [log ¥ rounds.

Proof. Consider an optimal schedule, in the end all N nodes receive the message. We partition all
nodes into two sets, S; and S, where S; contains all nodes which experienced at least p — 1 inter-cluster
transfers, and S; contains all nodes which experienced at most p — 2 inter-cluster transfers. We now
show that |S| < % Suppose this is not the case, it means that the optimal solution can satisfy at least
% nodes using at most p — 2 inter-cluster transfers. Using one more round of transfers, we can double
the number of nodes having the message and satisfy all N nodes. This is a contradiction, since we use
less than p inter-cluster transfers. Therefore we have |S;| > % Since originally we have one copy of the
message, satisfying nodes in S; takes at least [log %] transfers. So at least one node in S; experienced
[log &) transfers (either inter-cluster or local transfers). We know that all nodes in S; experienced at
least p — 1 inter-cluster transfers. The node needs at least (p — 1)C + ([log %] — (p — 1)) rounds to

finish. O
We now prove a central result about Algorithm LCF which will be used later.

THEOREM 3.3. Our algorithm takes at most 20PT + 7 rounds. Moreover, it takes at most 20PT
rounds when both p and C are not very small (i.e., when (p —2)(C' —2) > 7).

Proof. If C is less than 2, we can treat the nodes as one large cluster and do broadcasting. This takes
at most C[log N| and is a 2-approximation algorithm. The problem is also trivial if p is 1, because in
this case ng > k. Therefore we consider the case where both values are at least 2. Here we make use of
Theorems 3.1 and 3.2.

(20PT +7) — (2log N + pC + 3)

v

(2((p ~1)(C ~ 1) + [log 3 1) +7) — (2log N +pC +3)
r-2)(C-2) > 0 (when p > 2 and C > 2).

Y

O

Remark: Our algorithm takes at most 20 PT rounds when both p and C are not very small (i.e., when

(p—=2)(C-2)>7).

COROLLARY 3.1. We have a polynomial-time 2-approzimation algorithm for the broadcasting problem.

3.2 Bad Example

There are instances for which the broadcast time of LCF is almost 2 times the optimal. Suppose that
we have 2 clusters, Ky and K, each of size ng and n; (ng < nq), respectively. In addition, there are
ng — 1 more clusters, each of size 1. A node in K has a message to broadcast. It is easy to see that the
makespan of our algorithm is [logng] + C + [logni]. However, the broadcasting can be made faster
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by sending a message to K; before local broadcast in Ky is finished. A possible schedule is (i) make
one local copy in Kj (ii) one processor in Kj send a message to K; and another processor does local
broadcast in K (iii) after finishing local broadcast, processors in K; send messages to the remaining
ng — 1 clusters (iv) clusters other than K, do local broadcasting as soon as they receive a message. The
makespan of this solution is 1 + max{C + [logni], [log(ng — 1)] + C}. In the case where ng ~ n; and
logng > C, the makespan of LC'F is almost 2 times the optimal.

4 Multicasting

For multicasting, we need to have only a subset of processors receive the message. We may reduce the
multicast time significantly by making use of large clusters that may not belong to the multicast group.
Let n} denote the number of processors in K; that belong to the multicast group. Let M denote the set
of clusters (except Kj) in which some processor wants to receive the message and k' denote the size of
set M. Formally, M = {K;|n} > 0 and 7 > 0} and £’ = |M]|.

Let LCF(m) be algorithm LCF to make m copies. That is, LCF(m) runs in the same way as LC'F
but stops as soon as the total number of processors that received the message is at least m (we may
generate up to 2(m — 1) copies). For example, LCF for broadcasting is LCF(N). Here is the algorithm.

Algorithm LCF Multicast

Phase 1: Run LCF (k') by using any processor whether it belongs to the multicast group or not.
Phase 2: Send one copy to each cluster in M if it has not received any message yet.

Phase 3: Do local broadcast in clusters of M.

4.1 Analysis

Let p’ be the number of global transfer steps LCF (k') uses. Suppose D be the number of rounds
taken in the last local broadcast step in LCF (k') (after the p'-th global transfer steps). Note that some
nodes in clusters performing the last local broadcast may not receive the message, since we stop as soon
as the total number of nodes having the message is at least k', and hence D < [log |A,|]. Nevertheless,
D may be greater than [log|B,|] and thus some clusters may stop local broadcast before the D-th
round. Let A, be the biggest cluster among clusters which have not received a copy after LCF (k')
has finished.

To get a 2-approximation algorithm, we need the following lemma, which bounds the sum of the
number of rounds taken in the local phases in LCF (k') and in the last local broadcast in clusters of M.
The lemma, still holds even when a cluster performing local broadcast in Phase 3 needs to broadcast to
the whole cluster (i.e., n} = n;).

LEMMA 4.1. (logng - |Bi|- -+ |By—2| + D) + max([log|Ay|] — D, [log |Apy+1]]) <logk’ + 2

Proof. Case I: [log|Apy|] — D > [log|Ay+1|]. It is easy to see that (logng - |Bi|---|By—2| + D) +
(Mog|Ap|] — D) <logng - |By|--+|Bpy_1|+1 <logk’ 4+ 1, and the lemma follows.

Case ITa: [log|Ay|] — D < [log|Ay11|] and D > [log|B,|]. Note that 2P < 2|A4,| < 2|By_1|
and | Ay 41| < |Byl; we have (log g - |Bt| -+ | By a| + D) + ([og | Ays1[1) < logno - |Bi| -+ [By| +2 <
log Ny _1 - |By| + 2. After the p'-th global transfer step, one node in each of Ny _; clusters has just
received the message. Each of these clusters will generate at least |B,| copies (since D > [log|Byl]),
$0 Np_1 - |By| < k', and the lemma follows.

Case IIb: [log|Ay|] — D < [log|Ay+1|] and D < [log|By|]. Note that |Ay 1| < |By_1|; we have
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(logmno - |Bi] -+ |By_2| + D)+ ([log |Ap+1]1) < logng-«|Bi|-+|By—1]|-2P +1 <log Ny_1-2P + 1. After
the p'-th global transfer step, each cluster which has just received the message will generate at least 27
copies, so log Ny _1 - 2P~1 < k', and the lemma follows. O

THEOREM 4.1. QOur multicast algorithm takes at most 2logk’ + p'C + C + 4 rounds.

Proof. In a manner similar to the proof of Theorem 3.1, the broadcast time spent only in local transfer
steps in LCF (k') is at most

[logng] + [log |A1|] + ... + [log|Apy_1]] + D
< logng +log|Bi|+ ... +log|By_o| + D +log|Ai| +p'
< logng-|Bi| -+ |By_2|+ D +1logk' +2.

The second inequality holds because log |A1| < logk’ — (p' — 2) by Lemma 3.2. Moreover, the global
transfer steps in LCOF(k') and the second phase take p'C and C rounds, respectively. Note that n < n;.
In the third phase, all clusters which receive a message during the first phase need at most [log |A, || —D
rounds to do local broadcast. The remaining clusters, which receive a message during the second phase,
are of size at most |A,;1|. Therefore local broadcasting takes at most [log|A, || rounds. Using
Lemma, 4.1, we have the theorem. O

LEMMA 4.2. At least one node in the optimal solution exzperiences p' inter-cluster transfers.

Proof. The basic argument is the same as the one in Lemma 3.3. Note that LCF (k') uses any processor
whether it belongs to the multicast group or not. If the optimal solution does not use any processor
that LCF (k') uses, it cannot create new copies of the message faster than LCF(k'). O

THEOREM 4.2. The optimal solution takes at least (p' — 1)(C — 1) + [log %’-| rounds.

Proof. The proof is very similar to the proof of Theorem 3.2. We partition all nodes into two sets,
S; and S;. We now show that there are less than %’ distinct multicast clusters in S;. Suppose this
is not the case, it means that OPT can satisfy at least %I distinct multicast clusters using at most
p' — 2 inter-cluster transfers. Using one more round of transfers, all k" multicast clusters can receive the
message, which is a contradiction. Therefore we have at least %’ distinct multicast clusters in S; and

k’
IS > 5. 0

THEOREM 4.3. Our algorithm takes at most 20PT + 10 rounds. Moreover, it takes at most 20PT
rounds when both p' and C are not very small (i.e., when (p' — 3)(C —2) > 10).

Proof. By making use of Theorems 4.1 and 4.2, and an analysis similar to that in Theorem 3.3, we can
show that (20PT + 10) — (2logk' + p'C + C +4) > (p' — 3)(C — 2). The problem is trivial when C
is less than 2 or p = 1. When p' = 2, we can do an exhaustive search on the number of clusters in M
which receives the message in the first global transfer step in LCF (k). We can prove that it also takes
at most 20PT + 10 rounds (details omitted). O

Remark: Our algorithm takes at most 20 PT rounds when both p’ and C are not very small (i.e., when
(" = 3)(C —2) > 10).

COROLLARY 4.1. We have a polynomial-time 2-approximation algorithm for the multicast problem.
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5 Bounding Global Transfers

In the model we considered, we assume any node may communicate with any other node in other clusters,
and the underlying network connecting clusters has unlimited capacity. A more practical model is to
restrict the number of pairs of inter-cluster transfers that can happen simultaneously. In this section
we present two models to restrict the network capacity. The bounded degree model restricts the number
of inter-cluster transfers associated with a particular cluster, while the bounded size matching model
restricts the total number of inter-cluster transfers at any given time.

5.1 Bounded Degree Model

Associate an additional parameter d; with each cluster ¢, that limits the number of inter-cluster
transfers from or to nodes in cluster ¢ in a time unit. We call this limitation a degree constraint. We
denote an instance of this model be I(n;,d;), meaning that there are n; nodes in cluster K;, and at
most d; of those may participate in inter-cluster transfers at any given time.

Algorithm Bounded Degree Broadcast

Given Instance I(n;,d;), arbitrarily select a subset K| of d; nodes in each cluster, and consider only the
K]. We have a new instance I(d;,d;). Note that I(d;,d;) can be viewed as an instance of the general
broadcast problem on the unrestricted model. In phase 1, run Algorithm LCF in Section 3 on I(d;, d;).
In phase 2, since there are d; informed nodes in each cluster, we do local broadcasting to send the
message to the remaining n; — d; nodes.

An important observation is that since there is only a unique message, it does not matter which
subset of nodes in a cluster perform inter-cluster transfers. What matters is the number of informed
nodes in the clusters at any given time. The following lemma compares the optimal number of rounds
taken by instances using the two different models.

LEMMA 5.1. The optimal schedule of Instance I1(d;,d;) takes no more rounds than the optimal schedule
of the corresponding instance I(n;,d;).

Proof. We argue that given an optimal schedule, which completes in OPT rounds, of Instance I(n;,d;),
we can create a schedule, which completes in at most OPT round, of the corresponding Instance I(d;, d;).

Given an optimal schedule of Instance I(n;,d;), let S; be a set of the first d; nodes in K; that
receive the message in the schedule. We can safely throw out all transfers (both inter-cluster and local
transfers) in the schedule of which the receiving node is in K; \ S;, because we only need d; nodes in
I(d;,d;). Let t; be the time at which the last node in S; receives the message. Consider any inter-cluster
transfer which starts after ¢; and is originated from a node in K; \ S;, we can modify the transfers so
that it is originated from a node in S; instead. It is not difficult to see that we can always find such
a remapping, since there are at most d; inter-cluster transfers at any given time, and nodes in S; do
not perform any local transfers after time ¢;. Moreover, no node in K; \ S; initiates a transfer on or
before time t;, because they have not received the message yet. Therefore we have removed all transfers
involving nodes in K; \ S;. We can safely remove all the nodes in K; \ S;, effectively making the schedule
applicable to Instance I(d;,d;). Since we do not add any new transfers, the total number of rounds used
cannot go up. Therefore the optimal number of rounds for I(d;,d;) is at most that of I(n;,d;). O

THEOREM b5.1. Qur algorithm takes at most SOPT + 7 rounds.
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Proof. Using Theorem 3.3 and Lemma 5.1, the first phase takes at most 20PT + 7 rounds. Moreover
in phase 2, local broadcasting takes at most max;[log Z—ﬂ rounds, which is at most OPT. O

5.2 Bounded Degree Model: Multicasting

In this model only a subset M; (possibly empty) of nodes in cluster K; needs the message. Nodes in
K;\ M; may help passing the message around. Let n} be |M;|. Observe that although we may make use
of nodes in K; \ M;, we never need more than d; nodes in each cluster, because of the degree constraint
in the number of inter-cluster transfers. Similarly if d; < n!, nodes in K; \ M; are never needed.

Algorithm Bounded Degree Multicast
For all ¢, if n} < d; Then
If n; > d; Then n; + d; EndIf
Else (i.e., n} > d;)
If n; > n} Then n; < n; EndIf
EndIf
Arbitrarily select min(d;, n;) nodes for each cluster, with priority given to nodes in M;. Run the LCF
Multicast algorithm on the selected nodes. Now there are min(d;,n}) nodes having the message in each
cluster belongs to the multicast group, so we can do local broadcasting to satisfy the remaining nodes.

After adjusting the n; values, we have either n} < n; < d; or d; < n} = n;. After selecting min(d;,n;)
nodes for each cluster, we create a valid multicast instance as described in Section 4 (without the degree
constraint). Thus the algorithm is correct.

THEOREM 5.2. Qur algorithm takes at most 3SOPT + 10 rounds.

Proof. By Theorem 4.3, the multicast steps takes 20PT + 10 rounds. Moreover, the local broadcasting
phase only need to satisfy at most n, — d; nodes, which takes at most OPT rounds. O

5.3 Bounded Size Matching

In this model, we bound the number of inter-cluster transfers that can be performed simultaneously.
Let us assume that we allow only B inter-cluster transfers at a time. Note that we can assume
B < |N/2] since this is the maximum number of simultaneous transfers allowed by our matching-
based communication model.

Algorithm BoundedSize Broadcast

Phase 1: We run LCF(B) to make B copies of the message.

Phase 2: Every C time units we make B more copies by inter-cluster transfers until all clusters have at
least one copy of the message.

Phase 3: Do local broadcast to inform all the processors in each cluster.

Let pp be the number of global transfer steps LC F(B) uses, and pr, be the number of global transfer
steps in the second stage of the algorithm.

THEOREM 5.3. We need 2log B+ ppC + pr.C + 4 rounds for broadcasting when we allow only B inter-
cluster transfers at a time.

Proof. Note that the algorithm resembles the LC'F Multicast algorithm. In phase 1 we use LCF(B)
instead of LCF(k'). In phase 2 we need pj, global transfer steps instead of 1 global transfer step to
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create at least one copy of the message in every cluster. In phase 3 the local broadcast always fills the
entire cluster. (i.e., we can treat n; = n;.) Despite the differences, we can use the same techniques to
prove the stated bound. O

LEMMA 5.2. In any schedule, there is a processor that experiences pp + pr inter-cluster transfers.

Proof. The proof is similar to the proof of Lemma 3.3. In the model where local transfers take zero unit
of time, the same exchange argument will show that the optimal broadcast time is (pg + pr)C.

If there is a schedule in which all processors experience less that pp+py, inter-cluster transfers (in the
original model), it is a contradiction to the assumption that the optimal broadcast time is (pp + pr)C
in the model with zero local transfer costs. O

THEOREM 5.4. The optimal solution takes at least (pp + pr — 1)(C — 1) + [log B| rounds.

Proof. The proof is very similar to the proof of Theorem 3.2. Note that in this case |Ss| < N — B,
otherwise there is a way to satisfy all nodes using pp +pr, — 1 rounds of inter-cluster transfers. Therefore
|Si| > B and the theorem follows. O

THEOREM 5.5. Qur algorithm takes at most 20PT + 6 rounds.

Proof. Using the proof technique in Theorem 3.3, the theorem follows from Theorem 5.3 and
Theorem 5.4. O

Remark: Note that by setting B = |N/2|, we can improve the makespan of the basic broadcasting
(without any bound on the global transfers) by one round. This is because in this algorithm we stop
performing local transfers when the number of copies is [N/2| (as more copies cannot contribute to
global transfers) and start global transfers.

5.4 Bounded Size Matching: Multicasting

In this model only a subset M; of nodes in cluster K, needs the message. Define M = {K;|n, >
0 and 7 > 0} and k' = |M|. We assume k' > B or otherwise we can use the LOF Multicast algorithm.
We run LCF(B) by using any processor available. Then every C time units we make B more copies
by inter-cluster transfers until all clusters in M have at least one copy of the message. Lastly do local
broadcast to inform all the processors in each cluster in M.

THEOREM 5.6. The algorithm takes at most 20PT + 10 rounds.

6 Postal Model

In this section, we consider a slightly different model. This model is motivated by the interest in Grid
computing [9] and computing on clusters of machines. In fact, the work on the Magpie project [15, 14]
specifically supports this communication model. In previous sections, we assumed that when processor
p; sends a message to processor p; in another cluster, p; is busy until p; finishes receiving the message
(this takes C time units). However, in some situations, it may not be realistic since p; may become free
after sending the message and does not have to wait until p; receives the message.

In this section, we assume that a processor is busy for only one time unit when it sends a message.
The time a message arrives at the receiver depends on whether the sender and receiver are in the same
cluster or not—it takes one time unit if it is a local transfer (within the cluster), and C time units if it
is an inter-cluster transfer.
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We first show that LCF' gives a 3-approximation in this model. In addition, we present another
algorithm, which we call Interleaved LCF. Recall that we want to minimize the total number of global
transfers as well as minimizing the makespan. Let OPT’ denote the minimum makespan among all
schedules that minimize the total number of global transfers. We can show that the makespan of the
schedule generated by Interleaved LCF is at most 2 times OPT".

6.1 Analysis of LCF

The analysis is similar to the one presented in Section 3.1. We modify the algorithm (for the analysis
purpose) so that we have local and global phases in turn. However, in this model a processor can
initiate more than one global transfer in a global phase since senders are busy for only one time unit per
global transfer. We define A;, B;, L; as follows. Let Ay = |Ky|. After finishing local transfers in Kj, all
processors in Ky start global transfers. They can initiate a global transfer at every time unit. After C
time units, ng clusters receive a message (denoted as Li). Let A1(B;) be the biggest(smallest) cluster
among them. Now K| stops global transfers for [log A;] rounds (global transfers already initiated
continue to be done). For those [log A;| rounds, every cluster that received the message performs
(only) local broadcasting. For all the clusters that receive the message in this step, they have exactly
[log A1] rounds of local broadcasting. So for example, if a cluster receives ¢ time unit later than Ay
then it can only start its global transfers ¢ time units later than A; (it will be idle even if it finishes local
broadcasting earlier). Note that A; is the biggest cluster in L; and therefore, [log A;] is enough for
local broadcasting of those clusters. After [log|A;|] time units, we have all clusters that have finished
local broadcasting phase perform global transfers every time unit for C' rounds. Clusters that have not
finished local phase keep performing local broadcasting (or wait) and then start global transfers. Repeat
this until all processors get informed. In general, we define L; as clusters that receive messages in the
first global transfers of i-th step (so they can participate in global phase of (i + 1)-th step from the
beginning). (See Fig 3(a)). A; (B;) is the biggest (smallest) cluster in L;. Suppose that the schedule
has p global phases. Then it is easy to see that Lemmas 3.1 and 3.2 hold. There is one subtle case
where there are some clusters that receive the message later than A, by the transfers initiated in p-th
global phases (see Figure 3(b)). We first analyze the makespan of the simple case where A, is one of
the last clusters that receive the message.

THEOREM 6.1. The makespan of Modified LCF is at most 2log N + pC + 3 when A, is one of the last
clusters that receive the message.

Proof. The total makespan taken for local transfers is

[logno] + [log|A1[] + -+ +log[|4p|]] < logng+log|Ai| + - +1log|Ap| + (p+ 1)
< logng +log|Ai| +log|Bi|--- +log|Bp_1| + (p+1)
= logng-|A1] - |B1]-+|Bp-1| + (p+1)
< log|Ai|+1log Ny—1 + (p+1) (by Lemma 3.1)
< 2logN +3 (by Lemma 3.2)
Therefore, the makespan of the schedule is at most 2log N + pC' + 3. O

We prove that pC is a lower bound for the optimal solution.
LEMMA 6.1. If we assume that local transfers take zero unit of time, the makespan is at least pC'.
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Li-l Al'l other clusters that finished |ocal phase

(a) i-th step

Al'l other clusters that finished | ocal phase

(b) p-th step

Figure 3: (a) It shows i-th step of LCP in postal model. In this example C' = 4 so a processor can
initiate (at most) 4 global transfers. Dotted clusters belong to L;. (b) In p-th step, there can be some
processors that receive messages later than A,. The dark circle is the last cluster that receives the
message.

LEMMA 6.2. If we assume that local transfers take zero unit of time, the makespan is at least pC' when
Ay is one of the last clusters that receive the message. If there are some clusters that receive the message
d time units later than A, then the makespan is at least pC + ¢'.

Proof. Consider the schedule given by LC'F when local transfers take zero units of time. It is easy to
see that LCF gives an optimal solution in this case. Moreover it is the same as the schedule by the
Modified LC'F if we ignore local transfer phases. Since Modified LCF needs p global phases, pC is a
lower bound for the optimal solution. O

We thus conclude:

THEOREM 6.2. The makespan of the schedule generated by LCF is at most 8 times the optimal (with
an additive term of 3) when A, is one of the last clusters that receive the message.

We now deal with the case when there are other clusters that receive the message later than A,. Let
Apy1 denote the biggest cluster that receives the message last, and it receives the message ¢’ time
units later than A, (¢’ < C since otherwise we would have another global phase). We need additional
' + [log |Ap41]] time units (it is less than ¢ + [log|Bp|])-

LEMMA 6.3. ng - |Bi|:-+|Bp| < Np.
LEMMA 6.4. pC + ¢ is a lower bound on the optimal solution.

Proof. Suppose that local transfers take zero unit of time. Then in LCF, A, receives the message
¢’ time units later than A, (since the schedule can be obtained by ignoring local phases). Therefore
pC + ¢’ is a lower bound on the optimal solution. O

THEOREM 6.3. The makespan of the schedule generated by LCF is at most 3 times the optimal (with
additive term of 4).
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6.2 Interleaved LCF
We present another algorithm called Interleaved LCF. We show that it is 2-approximation among
schedules that use the minimum number of global transfers.

Algorithm Interleaved LCF
At every two rounds, a processor that has the message alternately performs the following two steps.

1. Local transfer: if there is any processor in the same cluster that has not received the message,
then send the message to it.

2. Global transfer: if there is any cluster that has not received the message, choose the biggest cluster
among them and send the message to a processor in the cluster.

We only consider a set of schedules (denoted as S) that minimize the total number of global transfers.
Note that schedules in S have the property that each cluster receives only one message from outside
(k — 1 in total). Let OPTs be the minimum makespan among all schedules in S.

LEMMA 6.5. There is a schedule in S with makespan OPTs in which for any pair of clusters K;, K;
(ni > n;), K; receives a message no later than K;.

Proof. Given a schedule in S with makespan OPTsg, if there is a pair of clusters K;, K; (n; > n;) and
K; receives a message at time ¢; and K receives a message at time ¢; (¢; > t;), then we can modify the
schedule so that K; receives the message no later than K without increasing the makespan.

At t; K; (instead of K) receives the message. K; can do all transfers that K; does till time ¢;. At
time t;, K receives a message. Let z; processors in K; received the message just after time ¢ in the
original schedule. Similarly, let y; processors in K received the message just after time ¢. Then z;, = 1
and y;, < n;. Note that we cannot swap the roles of two clusters just after ¢; since K; has y;, messages
and K has only one message. Therefore, K; should keep performing transfers as if it is K; for some
time. Let #' be the last time when zy < yy. That is, Ty 11 > yp11.

At time ¢’ + 1 we need to carefully choose which transfers we should do. Note that just before time
t'+1, K; has yy messages and K; has zy messages. In K; we choose zy 1 — yp processors to make local
transfers so that after ¢’ + 1, K; has zy 1 copies of message. Since zy 1 < 2zp < 2yp, Tp1 — yp < yp
and therefore, we have enough processors to choose. Similarly, in K; yy,1 — zy processors do local
transfers so that K; has yy 41 after ¢’ + 1. The total number of global transfers coming from K; and K
in the original schedule is at most &y +yu — (1 —24) — (Y11 —Y) = To+yor — (Y1) — (@011 — Y
and this is exactly the number of remaining processors. Therefore, we have the remaining processors
enough to make global transfers. After ¢ 4+ 1, we can do transfers as in the original schedule. O

We can now consider schedules with the property in Lemma 6.5 only. Due to the property, a
processor knows the receiver to send a message when it performs a global transfer— the largest cluster
that has not received any message. The only thing a processor needs to decide at each time is whether
it will make a local transfer or global transfer. By performing local and global transfer alternatively, we
can bound the makespan by a factor of two.

THEOREM 6.4. The makespan of Interleaved LCF is at most 2 times OPTyg.

Proof. Given an optimal schedule with the property in Lemma 6.5, modify the schedule so that each
operation takes 2 units of time. That is, if a processor performs a local transfer then it is idle in the next

15



time slot and if a processor performs a global transfer, it is idle in the previous time slot. The makespan
of the modified schedule is at most 2 times the optimal. It is easy to see that the schedule by Interleaved
LCF should not be worse than the modified schedule since in Interleaved LCF, the processors performs
local and global transfers alternatively with no idle time. O
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