
Solute transport in open channel flows and porous streambeds

Fawaz Habel a, Cesar Mendoza c, Amvrossios C. Bagtzoglou a,b,*

a Department of Civil Engineering and Engineering Mechanics, Columbia University, New York, NY 10027, USA
b Department of Earth and Environmental Engineering, Columbia University, New York, NY 10027, USA

c Department of Civil Engineering, University of Missouri, Rolla, MO 65409, USA

Received 5 March 2001; accepted 9 September 2001

Abstract

Pore-water flow inside river sediment beds resulting from water flow in the overlying river channel can strongly affect the mass

and momentum transfer processes across the channel-bed interface. An analytical model for transport in porous beds, with a two-

layer, coupled transport across the interface is presented. Flow and transport in the porous bed and open channel are diffusion and

advection driven. The variation in the velocity profile across the flow depth, in both open channel and porous bed, is consistent with

experimental studies. A slip velocity at the interface links a parabolic velocity profile in the open channel with an exponentially

decaying velocity profile in the porous bed. The contaminant exchange along the interface is accounted through the imposed

boundary conditions of concentration and flux continuity. The initial conditions allow the presence of solute in either or both parts

of the flow domain, in order to study the transfer of solute across the interface. The Aris’ method of moments is used to derive

analytical expressions for the zeroth and first moments of concentration and for the velocity and effective dispersion of the solute

cloud. The role of dispersion in the bed relative to dispersion in the channel was found to greatly influence the transport charac-

teristics in the river channel-bed interface. The depth of the porous bed relative to the depth of the open channel showed a strong

effect on the mean velocity of the solutes particles and the effective dispersion of the solute cloud was found to be sensitive to the flow

velocity profile in the open channel in a counter-intuitive way since the transport equations are expressed in terms of axes moving

with the mean particle velocity. Finally, the model was validated against experimental data from A.H. Elliott and N.H. Brooks

[Water Resour. Res. 33 (1997) 123, 137]. � 2002 Published by Elsevier Science Ltd.

1. Introduction

The US Environmental Protection Agency (EPA)
reported that as of 1996, about 40% of the nation’s
surveyed rivers, lakes, and estuaries are too polluted for
basic uses such as fishing and swimming [27]. Contam-
inants enter our waters everyday. This contamination
could originate from industrial and municipal waste
discharges, runoff from urban and agricultural areas,
and even individual households. Many of these pollu-
tants have been released to the environment long ago
and settled to the bottom sediments of rivers and
streams, leaving hot spots of toxic substances. Once the
contaminants are settled, they can act as a source or a
contaminant reservoir and be released back to the water
stream. Continuing uncontrolled transfer of pollutants
from the contaminated bottom materials to the water

column prolongs the effects of these pollutants on or-
ganisms throughout the river ecosystem.
Therefore, transport and dispersion of solutes in open

flow channels and natural rivers are of increasing in-
terest not only as a result of its implications on water
quality and major cleaning efforts but also due to the
fact that the solute cannot be accurately described by a
normal distribution and modeled with a Fickian-type
diffusion approach. In pipes, Aris [2] described the sol-
ute distribution in terms of the moments of concen-
tration and confirmed that it approaches the normal
distribution with a variance proportional to time. How-
ever, non-normally distributed longitudinal concentra-
tion profiles are routinely found in natural rivers. The
variance of the concentration distribution seems to grow
more rapidly than predicted by one-dimensional models
[19,20]. The traditional interpretation of these deviations
is one of the following:

1. a stationary eddy structure adjacent to the porous
bed where dead zones are responsible for the trapping
and release of contaminant [28];

www.elsevier.com/locate/advwatres

Advances in Water Resources 25 (2002) 455–469

*Corresponding author.

E-mail address: abagtzog@civil.columbia.edu (A.C. Bagtzoglou).

0309-1708/02/$ - see front matter � 2002 Published by Elsevier Science Ltd.

PII: S0309 -1708 (01)00052 -5



2. a viscous sub-layer with slow moving fluid and low-
intensity lateral mixing [8]; and

3. variation in flow properties across the channel, which
is a general description of both (1) and (2).

The presence of stagnant dead zones along the surface
of open flow has been the focus of numerous research
studies [22,28]. The longitudinal spreading of contami-
nants along the downstream flow, the long tail of passive
contaminant releases into the channel flow and the re-
sulting skewness of the concentration’s distribution are
some of the effects attributed to local areas with stagnant
water, for example dead zones. Valentine and Wood [28]
assumed that any exchange of contaminant between the
open flow and stagnant pockets is limited to diffusion
and showed numerically that the time needed for the
flow to reach a Gaussian-type flow can be significant in
comparison to the river passage time. Fischer et al. [14],
and references therein (e.g., [15]), described the variation
of the concentration across the depth of the open channel
and showed that the deviation of the concentration from
the one predicted is largest near the channel bed. Cha-
twin [8] explained such phenomena through the presence
of a viscous sub-layer along the surface of the porous
bed, in which the fluid velocity is of negligible magnitude.
The channel depth was divided into two layers with lin-
ear velocity profile, uniform initial concentration, and
continuous flux transformation across the interface be-
tween the two layers.
Storage of contaminant in the viscous sub-layer and

its effect on transport in two-dimensional flow is not
different from the retention of solute by dead zones in an
open channel. A basic assumption inherent in the model
of dead zones and the viscous sub-layer is the stagnant
nature of the water pockets. A second assumption is
the fact that interaction between the flow in the water
channel and the porous structure underneath it is limited
to a diffusion process driven simply by the concentration
difference across the interface. However, the flow and
contaminant mixing in a water channel is a much more
complex process. The water present in the porous bed is
far from stagnant, the flow is not uniform, and the hy-
drodynamic characteristics near the porous bed greatly
influence mass transfer processes at the water-bed in-
terface. Rudraiah [23] showed numerically that the
velocity in the porous medium approaches the Darcy
velocity at large distances from the surface, and that it is
larger near the porous surface because the fluid is apt to
slip at the porous surface. Nagaoka and Ohgaki [18]
confirmed experimentally that the velocity profile in the
porous bed of a water channel could be formulated as
the sum of a Couette flow and seepage flow velocity. The
Couette flow is caused by slip velocity at the porous
surface decreasing exponentially with depth, and the
seepage flow velocity is uniform and determined by the
pressure gradient.

In summary in all the previous analytical and nu-
merical studies, the analysis of the transient dispersion
process has been limited to either the porous bed or the
open channel with the mass exchange across the inter-
face modeled as simple diffusion. The primary purpose
of the present paper is to model the solute transport at
the interface of an open channel and its underlying po-
rous bed and expand the physical processes beyond the
dead zones or sub-viscous layer by deriving a model
whereby flow and transport in both the porous bed and
the water channel are diffusion and advection-driven.
The variation in the velocity profile across the flow
depth is made consistent with experimental studies. A
slip velocity at the interface links a parabolic velocity
profile in the open channel with an exponentially de-
caying velocity profile in the porous bed. At the inter-
face the velocity profile is continuous, consistent with
theoretical developments by Ochoa-Tapia and Whitaker
[21] who proposed a jump condition that joins naturally
Darcy’s law with the Brinkman correction to Stokes’
equations. The contaminant exchange along the inter-
face is accounted through the imposed boundary con-
ditions of concentration and flux continuity. The initial
conditions allow the presence of solute in either or both
parts of the flow domain, in order to study the transfer
of solute across the interface.
The resulting problem of two coupled partial differen-

tial equations with variable velocity coefficients is too
complex for a direct analytical solution to be derived.
However, the method of moments [2,3] provides an
approach that allows the transformation of the problem
by decreasing the number of spatial dimensions and
changing the variable from concentration to the mo-
ments of concentration. Having obtained the moments
of concentration, analytical expressions for the mean
velocity and the effective dispersion coefficient are then
derived. The dispersion coefficient provides insight into
the role played by the transport in one part of the do-
main and the exchange across the interface on the
transport pattern of the whole system. The model is also
used to investigate the effect of different velocity profiles
on the mean particle velocity.

Fig. 1. A schematic description of the flow domain under considera-

tion.
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2. Mathematical model

Fig. 1 depicts the two-dimensional physical domain
of the mathematical model. The water flow in the open
channel is of depth h1, the underlying bed is of depth h2,
and transport occurs by diffusion and advection.
The equation of the conservation of the mass is the

following:

oCi

ot
þ UiðyÞ

oCi

ox
¼ o

ox
eiðyÞ

oCi

ox

� �
þ o

oy
eiðyÞ

oCi

oy

� �
: ð1Þ

The subscript ði ¼ 1Þ denotes the free water-surface re-
gion and ði ¼ 2Þ denotes the porous bed region. Variable
C represents the average concentration across the third
dimension ðM=L3Þ, U the velocity distribution ðL=T Þ, t
the time ðT Þ, x the horizontal distance ðLÞ, y the eleva-
tion above the bottom of the porous bed ðLÞ, and e the
turbulent transport coefficient ðL2=T Þ in the case of the
open channel and the dispersion coefficient in the case of
the porous bed.
The transport between regions (1) and (2) is modeled

through the boundary conditions:

oC1
oy

¼ 0 at y ¼ h1 þ h2 ¼ h; ð2Þ

oC2
oy

¼ 0 at y ¼ 0; ð3Þ

C1ðx; h2; tÞ ¼ C2ðx; h2; tÞ; ð4Þ

lim
y!hþ

2

e1ðyÞ
oC1
oy

� �
¼ lim

y!h�
2

e2ðyÞ
oC2
oy

� �
: ð5Þ

Boundary conditions given by (2) and (3) imply that
there is no net transport across the upper and lower
boundaries, whereas (4) and (5) ensure the continuity of
the concentrations and fluxes at the interface. The initial
conditions are for a uniformly distributed instantaneous
plane source as follows:

C1ðx; y; 0Þ ¼ a
m1
h1

dðxÞ; ð6aÞ

C2ðx; y; 0Þ ¼ b
m2
h2

dðxÞ; ð6bÞ

where a and b are constants with a ¼ b ¼ 1 in case the
solute is present in both regions, a ¼ 1 and b ¼ 0 if the
solute is present in region (1) only, and a ¼ 0 and b ¼ 1
if present in region (2) only. m represents the number of
particles released per unit width, and dðxÞ is the Dirac
delta function.
A constant turbulent dispersion coefficient (eddy

viscosity) e is desirable and could be assumed as

eiðyÞ ¼ ei ð7Þ
if appropriate boundary conditions were to be applied,
as suggested by Engelund [12,13]. In such a case, the

velocity profile in the open channel is well described by a
parabolic velocity distribution obtained from integra-
tion of the flow equation, assuming a constant value of
the eddy viscosity [12,13]

U1ðyÞ ¼ Ub0 þ
h1U 2

f 0

e1

y � h2
h1

"
� 1
2

y � h2
h1

� �2#
ð8Þ

with Ub0 ¼ K1Uf 0 and Uf 0 ¼
s0
q

� �1=2
; ð9Þ

where K1 is a constant, s0 denotes the bed shear stress
ðM=LT 2Þ, and q the fluid density ðM=L3Þ. At the porous
interface, the velocity takes a finite value Ub0, which is
known as the slip velocity. The eddy viscosity can be
described as [12,13,17]

e1 ¼ 0:077Uf 0h1: ð10Þ

In the porous bed, the dispersion coefficient is assumed
constant. Zhou and Mendoza [29] derived an exponen-
tial form for the velocity distribution that is in accor-
dance with the work of Engelund [13], that is it ensures
the continuity of the velocity distribution at the interface
of the open channel and the porous bed.

U2ðyÞ ¼ U þ ðUb0 � UÞ exp½K2ðy � h2Þ�; ð11Þ
where U is the uniform part of the velocity distribution
and K2 is a constant that influences the rate with which
the velocity decreases with depth. For laminar flow,
Zhou and Mendoza [29] showed how (11) leads to the
same functional form of the boundary condition derived
by Beavers and Joseph [6].
Since the solute particles will ultimately move with

the mean velocity of the stream ðV Þ, it is useful to write
the transport equations with respect to a coordinate
system moving with velocity V. Introducing the non-
dimensional variables:

C ¼ C
c0
; X ¼ x� Vt

h
; T ¼ e1t

h2
; Y ¼ y

h
;

Y1 ¼
h1
h
; Y2 ¼

h2
h
; D ¼ e2

e1
; W ðgÞ ¼ UðyÞh

e1
;

Ve ¼ Vh
e1

; Wb0 ¼
Ub0h
e1

; Wf 0 ¼
Uf 0h
e1

;

W ¼ Uh
e1

; K ¼ hK2; ð12Þ

where c0 is a reference value of C. The non-dimen-
sional forms of Eqs. (1)–(5), (6a), (6b), (7)–(11) be-
come

oC1
oT

þ ½W1ðgÞ � Ve�
oC1
oX

¼ o2C1
oX 2

þ o2C1
oY 2

; ð13Þ

oC2
oT

þ ½W2ðgÞ � Ve�
oC2
oX

¼ D
o2C2
oX 2

�
þ o2C2

oY 2

�
; ð14Þ
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oCi

oY
¼ 0 Y ¼ 1; 0; ð15Þ

C1ðX ; Y2; T Þ ¼ C2ðX ; Y2; T Þ; ð16Þ

lim
Y!Yþ

2

oC1
oY

� �
¼ lim

Y!Y�
2

D
oC2
oY

� �
; ð17Þ

C1ðX ; Y ; 0Þ ¼ a
m1
Y1

dðX Þ; ð18Þ

C2ðX ; Y ; 0Þ ¼ b
m2
Y2

dðX Þ: ð19Þ

The velocity profiles W1 and W2 are as follows:

W1ðY Þ ¼ Wb0 þ Y1W 2
f 0

Y � Y2
Y1

"
� 1
2

Y � Y2
Y1

� �2#
; ð20Þ

W2ðY Þ ¼ W þ ðWb0 � W Þ exp½KðY � Y2Þ�: ð21Þ
Following Aris [2], the pth spatial moment of concen-
tration Ci is defined by

Cp
i ¼

Z þ1

�1
XpCi dX : ð22Þ

Eqs. (13)–(19) become [2,25]

oCp
1

oT
� p½W1ðY Þ � Ve�Cp�1

1 ¼ pðp � 1ÞCp�2
1 þ o2Cp

1

oY 2
; ð23Þ

oCp
2

oT
� p½W2ðY Þ � Ve�Cp�1

2 ¼ Dpðp � 1ÞCp�2
2 þ D

o2Cp
2

oY 2
;

ð24Þ
oCp

i

oY
¼ 0 at Y ¼ 1; 0; ð25Þ

Cp
1ðY2; T Þ ¼ Cp

2ðY2; T Þ; ð26Þ

lim
Y!Yþ

2

oCp
1

oY

� �
¼ lim

Y!Y�
2

D
oCp

2

oY

� �
; ð27Þ

Cp
1 ¼

a m1
Y1
; p ¼ 0

0; pP 1

� 	
at T ¼ 0; ð28Þ

Cp
2 ¼

b m2
Y2
; p ¼ 0

0; pP 1

� 	
at T ¼ 0: ð29Þ

Defining lp as the cross-sectional average of the con-
centration

lp ¼
Z 1

Y2

Cp
1 dY þ

Z Y2

0

Cp
2 dY ; ð30Þ

one can multiply Eqs. (23) and (24) by dY, and integrate
using the proper boundary conditions to obtain

dlp

dT
¼ p

Z 1

Y2

½W1ðY Þ � Ve�Cp�1
1 dY þ p

Z Y2

0

½W2ðY Þ

� Ve�Cp�1
2 dY þ pðp � 1Þ

Z 1

Y2

Cp�2
1 dg

þ Dpðp � 1Þ
Z 1

Y2

Cp�2
2 dY : ð31Þ

2.1. Zeroth moment of concentration

The zeroth moment of concentration ðC0Þ describes
the mass of the solute in the system. The analytical so-
lution for the zero moment concentrations ðp ¼ 0Þ will
be derived – using the method of separation of variables
– as the summation of steady state and transient solu-
tions (Appendix A). The solution of C0 satisfies the
following equations:

C01 ¼ am1 þ bm2 þ
X1
n¼1

Kn expð�k2nT Þ½A1 cosðknY Þ

þ B1 sinðknY Þ�; ð32Þ

C02 ¼ am1 þ bm2 þ
X1
n¼1

Kn expð�k2nT Þ cos
knffiffiffiffi
D

p Y
� �

;

ð33Þ
where kn are the eigenvalues of the system. The expres-
sions for Kn, A1, B1 and kn are derived in Appendix A.

2.2. First moment of concentration

An analysis of the variation in position of the solute
cloud requires a solution for the first moment of the
concentration, obtained using p ¼ 1 in Eqs. (23) and
(24)

oC11
oT

� ½W1ðY Þ � Ve�C01 ¼
o2C11
oY 2

; ð34Þ

oC12
oT

� ½W2ðY Þ � Ve�C02 ¼ D
o2C12
oY 2

; ð35Þ

where C01 and C
0
2 are defined by (28) and (29). The so-

lutions of Eqs. (34) and (35) consist of a steady-state
solution g1i ðY Þ, a complimentary solution f 1iH ðY ; T Þ, and
a particular solution f 1iP ðY ; T Þ,
C1i ¼ f 1iH ðY ; T Þ þ f 1iP ðY ; T Þ þ g1i ðY Þ: ð36Þ

The first moment is necessary for deriving the effective
coefficient of the solute’s cloud and the second moment
of concentration. The first moment of concentration is
given by

C11 ¼
X1
n¼1

K 0
n expð�a2nT Þ A0

1 cosðanY Þ
�

þ B0
1 sinðanY Þ




þ
X1
n¼1

KnF1ðY Þ expð�a2nT Þ þ g11ðY Þ; ð37Þ

C12 ¼
X1
n¼1

K 0
n expð�a2nT Þ cos

anffiffiffiffi
D

p Y
� �

þ
X1
n¼1

KnF2ðgÞ expð�a2nT Þ þ g12ðY Þ: ð38Þ

The functions Fi and g1i , and the constants K
0
n, A

0
1, B

0
1, Kn

and an are derived in Appendix A.
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2.3. Second moment of concentration

A more detailed description of the contaminant dis-
tribution needs an expression for C2. With p ¼ 2:
oC21
oT

� 2½W1ðY Þ � Ve�C11 ¼ 2C01 þ
o2C21
oY 2

; ð39Þ

oC22
oT

� 2½W2ðY Þ � Ve�C12 ¼ D 2C02

�
þ o2C22

oY 2

�
: ð40Þ

The main problem in the derivation of a complete so-
lution for the above two equations is the fact that the
expressions for C1 are complicated. However, a solution
that contains the terms that do not vanish as T ! 1 can
be derived, an approach previously followed by Aris [2].
Dropping the time derivative term,

d2C21
dY 2

¼ �2ðam1 þ bm2Þ � 2½W1ðY Þ � Ve�g11; ð41Þ

d2C22
dY 2

¼ �2ðam1 þ bm2Þ �
2

D
½W2ðY Þ � Ve�g12: ð42Þ

The solutions for the above two equations are obtained
by simply integrating twice using the proper boundary
conditions. The solutions are

C21 ¼ ðam1 þ bm2Þ½C1ðY Þ þ C2ðY2Þ�; ð43Þ
C22 ¼ ðam1 þ bm2Þ½C2ðY Þ þ C1ðY2Þ�; ð44Þ
where C1 and C2 are derived in Appendix A.

2.4. Third moment of concentration

Similar to the second moment of concentration the
equations for the third moment are

oC31
oT

� 3½W1ðY Þ � Ve�C21 ¼ 6C11 þ
o2C31
oY 2

; ð45Þ

oC32
oT

� 3½W2ðY Þ � Ve�C22 ¼ D 6C12

�
þ o2C32

oY 2

�
: ð46Þ

The asymptotic expressions (in time) of the above two
equations are the following:

d2C31
dY 2

¼ �6g11 � 3½W1ðY Þ � Ve�C21 ; ð47Þ

d2C32
dY 2

¼ �6g12 �
3

D
½W2ðY Þ � Ve�C22 : ð48Þ

The solution is achieved by double integration to obtain

C31 ¼
Z Z

f�6g11 � 3½W1ðY Þ � Ve�C21g dY dY

þ
Z

K1 dY þ K2; ð49Þ

C32 ¼
Z Z �

� 6g12 �
3

D
½W2ðY Þ � Ve�C22

	
dY dY

þ
Z

K0
1 dY þ K0

2; ð50Þ

where K1, K2, K
0
1, and K0

2 are constants to be determined
using the boundary conditions.

2.5. Mean particle velocity

To predict the mean particle velocity, p ¼ 1 is inserted
in Eq. (31) to obtain

dl1

dT
¼

Z 1

g2

½W1ðgÞ � Ve�C01 dg þ
Z g2

0

½W2ðgÞ � Ve�C02 dg;

ð51Þ

where dl1=dT is the rate of the mean particle displace-
ment relative to the x axis moving with the velocity Ve.
The center of gravity of the cloud will ultimately move
with the mean velocity of the stream ðV Þ. Thus,

dl1

dT
! 0 as T ! 1

and

Ve ¼ 1

am1 þ bm2

Z 1

Y2

W1ðY Þ lim
T!1

C01 dY
�

þ
Z Y2

0

W2ðY Þ lim
T!1

C02 dY
�
: ð52Þ

Using (20) and (21) with (52) yields

Ve ¼
Z 1

Y2

Wb0

(
þ Y1W 2

f 0

Y � Y2
Y1

"
� 1
2

Y � Y2
Y1

� �2#)
dY

þ
Z Y2

0

fW þ ðWb0 � W Þ exp½KðY � Y2Þ�g dY : ð53Þ

Integration results in

Ve ¼ Wb0Y1 þ W 2
f 0

1

2

�
� Y2 þ

Y 22
2

þ 1

2Y1

�
�
� 1
3
þ Y2 � Y 22 þ Y 32

3

��
þ W Y2

þ Wb0 � W
K

� �
½1� expð�KY2Þ� ð54Þ

and

dl1

dT
¼

X1
n¼1

Kn expð�knT Þ
Z 1

Y2

W1ðY Þ½A1 cosðknY Þ
�

þ B1 sinðknY Þ� dY

þ
Z Y2

0

W2ðY Þ cos
knffiffiffiffi
D

p Y
� �

dY
	
: ð55Þ

It can be observed directly from (55) how dl1=dT ! 0
at large times. Integrating once and using the condi-
tion l1 ¼ 0 at T ¼ 0, the mean particle position is given
by
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l1ðT Þ ¼
X1
n¼1

Kn

kn
½1

� expð�knT Þ�
Z 1

Y2

W1ðY Þ½A1 cosðknY Þ
�

þ B1 sinðknY Þ� dY

þ
Z Y2

0

W2ðY Þ cos
knffiffiffiffi
D

p Y
� �

dY
	
: ð56Þ

Ultimately at large times, the mean particle position
becomes

l1ð1Þ ¼
X1
n¼1

Kn

kn

Z 1

Y2

W1ðY Þ½A1 cosðknY Þ
�

þ B1 sinðknY Þ� dY

þ
Z Y2

0

W2ðY Þ cos
knffiffiffiffi
D

p Y
� �

dY
	
: ð57Þ

2.6. The effective dispersion coefficient

The effective dispersion coefficient is equal to half the
temporal derivative of the variance of the contaminant
cloud. In dimensionless form, the dispersion coefficient
can be written as

De ¼ 1
2

dr2

dT
¼ 1
2

d

dT
l2

l0

� �
� l1

dl1

dT
: ð58Þ

At large times, the last component in the right-hand side
of (58) approaches zero and it becomes equivalent to the
equation of effective dispersion coefficient used by Aris
[2] and Sumer [26]. Using Eq. (31) with p ¼ 2, the dis-
persion coefficient becomes

De ¼ 1
2

dl2

dT

¼
Z 1

Y2

½W1ðY Þ � Ve�C11 dY þ
Z Y2

0

½W2ðY Þ � Ve�C12 dY

þ
Z 1

Y2

C01 dY þ D
Z Y2

0

C02 dY � l1
dl1

dT
: ð59Þ

Inserting (37) and (38) into (59), one obtains

De ¼
Z 1

Y2

½W1ðY Þ � Ve�
X1
n¼1

K 0
n expð

(
� a2T Þ½A0

1 cosðanY Þ

þ B0
1 sinðanY Þ þ

X1
n¼1

KnF1 expð � k2T Þ þ g11

)
dY

þ
Z Y2

0

½W2ðY Þ � Ve�
X1
n¼1

K 0
n expð

(
� a2T Þ

� cos anffiffiffiffi
D

p Y
� �

þ
X1
n¼1

KnF2 expð � k2T Þ þ g12

)
dY

þ
Z 1

Y2

C01 dY þ D
Z Y2

0

C02 dY � l1
dl1

dT
: ð60Þ

2.7. Large time approximation of the effective dispersion
coefficient

At large times, the dispersion coefficient approaches
the following asymptotic value:

De ¼
Z 1

Y 2
½W1ðY Þ � Ve�g11 dY þ

Z Y2

0

½W2ðY Þ

� Ve�g12 dY þ ðam1 þ bm2ÞðY1 þ DY2Þ: ð61Þ

Integrating the above equation, arranging terms and
using integral tables [1], the following analytical ex-
pression is obtained:

De ¼ ðam1 þ bm2ÞðI1 þ I2 þ Y1 þ DY2Þ; ð62Þ
where

I1 ¼ U1p1Y1 þ
U1p2
2

�
þ U2p1

2

�
ð1� Y 22 Þ

þ U1p3
3

�
þ U2p2

3
þ U3p1

3

�
ð1� Y 32 Þ

þ U1p4
4

�
þ U2p3

4
þ U3p2

4

�
ð1� Y 42 Þ

þ U1p5
5

�
þ U2p4

5
þ U3p3

5

�
ð1� Y 52 Þ

þ U2p5
6

�
þ U3p4

6

�
ð1� Y 62 Þ þ

U3p5
7

ð1� Y 72 Þ; ð63Þ

I2 ¼ expðKY2Þ
U5q1
K

�
þ U5q3

K
Y 22 þ U5q4

2K
þ ðKY2 � 1Þ

� U5q2

K
2

�
� 2U5q3

K
3

��
þ U4q4

K
� U5q1

K
þ U5q2

K
2

� 2U5q3

K
3

þ U4 q1Y2

�
þ q2

Y 22
2

þ q3
Y 32
3

�

þ expð�KY2Þ
�
� U5q4
2K

� U4q4
K

�
: ð64Þ

The last two terms in (62) are the contributions of
the initial concentration diffusion and are negligible in
comparison with the first two terms, which are due to
the velocity gradient in the open channel and the porous
bed. Parameters U1, U2, U3, U4, U5, p1, p2, p3, p4, p5, q1,
q2, q3, q4, can be found in Appendix A.

3. Model testing and validation

The best method to test and validate a model is to
compare it with both established analytical models and
experimental data. To accomplish this, an analytical
approach is used first in order to validate the analytical
solutions, presented in this paper, by simplifying the
model so as it matches models to which analytical so-
lutions are already available and published. Then,
making some assumptions about the flow in the water
channel and the porous bed, the depth profiles of the
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solutes presented in [10,11] are compared to the ana-
lytical solutions of this paper by reconstructing the an-
alytical expression of the concentration from its known
moments.

3.1. Testing with known analytical solutions

Starting with the zeroth moment of concentration, we
assume that initially, the solute is uniformly distributed
across thedepthof the flowdomain. In sucha case, and for
Y1 ¼ Y2 ¼ 0:5 the parameters a ¼ b ¼ 1 and m1 ¼ m2 ¼
0:5. Replacing these variables in (A.9) and (A.10a),
(A.10b), we find thatD1 ¼ D2 ¼ 0 andKn ¼ 0. As a result,
C01 ¼ C02 ¼ 1 for all times as previously obtained by
Sumer [26] and Chatwin [8]. This result states simply
that the total amount of solute is constant.
In the case of the first moment of concentration, a

constant and uniform diffusivity is assumed for both
porous bed and open channel ðD ¼ 1Þ.
As T ! 1,

C111 ¼ �
Z Y

0

½W1ðY Þ � Ve� dY

and

C121 ¼ �
Z Y

0

½W2ðY Þ � Ve� dY :

The above two equations are equivalent to Eqs. (41)
and (42) in [26].

3.2. Testing with published experimental data

In terms of experimental data, several researchers
have examined porous bed–water exchanges in the field
and described the exchange as a vertical advection–
diffusion process with calibrated exchange parameters or
as lumped-parameter or linear time series models with
calibrated parameters [5,10]. Rutherford et al. [24] re-
lated the benthic oxygen uptake to bed–stream exchange
mechanism and deoxygenation rates within the bed and
observed that there can be rapid exchange of pore fluid
into the fluidized bed material at the crest of dunes.
Nagaoka and Ohgaki [18] measured the flow velocity
profiles for flow over the porous bed and below the
water-bed interface and related the measured diffusion
coefficients in the porous bed to the intensity of turbu-
lence. Recently, Elliott and Brooks [10,11] conducted
theoretical and laboratory experiments for studying the
transfer of nonsorbing solutes to a streambed with
bedforms. They attempted to predict the exchange re-
sulting from the presence of the bedforms in a steady
flow for both stationary and moving bedforms.
Unfortunately, most experimental efforts that have

collected data focused on a single aspect of the problem
such as the velocity profile [18] or the transport and
dispersion of the contaminant cloud in either the porous

bed [10,11] or the channel. No data set that captures the
macroscopic processes of the transport problem as well
as the interaction among those processes has been made
available from all the studies discussed above and is,
therefore, still to be collected. Nevertheless, making the
necessary assumptions about the flow in the water
channel and the porous bed, the depth profiles of the
solutes presented in [10,11] are compared to the ana-
lytical solutions of this paper by reconstructing the an-
alytical expression of the concentration from its known
moments. This is accomplished using the Edgeworth
form of the Gram–Charlier series [4,7,16].
This method approximates the concentration by an

infinite Hermite series with the first few terms being
functions of the mean and the variance. The method
uses higher-order moments to expand the series beyond
the Guassian distribution, which is simply based on the
first three moments (zeroth, first, and second). The series
has the following form:

C ¼ C0ffiffiffiffiffiffiffiffiffiffi
2pr2

p exp

�
� n2

2

�
1
h

þ v
6
H3ðnÞ þ � � �

i
; ð65Þ

where C0 is the zeroth-moment concentration,

r2 ¼ C2
C0

� �
� C1

C0

� �2
;

n ¼ X � ðC1=C0Þ
r

;

v ¼ 1

r3
C3
C2

"
� 3r2 C1

C0
þ C1

C0

� �3#
;

and

H3 ¼ n3 � 3n:

One of the limitations of this method is that it fails to
produce good results when the concentration distribu-
tion deviates strongly from the Guassian shape. If
the tail of the non-Gaussian distribution is of interest,
an alternative approach such as the maximum entropy
method could be pursued.
In Fig. 2, the analytical solution for the relative

concentration, as reconstructed from the asymptotic
distribution of the first four moments, is compared to
the experimental data of Elliott and Brooks [11] for both
a stationary natural bedform as well as for a flat bed.
The experimental parameters for both runs, as reported
in [11], and the appropriate model parameters are pre-
sented in Table 1. For the natural bedforms (Fig. 2(a))
and unlike the experimental solute distribution, the an-
alytical solution does not exhibit the presence of a re-
gion with uniform concentration just below the bed
surface. It does, however, approximate the experimental
data quite nicely in an average sense. As pointed by
Elliott and Brooks [11], this can be explained by the
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dominance of advection over diffusion along the depth
of the experimental study.
For the test with a flat bed, the analytical solution

shows a poor fit (Fig. 2(b)) despite the fact that in this
case the effect of vertical advection is less pronounced.
This, however, is due to the obvious disparity between
the time when the data have been collected and the as-
ymptotic nature of the analytical solution.

4. Analysis and discussion

The experiments of Nagaoka and Ohgaki [18] were
used as the basis for determining the parameters used in
the sensitivity analysis presented in this paper. The slip
velocity was chosen from the range measured in the
experiments. Four different velocity profiles were speci-
fied with constant seepage velocity and constant K2
similar to those of the experiments of [18] and are de-
picted in Fig. 3 in dimensionless terms. The constant K2
influences the rate with which the velocity decreases with
depth and it ensures that the velocity approaches its
asymptotic value within a narrow depth of the porous
bed [29]. Table 2 lists the parameters used to describe the
four velocity profiles. The analysis was limited to the case
of the contaminant being initially confined to the flow in
the open channel ðb ¼ 0Þ.

A MATLAB code was developed to compute the
zeroth and first moments in their full transient mode, the
second and third moments in their asymptotic mode, as
well as other expressions of interest. Eq. (A.6) was
solved for the eigenvalues in the range 0 to 4p, which
proved sufficient to guarantee the convergence of the
series of moments. The expression given in (62) for the

Fig. 2. Comparison of experimental data and analytical results for (a) stationary natural bedforms (Run 17 of [11]) and (b) flat bed (Run 3 of [11]).

Table 1

Measured experimental parameters from [11] and appropriate model parameters

Parameter Description Run 3 (flat bed) Run 17 (natural bedforms)

Ub0 Slip velocity 16.8 (cm/s) 8.7 (cm/s)

U ; um Constant (seepage) velocity 0.00003 (cm/s) 0.00003 (cm/s)

h1 Height of water channel 5.15 (cm) 6.45 (cm)

h2 Height of porous bed 12.5 (cm) 22.5 (cm)

T Time 1 day 19 days

Fig. 3. Profiles of the velocity distributions scaled by the slip velocity.

Note that the water channel–porous bed interface is located at a di-

mensionless depth of 0.7.
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effective diffusion was computed for different values of
the relative diffusivity ðD ¼ e2=e1Þ and for different ve-
locity profiles. The results presented in Fig. 4 show that
as the relative diffusivity of the porous bed increases the
dispersion coefficient decreases.
Also, for small values of the relative diffusivity of the

porous bed, the effective dispersion coefficient grows
very rapidly. This can be explained by noting that as D
approaches zero, the flow behaves as if the porous bed
were simply an impermeable boundary with the flow
being only controlled by the velocity and diffusion in the
open channel with a zero-flux boundary at the interface.
As D increases, the flow into the porous bed comes into
play and solute is exchanged across the interface, with
less solute left in the open channel to contribute to the
flow and dispersion. As D gets larger, the porous bed
acts as a stronger sink of solute until a steady-state
distribution is reached when the cloud travels with
constant dispersion. For a fixed value of D, effective
dispersion seems to decrease as the flow velocity in-
creases (Fig. 4). This is counter intuitive and is due to

the fact that the transport equations are expressed in
terms of a coordinate system moving with the mean
particle velocity. For fixed axes, dispersion increases as
the flow velocity increases. Fig. 5 shows the variation of
the mean particle velocity with the friction velocity for
three configurations that differ in terms of the ratio of
the porous bed depth over the depth of the water in the
open channel. This ratio is 1.0, 1.5, and 2.3 for Case 1, 2,
and 3, respectively. The mean particle velocity is sensi-
tive to the depth of the river porous bed relative to the
depth of the open channel flow and increases as the ratio
increases.
The time needed to reach steady state depends very

much on D, assuming that all other variables are kept
constant. For the case of D ¼ 1, the zeroth moment of
concentration reaches a steady-state distribution across
the domain after T ¼ 0:5, a value similar to the one
obtained by Sumer [26] for the case of buoyant particles.
However, in the case of smaller relative diffusivity
ðD ¼ 0:001Þ, it takes a much longer time for the solute to
reach a steady-state uniform distribution (Fig. 6(a)).

Fig. 4. Effect of relative diffusivity on the effective dispersion coeffi-

cient for different velocity profiles.

Fig. 5. Variation of the mean particle velocity with the friction velocity

for three configurations with different ratios of the porous bed depth

over the depth of the water. This ratio is 1.0, 1.5, and 2.3 for Case 1, 2,

and 3, respectively.

Table 2

Parameters used in the sensitivity analysis

Parameter Description Profile 1 Profile 2 Profile 3 Profile 4

Ub0 Slip velocity 15 (cm/s) 15 (cm/s) 15 (cm/s) 15 (cm/s)

Uf 0 Friction velocity 3 (cm/s) 1.87 (cm/s) 1.25 (cm/s) 1 (cm/s)

U Constant velocity 1 (cm/s) 0.7 (cm/s) 0.4 (cm/s) 0.1 (cm/s)

K2 Velocity decay factor 50 70 90 110

h1 Height of water channel 30 (cm) 30 (cm) 30 (cm) 30 (cm)

h2 Height of porous bed 70 (cm) 70 (cm) 70 (cm) 70 (cm)

a1 Constant factor 1.0 1.0 1.0 1.0

m1 Initial mass of solute in zone 1 1.0 1.0 1.0 1.0

b1 Constant factor 0.0 0.0 0.0 0.0

m2 Initial mass of solute in zone 2 0.0 0.0 0.0 0.0
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It should be noted that even at T ¼ 250 the flux of the
zeroth moment of concentration has yet to reach the
value of zero (Fig. 6(b)). This can be simply explained by
the fact that a smaller diffusivity in the porous bed does
not allow the solute coming from the open channel to
penetrate quickly and the exchange of solute becomes a
very slow process.
This is evident when comparing Figs. 6(b) and 7. In

Fig. 6(b) (case with D ¼ 0:001) the flux between the two
parts of the domain is orders of magnitude smaller than
the case with D ¼ 1 (Fig. 7). This result may have im-
portant implications on efforts directed toward river
cleaning. In the case of contaminant confined to the
porous bed – as would be the case after a contaminant
cloud moves past a specific stretch of the river – the

process by which the contaminant would leave the po-
rous bed and enter the open channel is very slow. This
process can be orders of magnitude longer than the time
allocated for the cleaning of the river. This explains
many site observations where concentration would in-
crease again after the halting of the cleaning effort.

5. Summary and conclusions

In this work, we presented an analytical model for the
coupled transport of solutes in open channel flow and
the underlying porous bed. The transport in each do-
main is described by a two-dimensional advection–
diffusion equation with the exchange between the two
domains modeled through boundary conditions that
ensure the continuity of concentration and flux at the
interface. The model assumes a velocity profile that is
consistent with experimental studies in both the open
channel and the porous bed [18]. The slip velocity at the
interface links the parabolic velocity profile in the open
channel with the exponentially decaying velocity profile
in the porous bed.
Using the method of moments, the model provides

analytical solutions for the moments of concentration in
both the water flow as well as the porous bed. An
analysis of the mean particle velocity showed the effect
of the depth of the porous bed relative to the depth of
the open channel on the mean velocity of the solutes
particles. It also showed that the effective dispersion of
the solute cloud is sensitive to the flow velocity profile
in the open channel in a counter-intuitive way since the
transport equations are expressed in terms of axes mov-
ing with the mean particle velocity. The role of disper-
sion in the bed relative to dispersion in the channel was

Fig. 6. Variation of (a) the zeroth moment of concentration and (b) the flux of the zeroth moment of concentration with depth for D ¼ 0:001 at three
different times.

Fig. 7. Variation of the flux of the zeroth moment of concentration

with depth for D ¼ 1 at three different times.
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found to greatly influence the transport characteristics in
the river channel-bed interface. We also presented a
comparison of the analytical model with experimental
data measured in a laboratory setting [10,11]. The
comparison was satisfactory despite the fact that the
experimental measurements did not capture or did not
intend to measure the macroscopic processes of the
transport problem as well as the interaction among
those processes. Future experimental studies need to
measure the flow characteristics, such as the velocity
profile, and the two-dimensional solute distribution in
both the porous bed and the open channel. The model
proposed in this paper is a useful tool to model and
study water quality in rivers and sediment beds espe-
cially since the model parameters can be independently
measured, and the sources of solute can be specified
for either or both transport domains. In the absence of
large-scale field studies, this model could be used not
only to predict solute concentrations but also to esti-
mate the impact of non-Gaussian solute distributions on
the transfer of solutes across the interface through the
inclusion of higher-order moments into the analysis.
Further extensions of this model point to the need to
include an advective term along the vertical dimension
of the domain.
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Appendix A. Analytical derivations for the moments of

concentration

A.1. Zeroth moment of concentration

The zeroth moment of concentration ðp ¼ 0Þ satisfies
(23)–(29) and can be derived as the summation of a
steady-state and transient solutions.

CiðY ; T Þ ¼ R0i ðY ; T Þ þ Ci1ðY Þ; ðA:1Þ

where R0i is the transient solution and Ci1 is the steady-
state solution. Integrating twice, and using the boundary
conditions, the steady-state solution is a constant:

C011 ¼ C021 ¼ am1 þ bm2
Y1 þ Y2

¼ am1 þ bm2: ðA:2Þ

Using separation of variables, we obtain

R01 ¼
X1
n¼1

Kn expð�k2nT Þ½A1 cosðknY Þ þ B1

� sinðknY Þ�; ðA:3Þ

R02 ¼
X1
n¼1

Kn expð�k2nT Þ cos
knffiffiffiffi
D

p Y
� �

; ðA:4Þ

where kn are the eigenvalues of the problem, and A1, B1,
and Kn are constants. Using the boundary conditions,

�k sinðkÞ k cosðkÞ 0

cosðkY2Þ sinðkY2Þ � cos kffiffi
c

p Y2
� �

�k sinðkY2Þ k cosðkY2Þ k
ffiffiffiffi
D

p
sin kffiffi

c
p Y2

� �
2
664

3
775

A1
B1
1

2
4

3
5

¼
0
0
0

2
4

3
5: ðA:5Þ

Solving the above system ðDet ¼ 0Þ, the following
equation is obtained:

ffiffiffiffi
D

p
sin

kffiffiffiffi
D

p Y2

� �
cosðkY1Þ þ cos

kffiffiffiffi
D

p Y2

� �
sinðkY1Þ ¼ 0:

ðA:6Þ

We can solve for A1 and B1:

A1 ¼ cos
kffiffiffiffi
D

p Y2

� �
cosðkY2Þ

þ
ffiffiffiffi
D

p
sin

kffiffiffiffi
D

p Y2

� �
sinðkY2Þ; ðA:7Þ

B1 ¼ cos
kffiffiffiffi
D

p Y2

� �
sinðkY2Þ

�
ffiffiffiffi
D

p
sin

kffiffiffiffi
D

p Y2

� �
cosðkY2Þ; ðA:8Þ

where k are the non-zero roots of Eq. (A.6). The co-
efficients Kn are determined using the initial conditions
and the orthogonality of the sine and cosine functions.
Since the values of k are spaced at incommensurable
intervals, the property of the sine and cosine being or-
thogonal cannot be established by simple integration. A
proof is detailed in El-Habel [9].

Kn ¼
D1A1
kn

½sinðknÞ
�

� sinðknY2Þ�

� D1B1
kn

½cosðknÞ � cosðknY2Þ� þ
D2

ffiffiffiffi
D

p

kn
sin

knY2ffiffiffiffi
D

p
� �	

�
A21ðH1Þ

�
þ B21ðH2Þ �

A1B1
2kn

½cosð2knÞ

� cosð2knY2Þ� þ
Y2
2
þ

ffiffiffiffi
D

p

4kn
sin

2knY2ffiffiffiffi
D

p
� �	

; ðA:9Þ

where
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D1 ¼ am1
1

Y1

�
� 1

�
� bm2; ðA:10aÞ

D2 ¼ bm2
1

Y2

�
� 1

�
� am1; ðA:10bÞ

H1 ¼
Y1
2
þ 1

4kn
½sinð2knÞ � sinð2knY2Þ�; ðA:11aÞ

H2 ¼
Y1
2
� 1

4kn
½sinð2knÞ � sinð2knY2Þ�: ðA:11bÞ

A.2. First moment of concentration

An analysis of the variation in position of the solute
cloud requires a solution for the first moment of the
concentration, which is obtained using p ¼ 1 in Eqs.
(23)–(29). The solutions consist of a particular and a
complementary solutions:

C1i ¼ f 1iHðY ; T Þ þ f 1iP ðY ; T Þ þ g1i ðY Þ; ðA:12Þ

where f 1iH ðY ; T Þ is the complementary solution, f 1iP ðY ; T Þ
is the particular solution, and g1i ðY Þ is the steady-state
solution. The solutions for g1i ðgÞ satisfy two second-
order ordinary differential equations. The solutions are

g11 ¼ ðam1 þ bm2Þ Wb0 Y
��

� Y 2

2

�

þ W 2
f 0

Y
2

�
� Y2Y þ Y2Y 2

2
� Y 3

6
� Y
6Y1

� Y 22 Y
2Y1

þ Y2Y
2Y1

þ Y 4

24Y1
þ Y 22 Y

2

4Y1
� Y 3Y2
6Y1

�
� Ve Y

�
� Y 2

2

��

þ am1 þ bm2
D

�
� W

Y 22
2

þ Ve Y
2
2

2

þ Wb0 � W
K

Y2 expð
�

� KY2Þ �
1

K

�	
; ðA:13Þ

g12 ¼
am1 þ bm2

D

�
� W

Y 2

2
þ Ve Y

2

2
þ Wb0 � W

K

� Y expð
�

� KY2Þ �
1

K
� exp½KðY � Y2Þ�

	�

þ ðam1 þ bm2Þ Wb0 Y2

��
� Y 22
2

�
þ W 2

f 0

Y2
2

�
� Y 22

þ Y 32
3

� Y2
6Y1

þ Y 22
2Y1

� Y 32
2Y1

þ Y 42
8Y1

�
� Ve Y2

�
� Y 22
2

��
:

ðA:14Þ

The above two equations present the asymptotic solu-
tion for the first moment of concentration. As for the
particular solution, it can be written in the following
form [26]:

f 11P ¼
X1
n¼�1

KnF1ðY Þ expð�k2nT Þ; ðA:15Þ

f 12P ¼
X1
n¼�1

KnF2ðY Þ exp
�
� k2nT

�
: ðA:16Þ

F1 and F2 satisfy the following equations:

�k2F1 �
d2F1
dY 2

¼ ½W1ðY Þ � Ve�½A1 cosðkY Þ þ B1 sinðkY Þ�;

ðA:17Þ

�k2F2 � D
d2F2
dY 2

¼ ½W2ðY Þ � Ve� cos
kffiffiffiffi
D

p Y
� �

: ðA:18Þ

F1 and F2 are to be determined for each value of k. Eqs.
(A.17) and (A.18) are non-homogeneous linear differ-
ential equations of second order. The complete solution
consists of a complementary and a particular solution.
The particular solution is derived using the method of
undetermined coefficients. The complete solution is

F1 ¼ M1 cosðkY Þ þ N1 sinðkY Þ þ ðb2Y þ c2Y 2 þ d2Y 3Þ
� sinðkY Þ þ ðb1Y þ c1Y 2 þ d1Y 3Þ cosðkY Þ; ðA:19Þ

F2 ¼ M2 cos
kffiffiffiffi
D

p Y
� �

þ N2 sin
kffiffiffiffi
D

p Y
� �

þ d3 expðKY Þ cos
kffiffiffiffi
D

p Y
� �

þ ½b4Y

þ d4 expðKY Þ� sin
kffiffiffiffi
D

p Y
� �

; ðA:20Þ

where

b1 ¼
U1B1
2k

� U3B1
4k3

� U2A1
4k2

;

c1 ¼
U2B1
4k

� U3A1
4k2

; d1 ¼
U3B1
6k

;

ðA:21a; b; cÞ

b2 ¼ �U1A1
2k

þ U3A1
4k3

� U2B1
4k2

;

c2 ¼
U2A1
4k

� U3B1
4k2

; d2 ¼ �U3A1
6k

;

ðA:22a; b; cÞ

d3 ¼ � U5

DK
2 þ 4k2

; b4 ¼ � U4

2k
ffiffiffiffi
D

p ;

d4 ¼ � 2kU5

ð
ffiffiffiffi
D

p
KðDK2 þ 4k2Þ

;
ðA:23a; b; cÞ

and

U1 ¼ Wb0 � Ve� W 2
f 0Y2 �

W 2
f 0Y

2
2

2Y1
;

U2 ¼ W 2
f 0 þ

W 2
f 0Y2
Y1

;

ðA:24a; bÞ

U3 ¼ �
W 2
f 0

2Y1
; U4 ¼ W � Ve;

U5 ¼ ðWb0 � W Þ expð�KY2Þ:
ðA:25a; b; cÞ

The constants in (A.19) and (A.20), namely M1, M2, N1,
and N2 are determined using the boundary conditions:
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N1 ¼ M1 tanðkÞ þ X1;

N2 ¼ �d4 � d3K

ffiffiffiffi
D

p

k
; ðA:26a; bÞ

M2 ¼
M1X2 þ X3

cosðkg2ffiffiffi
D

p Þ
; M1 ¼

X4 þ X5

X6

ðA:27a; bÞ

in which

X1 ¼
�b1 � 2c1 � 3d1 � kðb2 þ c2 þ d2Þ

k
þ tanðkÞ

k
� ½�b2 � 2c2 � 3d2 þ kðb1 þ c1 þ d1Þ�; ðA:28aÞ

X2 ¼ cosðkY2Þ þ sinðkY2Þ tanðkÞ; ðA:28bÞ

X3 ¼ sinðkY2ÞX1 þ cosðkY2Þðb1Y2 þ c1Y 22 þ d1Y 32 Þ
þ sinðkY2Þðb2Y2 þ c2Y 22 þ d2Y 32 Þ

þ cos kY2ffiffiffiffi
D

p
� �

½�d3 expðKY2Þ� þ sin
kY2ffiffiffiffi
D

p
� �

�
�
� d4 expðKY2Þ � b4Y2 þ d4 þ d3K

ffiffiffiffi
D

p

k

�
;

ðA:28cÞ

X4 ¼ cosðkY2Þð�b1 � 2c1Y2 � 3d1Y 22 � kb2Y2

� kc2Y 22 � kd2Y 32 � kX1Þ

þ cos kY2ffiffiffiffi
D

p
� �

½k
ffiffiffiffi
D

p
d4 expðKY2Þ

þ k
ffiffiffiffi
D

p
b4Y2 þ Dd3K expðKY2Þ þ k

ffiffiffiffi
D

p
N2�; ðA:28dÞ

X5 ¼ sinðkY2Þð�b2 � 2c2Y2 � 3d2Y 22 þ kb1Y2

þ kc1Y 22 þ kd1Y 32 Þ

þ sin kY2ffiffiffiffi
D

p
� �

½�k
ffiffiffiffi
D

p
d3 expðKY2Þ þ Db4

þ Dd4K expðKY2Þ � k
ffiffiffiffi
D

p
tan

kY2ffiffiffiffi
D

p
� �

ðX3Þ�;

ðA:28eÞ

X6 ¼ �k sinðkY2Þ þ k cosðkY2Þ tanðkÞ

þ k
ffiffiffiffi
D

p
tan

kY2ffiffiffiffi
D

p
� �

X2: ðA:28fÞ

The complementary solution satisfies the following ho-
mogeneous problem:

of 11H
oT

� o2f 11H
oY 2

¼ 0; ðA:29Þ

of 12H
oT

� c
o2f 12H
oY 2

¼ 0: ðA:30Þ

The above two equations are identical to the equations
describing the solution for C0. Using the method of
separation of variables as described in the solution for
the zeroth moment of concentration, one gets

f 11;H ¼
X1
n¼1

K 0
n expð�a2nT Þ A0

1 cosðanY Þ
�

þ B0
1 sinðanY Þ



ðA:31Þ

f 12;H ¼
X1
n¼1

K 0
n expð�a2nT Þ cos

anffiffiffiffi
D

p Y
� �

ðA:32Þ

Similar to k, a satisfies (A.6). Also, solving for A0
1, B

0
1,

and K 0
n we get

A0
1 ¼ cos

affiffiffiffi
D

p Y2

� �
cosðaY2Þ

þ
ffiffiffiffi
D

p
sin

affiffiffiffi
D

p Y2

� �
sinðaY2Þ; ðA:33Þ

B0
1 ¼ cos

affiffiffiffi
D

p Y2

� �
sinðaY2Þ

�
ffiffiffiffi
D

p
sin

affiffiffiffi
D

p Y2

� �
cosðaY2Þ; ðA:34Þ

K 0
n ¼

Z 1

Y2

ðg11
�

� f 11P ÞT¼0½A0
1 cosðanY Þ

þ B0
1 sinðanY Þ� dY þ

Z Y2

0

ðg12 � f 12P ÞT¼0

� cos anffiffiffiffi
D

p Y
� �

dY
	� Z 1

Y2

½A0
1 cosðanY Þ

�

þ B0
1 sinðanY Þ�

2
dY þ

Z Y2

0

cos2
anffiffiffiffi
D

p
Y

� �
dY

	
:

ðA:35Þ

A.3. Second moment of concentration

A more detailed description of the contaminant de-
scription needs an expression for C2 ðp ¼ 2Þ. The main
problem facing the derivation of a complete solution for
the above two equations is the fact that the expressions
for C1 are complicated. However, a solution that con-
tains the terms that do not vanish as T ! 1 can be
derived, an approach previously followed by Aris [2].
Dropping the time derivative term the following equa-
tions are obtained:

d2C21
dY 2

¼ �2ðam1 þ bm2Þ � 2½W1ðY Þ � Ve�g11; ðA:36Þ

d2C22
dY 2

¼ �2ðam1 þ bm2Þ �
2

D
½W2ðY Þ � Ve�g12: ðA:37Þ

The solutions of the above two equations are obtained
simply by integrating twice using the proper boundary
conditions. However, the derivation is quite cumber-
some and will not be presented here for brevity reasons.
The solutions are

C21 ¼ ðam1 þ bm2Þ½C1ðY Þ þ C2ðY2Þ�; ðA:38Þ

C22 ¼ ðam1 þ bm2Þ½C2ðY Þ þ C1ðY2Þ�; ðA:39Þ
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where

C1ðY Þ ¼
Y 2

2
ð�2� 2U1p1Þ þ

Y 3

3
ð�U1p2 � U2p1Þ

þ Y 4

4

�
� 2U1p3

3
� 2U2p2

3
� 2U3p1

3

�

þ Y 5

5

�
� 2U1p4

4
� 2U2p3

4
� 2U3p2

4

�

þ Y 6

6

�
� 2U1p5

5
� 2U2p4

5
� 2U3p3

5

�

þ Y 7

7

�
� 2U2p5

6
� 2U3p4

6

�
þ Y 8

8

�
� 2U3p5

7

�

þ 2Y þ YU1 2p1

�
þ 2p2
2

þ 2p3
3

þ 2p4
4

þ 2p5
5

�

þ YU2

2p2
3

�
þ 2p3
4

þ 2p4
5

þ 2p5
6

�

þ YU3

2p1
3

�
þ 2p2
4

þ 2p3
5

þ 2p4
6

þ 2p5
7

�
; ðA:40Þ

C2ðY Þ ¼ Y 2
�
� 1� U4q1

D

�
þ Y 3

�
� U4q2
3D

�

þ Y 4
�
� U4q3
6D

�
þ exp½Kð2Y � Y2Þ�

�
�
� 2 U5q4

4DK
2

�
þ expðKY Þ

�
� 2U4q4

DK
2

� expð � KY2Þ � 2
U5q1

DK
2
� 2U5q3

DK
2
Y 2

� 2U5q2

DK
3
ðKY � 2Þ þ 4U5q3

DK
4
ð2KY � 3Þ

�

þ Y expðKY2Þ
�
� U5q4

DK
� 2U4q4

DK

�

� 2Y U5

DK
q1

�
� q2
K

þ 2q3
K
2

�
; ðA:41Þ

and

p1 ¼
1

D

�
� W

Y 22
2

þ Ve Y
2
2

2
þ Wb0 � W

K

� Y2 expð
�

� KY2Þ �
1

K

�	
; ðA:42aÞ

p2 ¼ Wb0 þ W 2
f 0

1

2

�
� Y2 �

1

6Y1
� Y 22
2Y1

� Y2
2Y1

�
� Ve;

ðA:42bÞ

p3 ¼ �Wb0

2
þ W 2

f 0

Y2
2

�
þ Y 22
4Y1

�
þ Ve
2
; ðA:42cÞ

p4 ¼ W 2
f 0

�
� 1
6
� Y2
6Y1

�
; ðA:42dÞ

p5 ¼
W 2
f 0

24Y1
; ðA:42eÞ

q1 ¼ Wb0 Y2

�
� Y 22
2

�
þ W 2

f 0

Y2
2

�
� Y 22 þ Y 32

3
� Y2
6Y1

þ Y 22
2Y1

� Y 32
2Y1

þ Y 42
8Y1

�
� Ve Y2

�
� Y 22
2

�
; ðA:43aÞ

q2 ¼
1

D
Wb0 � W

K
½expð

�
� KY2Þ�

	
; ðA:43bÞ

q3 ¼
1

D

�
� W
2
þ Ve
2

�
; ðA:43cÞ

q4 ¼
1

D

�
� Wb0 � W

K
2

�
: ðA:43dÞ
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