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Abstract

In this paper a specialized method for generating Markovian random fields, with or without conditioning, is presented. Here,
the prior fields are assumed to be stationary second-order Gauss-Markov random fieldsin N-dimensional (N-D) euclidian space.
The unconditional Markov fields are generated as numerical solutions of white-noise driven PDEs, for the solution of which
finite difference or finite volume discretization on aregular grid yields an algorithm commonly known as the Nearest Neighbor
Method (NNM). In addition, starting with the continuous space PDE-driven field, we develop a generalization of the NNM
algorithm for the generation and optimal interpolation (estimation) of conditional random fields in the Bayesian sense. This
generalized NNM algorithmiscalled Bayesian-NNM, or B-NNM, and isessentially similar to the classical NNM-type al gorithms.
The B-NNM method can be used for conditional simulation of random fields, as well as the optimal estimation of spatial fields
assuming Markovian prior statistics, based on a collection of measurementsor data. These data may be defined either at points
or, more importantly, on continuous subdomains of various sizes and shapes, such as lineaments, faults, layers, boreholes, etc.
In this paper, we also present exact closed form relations for linear estimation of 1-D Markovian fields, and this without
recourse to space discretization. The complete analytical results are used for testing the multi-dimensional B-NNM code in the
1-D case.

1. Introduction and Overview

Geologic media are known to be heterogeneous when examined in detail but their detailed structure is rarely

observed on a sufficiently large domain in the fidd. Nonethdess, a stochastic representation of spatia

varighility can be used for representing, based on available information, the unobserved fluctuations of meterial

properties. More precisdy, the medium is represented as a datistical continuum, with fluctuations that are
random but, in a certain statistical sense, continuous. The statistical continuum approach has been used in a
number of hydrogeologic studies, and there is today an increasing amount of experimenta results and field data
that supports the usefulness of the stochagtic postulate (Gelhar, 1986; King and Smith, 1988; Baker, 1984).

We examine here a more specidized, but powerful, method for generating random fields with or without
conditioning. Here, the prior fidlds are assumed to be dationary second-order Gauss-Markov random fields in
N-dimensond euclidian space. Briefly, the unconditiond Makov fidds ae generated as the numerica
solutions of white noise-driven Partid Differentia Equations (PDES). A finite difference (FD) or finite volume
discretizetion of this eguation on a regular grid yieds an agorithm commonly known as the Nearest Neighbor
Method (NNM) (Whittle, 1962; King and Smith, 1988; Smith and Freeze, 1979 ab; Smith and Schwartz, 1980).
However, it is important to keep in mind that the random field modd a hand is the continuous-space,
PDE-driven process, rather than the discrete NNM modd itself. Thus, it will be shown that, contrary to early
applications of the method, certain drict restrictions need to be imposed on the parameters of the NNM model
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in order to obtain physicaly redizable and accurate gpproximations of the random fields. In addition, starting
with the continuous space PDE-driven field, we develop a generdization of the NNM dgorithm for the
generation and optima interpolation (estimation) of conditiond random fields in the Bayesan sense. This
generdized NNM agorithm is caled Bayesan-NNM, or B-NNM and is smilar to the classcd NNM-type
dgorithms. The B-NNM method can be used for conditional smulation of random fidds, as well as the optima
edimation of spatid fidds assuming Markovian prior statistics, based on a collection of measurements or data.
These data may be defined either a points or on continuous subdomains of various sizes and shapes, such
& lineaments, faults, layers, boreholes, etc. While we only illustrate 1-D point conditioning in this paper, the
more genera case of subdomain conditioning will be important in future geologica applications. When no data
ae provided the conditiond B-NNM generator reduces to the unconditiond NNM generator. We have dso
developed exact closed form relations for linear estimation of 1-D Markovian fields, and this without recourse
to space discretization. The complete andytical results are used for testing purposesin the 1-D case.

2. Markov Fiddsand the Klein-Gordon Equation
21. ONE-DIMENSIONAL TIME

A discrete-time Markov process, F(t), is such that the probability density function of the future state, F(t,.,),
depends only on the present state, F(t,,), and not on the past states, { F(t,,.,)...F(t,)}:

Pro ffwr ™t otherty © Pre s ™ 1y @

For instance, the velocity v(t) of a particle with mass m in a liquid follows a continuous Gauss-Markov process
that is stationary:

dv o 2, = 3
— % av t
5 At) @

where & = &/m, & is a friction coefficient, and &t) is a random (white) noise of intensity ()(2) (due to molecular

shocks on the particle). Parameter & is the inverse of a correlation time & = 1/6, with 6 sarving as an indicator of
the memory of the stochastic process. The process v(t) is entirdly characterized asfollows:

v(t) " v(0) expatq % mtexp{%] &(s) ds ®

Given that v(0) = 0 or t 6 4, this process satisfies:
Efv®] © 0
R, (s " & exp[

& s*
) 4

A Green's function representation of (2) suggests a direct method for generating v(t) based only on the white-
noise process ). It is worth noting the following: (i) as the correlation time 6 = 1/4 goes to zero, V(1) tends to
a white noise of vanishing intensity (stationary); and (ii) as the corrdlation time & = 1/4 goes to infinity, v(t)
tends to a non-gtationary Wiener process, that is the integral of a white noise. The latter case is the most
interesting; in case of zero-friction, the velocity process is a Wiener process with an infinite correlation scale
intime. This processis non-stationary:
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dw 0
— " At
T a(t) ©)
E W(t), " 0
4 L ] 22
OW (t) OO t (6)

W) * WO) % rds:é(s) ds

22. ONE-DIMENSIONAL SPACE

A natural way to generalize the Markov property in the non-oriented G* space is as follows. For a discrete-space
process F(X), the Markov property corresponds to the independence of the future state, F(X,,), and the past
state, F(X_,), given the present state, F(X):

Per far X ™ %y 7 P fRan ™ Xy EPe s ™ % )

Smilar to the time Gauss-Markov process, one obtains a 1-D space Gauss-Markov process that is
stationary and satisfies.
2
g & & F(x) " 6 UK ®
dx2 °

where U(X) is a white noise with unit intensity, and & is inversdy proportional to the integral correlation scale
é of the process F(X):

©

Theintegra corrdation scaeis defined by aone-sided integrd as:

g " ra4 P_(1) di (10)

Note that the right hand side (RHS) of (8) can be replaced by:

. dw
0 —
> ok 1y

where W(X) is a Wiener process defined in (6). The covariance dructure of a zero-mean process saisfying (8)
isasfollows:
EFX), " O
Re() " 02 1% &47% exp&a+*
2« 1

(12)
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Note that the spatiad Gauss-Markov process defined in (8) has the following characteristics: (i) it is stationary,
and (ii) imposes a covariance structure that is dependent on dimensiondity.

We may now investigate a Green's function representation of the process satisfying (8). Remember that
for the time process, this was given by (2) for a given initia condition. Now we need boundary conditions (BCs)
rather than an initid condition. In order to obtain an infinite domain representation, the boundaries should be
taken at infinity (X  £4). By specifying deterministic homogeneous BCs.

F(x4) = 0 (13
we obtain the Green's function representation:

. O | wa frup Ak IR A
F(x) {&2=é.) s exp&ax&i* u(i) di (14

As a result, we have obtained an explicit representation for the zero-mean, dationary Markov process

characterized by the covariance function (12). Note again that U(T) © ((jj=Y.V is in the integral of (14), so this
|

integral exists only because the Wiener process W(1) exists.
2.3. MULTI-DIMENSIONAL SPACE

The generdization of the Markov property to the continuous 2-D and 3-D spaces is not a trivia matter. For a
discrete multi-dimensona space, the independence property sSimilar to that enunciated in Section 2.2 can be
extended quite easily. However, in the continuous space, a more subtle definition is needed. See, for example,
the definition of apseudo-Markov random field in Adler (1931).

The probability of events §7(X) " F(X)> in the interior of a closed domain (the past) is independent

of events F(X) " F (X) in its exterior (the future), given F(X) in an open neighborhood surrounding the

domain boundary (the present). By analogy with the 1-D spatial Gauss-Markov process analyzed above, it turns
out that a stationary Gauss-Markov process in either 1-D, 2-D, or 3-D is obtained from the solution of the
fallowing PDE (Vanmarcke, 1988; Whittle, 1962):

L2 & &3 FX) " 6, UX) (15)
The 1-D case has been andyzed above. In 2-D, the Green's function of (15) with a zero RHS (Klein-Gordon

equation) involves Hankd functions. The covariance function of the resulting process involves a Bessdl
function (Vanmarcke, 1988). In 3-D, the Green's function takes a smpler form, when subject to the homogeneous

determinisicBCs F(X) ® OasX, %, %or r © JXlZ % Xz2 % ngoatoinfinity:

1 exp(&ar & ¥

GX, X, "
R R

(16)

The resulting 3-D Gauss-Markov process F(X) has a Green's function representation, caled a fundamenta
solution to (15):

Reprinted from Quantitative Geology & Geostatistics (1997), Kluwer Academic Publishers, 477-491



BAYESIAN NEAREST NEIGHBOR METHOD

4 %4 z )
F():() - & exp|&a*L & L*h U'é) dx (17)
45 mm-y g Pos

where

& DT X & X% X, & X) P X & X)) (18)

d¥ " dx] dx) dx) (19

It is not difficult to check that F(X), as given by (17) is indeed a zero-mean 3-D Gauss-Markov process having
thefollowing characteristics (Vanmarcke, 1988):

R (1) " 67 exp&at¥

67 26
a (20)
g L
43
whereé isthe corrdation scale (one-sided) defined as:
%4 1 %4
e - A._()d " = A7) di
b0 B 25 0 @)

Once again, it is important to keep in mind the dependence of the covariance modd on the problem
dimensiondlity. The discretization of the white noise fidd U(X) into the white lattice process U was designed

50 that the variance ()F2 be preserved. However, the corrdation structure of F(X) will be preserved only if

aA - é. << 1, where A isthe grid size. The effect of truncating the infinite sum a some vaue *i,j,k* # n
e

can be limited by ensuring that the relative error in the imposed variance, defined as:

,. 67 & 0% 5 exp(82maA) o
6.2 (208A) 3

isvery small, (i.e, & << 1). Thus, thetwo requirements are;

Resolution: .é. << 1 for an adequate resolution (Spatia integral discretization)
e
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N &l
Accuracy: d2<<1Yn>> {A} for an adequate accuracy (cut-off of infinite sum over space at

distance equd to n, the lattice spacing).
3. Consistent Discr etization of the Klein-Gordon Equation

31 ONE-DIMENSIONAL CASE

We examine again the 1-D spatid GaussMarkov process of equation (8) with the RHS given by (11).
Discretization of this PDE leadsto:

3)2; . Fint &2;2 % Figy % OA3
U C(Ij\)/(\/ . Wie i W2 % O3 23)
e 1l ox, ;
"y m‘/ U(X) dx % OA3
which leadsto the FD system:
F‘%l&ZZ‘Z% Fiat g aF o, _i.mj?:ZU(x)dx % OA3 (24)

R « 1 x ) . . . 2. 1 .
Observe that U(Xi) — 12 U(X) dX is a white ssquence with variance O.ﬁ.2 % For convenience,

&1/2

wedine U (X) thewhite sequence with unit variance, such that:

R,(A) " 0fori 00 25)

RgA = 1fori ™ 0 (26)

The FD system to be solved can be expressed, using lei) / % 0|Xi}' as
A

Fo"a(F,, % Fg) % b U(x) @)
with
at — L —
h @A
. éo A3/2 . Z(éA)?’/Z(')F (28)

2% AA2 2% (4A)2
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wherea and 6, areknown in terms of the true F(X) process:

a2
€ (29)
62 " 4 & 6

Equation (27) condtitutes a system of smultaneous agebraic equations, which is solved numericdly for al F,.
The resolution requirement isthat:
A 1 ..
=" =aA <1
e 2 (30)

whence the constraint on the parameter a is 1/6 << a < 1/2. Note that a >> 1/6 is an approximate congraint for
accuracy, while a < 1/2 is a constraint imposed for physical redizability of stationary fields in the continuous
goace. Also, note that the main problem is that of BCs. In practice, we should solve (8) for BCs obeying (13)
on adomain larger than the domain of interest by severd correlaion scales.

32. MULTI-DIMENSIONAL CASE

In 3-D, we obtain after asmilar discretization of the governing equation (15):

A F. i % F e Fig % F

0
[ i&lj,k n F

0 0
ij&Lk i%1,],k ij%1k % Fi,j,k%l} % (31)

where L]li J,K; is a white (uncorrelated) sequence on the lattice, with unit variance. The parameters a and b are
now given by:
- 1
5% AR
nes 32
o, A

5 AR

a

We have dso shown that &4 and ¢, are related to the true (continuous) process Flﬁ according to (20).

Obvioudy we have 0 < a < 1/6. However, the resolution requirement A/é << a < 1/6 yields 1/8 << a < 1/6. It is
worth noting how strict these congdraints are, which is one of the mgjor limitations of this method. On the other
hand, however, one should aso take note of the very close similarity of (31) to the structure of the system of
dgarac equations appearing in any FD-based flow and/or transport problem. As such, the method discussed
herein is an extremdy efficient dgorithmic platform to perform successive redization generation and flow and
transport smulationsin aMonte Carlo fashion.

4. Bayesian Conditioning of Multi-Dimensional Gauss-Markov Fields
In the probabilistic gpproach to subsurface flow and contaminant migration, the hydraulic properties of the
(naturdly heterogeneous) geologic medium are represented as petialy corrdlated random fidds with known

prior statistics posterior detigtics are discussed below). For gaussan fieds, or their oneto-one transforms,
the priors can be reduced to the first and second order moments mean and 2-point covariance function. The
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covariance yields two kinds of information: the single-point variance, and the 2-point correlation function. In
hydrogeology, the type of information used for determining these prior datistics may consst of sample
datistics obtained directly from site-specific data, dtatigticd information inferred from other geologic sites, and
various qualitative or indirect information (geological facies, geophysicd logs, etc).

In addition, once prior dtatistics have been identified, the random field may be further conditioned, that
is congrained to match a given set of observations within the specific dte a hand. Bayesian conditioning of
a stationary prior field Y(x) leads to a non-stationary pogterior field, or conditiond fied, Y (x). Denote Z the
vector of observations and Y the state vector corresponding to field Y(x) & a set of locations x. In the case of
a gaussian prior, it can be shown that the conditiona random fidd W(x) is a linear combination of the random
prior a point x, the random prior a al data points, and the data values themselves. The posterior mean, that
is the mean of the conditiond field, is denoted <i> or <Y|z>. It can be shown that the posterior mean is the best
linear unbiased estimator of Y, in the Bayesan sense. Furthermore, in the case of a gaussian prior, it can be
shown that <a> is a linear combination of the prior mean vector <> and the data vector Z. The resulting
edimator <i> is equivdent to the fidd produced by smple kriging. The reader is referred to Journd and
Huijbregts (1978) and Dehomme (1979) for the geodtatistical viewpoint on conditiona estimation and to
Ababou et a. (1994), and references therein, for the Bayesian estimation viewpoint. Both approaches can be
viewed as datigtica solutions to the problem of optima spatid interpolation, or optima estimation of spetial
fidds,

4.1.  POINT CONDITIONING OF 1-D GAUSSMARKOV FIELDS:
ANALYTICAL METHOD AND VERIFICATION

We exploit here the specid properties of Markov fields (more precisdly, 2nd-order Markov fidds) in 1-D space.
Using the past-future andogy, this property can be smply stated as follows. the future depends only on the
present and not on the past. In other words, if two point measurements are made, defining an interva, the
random field values outsde that interva depend only on the two point measurements, and not on the random
field values indde that interva. The reverse holds true dso. That is, the vaues indgde and outsde the domain
— conditioned in the two point measurements— are mutualy independent.

This property dlows us to condition the PDE-driven Markov field by solving a 2-point boundary vaue

problem. Moreover, any number of conditioning points may be included. Consider for instance the case of M
conditioning points, which defineatotd of M + 1lintervas:

(D :[&4, x]

(2 :[x, %]

(33)

T
(M% 1) :[x,,, %4]

The conditiond Markov field can be generated on [&4, % 4] by solving (independently) the 2-point, white
noise-driven, boundary value problems:
2
AV e a2v " f(x)
dx? (34)
YOG) Y Yy T Vi
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on eech intervd [X;, X;,,,]. The boundary conditions at X, * &4 and X, " %4 must be zero in order

to ensure convergence of the conditiona datistics to the unconditional ones a infinite distances from the

conditioning points. Thus, we canuse Y, * 0, Y., . ™ O for externd, far field, BCs. On the other hand, the

vaues Y,,Y,,.....Y,p> represent the M meesurements (internal BCs). The solution of the above 2-point
boundary vaue problem can be obtained by the Green's function approach. The full Green's function for the

1-D opeaor is devdoped on a finite interval [-R+R], with homogeneous Dirichlet conditions
Y%R) " Y(&R) " 0.Wedenotethis Green'sfunction by G, (X,y). Thefind resultis:

. . 1 chia 2R & *X&y* & ChEa™hy»
G_ (X, & — ¢ f
R(XY) 24 shi2aR ()

Incidentally, asR 64, we recover the infinite domain (free space) Green's function:

., 1 o
Gkxy) " & E-EXF\&a*X&y; (36)

which corresponds to the unconditiond field.
For each interval [X;, X, ] equating X;

the Green's function is found to be:

Ga(iy) " o L chfa (X, 1 & X, & X&y*p & ch(x% y& x; & Xy, 2
R 24 Sh& (X5, & X,) SI

w1, 2R and usng a smple transformation of coordinates,

where x and y are both in [X;, X,,,,]. Therefore, the solution Y,(X) satisfying the homogeneous conditions Y,(x)
=0and Y,(%,,) =0isgiven by:

YA(X) " n:%l GRi(XN) f(y) dy’ Xi# X# Xi%l (38)

This solution needs to be modified in order to obtain the correct BCs, which are usualy non-zero. Thus, let:
Y(X) " Y (X)) % Yg(x) (39)

where (i) Y stidfies the origind PDE, which is inhomogeneous and has inhomogeneous BCs; (ii) Y, satisfies
the same inhomogeneous eguation, but with homogeneous conditions Y, = 0; and (iii) Y; sdtisfies the
homogeneous equations with zero RHS, but with the correct inhomogeneous conditions Yg(x) = Y, Ya(%.1) =
Y., Itiseasly seenthat Y = Y,+Y; isindeed the solution of (34) as Sated above. To obtain Yy, we solve:

dzyy i
& &Y, " 0
dx?
Y ™ Y5 Ya (X)) T i

(40)

Thisyidldsasolution of the form:
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Yo() © a expax % by exp&ax  x # X # Xy (41)

where the coefficients (a,, b;) are obtained by subgtituting the above BCs. This gives.
Yigy EXR&AXy & Y exp&ax,

a' - %l)
! 2 shta Kot & X
&Y % & Y expa 42)
A i1 EXPEX; i EXPAXiy,
: 2 shia o1 & xi)>

Equations (37) to (42) give a complete characterization of the conditional random fidd Y(x). The random part
YA(¥) is a zero-mean gtochadtic integral of white noise, while the remaining part Yg(x) is deterministic and
depends on the measurements. It follows that Yg(x) represents the posterior mean of the conditional random
field Y(x). Thus, we have:

<YX) > " Yg(x) CS)

or:
Yy SNEA(X&X) & Y, shiax& Xy, 0

<Y() > :
shia(x,, & x)

(44)
%1

within each measurement interva [Xi, Xi%l]. Note that (44) gives the kriged Markov field in closed form, that

is kriging can be performed anayticaly in this case. The pogterior variance, or estimation variance, can aso be
developed andyticdly asfollows. We have by construction:

VarY(x), * Var Y,(x) (45)

Upon substituting the stochastic white noiseintegral for Y,, we obtain for X, # X # X,

Var\Y(x), " 67 n;“’“ Gy (xy)? dy (46)

Substituting the previous expression for G, and integreting, yields:
1 2'?(i%1 & x‘% sh62"|xi%1& x.‘>& sh2"'(x & x & sh&'?(i%l& X
" 25N 26, & X

Var[Y(x)] " y (47)

This expresson gives the podterior variance, or kriging esimation variance, for each conditioning interva
XO|Xi y Xige n Asamatter of verification, note that we recover the correct prior variance:

« 1

A 2
Y ® “
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by leting X, 6 & 4 and X, , 6 % 4. This expresson coincides with that obtained directly from the Green's
function representation of the unconditiona Markov field.

42. RESULTSAND DISCUSSON

"ni ne "ne "nii 2 £l £ T h |4
Sen ol Ll
Figure 1. Comparison of arealization (fine solid) and the mean of 200 (thin dash-dot) and
1000 (thin solid) B-NNM realizations to equation (44) (thick solid).

An application and verification of the B-NNM algorithm is presented, together with analytical results, in Figure
1. The 1-D field has a & = 0.1 (corresponding to five grid points) and is conditioned by imposing Y(x=1) = 1.0
for each of the Monte Carlo redizations. The subgtantial variability inherent in any particular redlizetion is
gpparent. One should aso note the relatively dow rate of convergence of the mean of the conditiona
redizations towards the true mean given by (44). A detaled andysis of convergence, depicted in Figure 2,
indicated that the root mesn square error (RMSE) for the mean of the conditiona redlizations approaches the
true mean according to (nmc) 2, where nmc is the number of Monte Carlo redlizationsinvolved.

Finaly, Figure 3 depicts a comparison of the B-NNM results in terms of the kriging esimation variance,
or standard deviation (STD), againgt the closed form solution given by (47). One should note that the kriging
estimation variance converges towards the true variance at the same rate as the mean far from the conditioning
points. The rate of convergence, however, is significantly lower near the conditioning points, possbly because
of boundary effects.

5. Conclusions

In this paper, agpecidized method for generating conditiona random fields has been presented and tested
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Figure 2. RMSE for the mean of conditional realizations, as a function of nmc. Fine
solid line is the (nmc) Y2 behavior.

for a 1-D problem againgt closed form solutions. The method presented here requires very drict resolution and
accurecy condraints that need to be imposed for the generated fields to honor the desred covariance
structures, which depend on the dimensiondity of the problem. On the other hand, the method leads to solution
of systems of agebraic equations that are very smilar to those gppearing in any FD-based flow and/or transport
problem. As such, the method presented here is a promising dgorithmic platform for conducting environmental
assessmentsin aMonte Carlo fashion and deserves further study.

a

=ranin Y

Tlied

n . 1 . . .

I Deoome Im I I T

gl kel

Figure 3. Comparison of kriging estimation STD, as obtained by B-NNM for 200 (thin dash-
dot) and 1000 (thin solid) realizations, to equation (47) (thick solid).
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