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Abstract

In this paper a specialized method for generating Markovian random fields, with or without conditioning, is presented. Here,
the prior fields are assumed to be stationary second-order Gauss-Markov random fields in N-dimensional (N-D) euclidian space.
The unconditional Markov fields are generated as numerical solutions of white-noise driven PDEs, for the solution of which
finite difference or finite volume discretization on a regular grid yields an algorithm commonly known as the Nearest Neighbor
Method (NNM). In addition, starting with the continuous space PDE-driven field, we develop a generalization of the NNM
algorithm for the generation and optimal interpolation (estimation) of conditional random fields in the Bayesian sense. This
generalized NNM algorithm is called Bayesian-NNM, or B-NNM, and is essentially similar to the classical NNM-type algorithms.
The B-NNM method can be used for conditional simulation of random fields, as well as the optimal estimation of spatial fields
assuming Markovian prior statistics, based on a collection of measurements or data. These data may be defined either at points
or, more importantly, on continuous subdomains of various sizes and shapes,  such as lineaments, faults, layers, boreholes, etc.
In this paper, we also present exact closed form relations for linear estimation of 1-D Markovian fields, and this without
recourse to space discretization. The complete analytical results are used for testing the multi-dimensional B-NNM code in the
1-D case.

1. Introduction and Overview

Geologic media are known to be heterogeneous when examined in detail but their detailed structure is rarely
observed on a sufficiently large domain in the field. Nonetheless, a stochastic representation of spatial
variability can be used for representing, based on available information, the unobserved fluctuations of material
properties. More precisely, the medium is represented as a statistical continuum, with fluctuations that are
random but, in a certain statistical sense, continuous. The statistical continuum approach has been used in a
number of hydrogeologic studies, and there is today an increasing amount of experimental results and field data
that supports the usefulness of the stochastic postulate (Gelhar, 1986; King and Smith, 1988; Baker, 1984).

We examine here a more specialized, but powerful, method for generating random fields with or without
conditioning. Here, the prior fields are assumed to be stationary second-order Gauss-Markov random fields in
N-dimensional euclidian space. Briefly, the unconditional Markov fields are generated as the numerical
solutions of white noise-driven Partial Differential Equations (PDEs). A finite difference (FD) or finite volume
discretization of this equation on a regular grid yields an algorithm commonly known as the Nearest Neighbor
Method (NNM) (Whittle, 1962; King and Smith, 1988; Smith and Freeze, 1979 a,b; Smith and Schwartz, 1980).
However, it is important to keep in mind that the random field model at hand is the continuous-space,
PDE-driven process, rather than the discrete NNM model itself. Thus, it will be shown that, contrary to early
applications of the method, certain strict restrictions need to be imposed on the parameters of the NNM model



BAGTZOGLOU & ABABOU

Reprinted from Quantitative Geology & Geostatistics (1997), Kluwer Academic Publishers, 477-491 

PF(t) tn%1 * tn ,tn& 1...t1 ' PF(t) tn%1 * tn (1)

dv
dt

% áv ' å(t) (2)

v(t) ' v(0) exp& t/ô % m
t

0
exp & (t& s)

ô
å(s) ds (3)

E [v(t)] ' 0

Rvv (t,s) ' ó2
v exp *t& s*

ô
ó2

v ' ó2
0

(4)

in order to obtain physically realizable and accurate approximations of the random fields. In addition, starting
with the continuous space PDE-driven field, we develop a generalization of the NNM algorithm for the
generation and optimal interpolation (estimation) of conditional random fields in the Bayesian sense. This
generalized NNM algorithm is called Bayesian-NNM, or B-NNM and is similar to the classical NNM-type
algorithms. The B-NNM method can be used for conditional simulation of random fields, as well as the optimal
estimation of spatial fields assuming Markovian prior statistics, based on a collection of measurements or data.
These data may be defined either at points or on continuous subdomains of various sizes and shapes, such
as lineaments, faults, layers, boreholes, etc. While we only illustrate 1-D point conditioning in this paper, the
more general case of subdomain conditioning will be important in future geological applications. When no data
are provided the conditional B-NNM generator reduces to the unconditional NNM generator. We have also
developed exact closed form relations for linear estimation of 1-D Markovian fields, and this without recourse
to space discretization. The complete analytical results are used for testing purposes in the 1-D case.

2. Markov Fields and the Klein-Gordon Equation

2.1. ONE-DIMENSIONAL TIME

A discrete-time Markov process, F(tn), is such that the probability density function of the future state, F(tn+1),
depends only on the present state, F(tn), and not on the past states, {F(tn-1)...F(t1)}:

For instance, the velocity v(t) of a particle with mass m in a liquid follows a continuous Gauss-Markov process
that is stationary:

where á = â/m, â  is a friction coefficient, and å(t) is a random (white) noise of intensity  (due to molecularó2
0

shocks on the particle). Parameter á  is the inverse of a correlation time á = 1/ô, with ô serving as an indicator of
the memory of the stochastic process. The process v(t) is entirely characterized as follows:

Given that v(0) = 0 or t 6 4, this process satisfies:

A Green's function representation of (2) suggests a direct method for generating v(t) based only on the white-
noise process å(t). It is worth noting the following: (i) as the correlation time ô = 1/á goes to zero, v(t) tends to
a white noise of vanishing intensity (stationary); and (ii) as the correlation time ô = 1/á goes to infinity, v(t)
tends to a non-stationary Wiener process, that is the integral of a white noise. The latter case is the most
interesting; in case of zero-friction, the velocity process is a Wiener process with an infinite correlation scale
in time. This process is non-stationary:
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2.2. ONE-DIMENSIONAL SPACE

A natural way to generalize the Markov property in the non-oriented ú1 space is as follows. For a discrete-space
process F(Xi), the Markov property corresponds to the independence of the future state, F(Xi+1), and the past
state, F(Xi-1), given the present state, F(Xi):

Similar to the time Gauss-Markov process, one obtains a 1-D space Gauss-Markov process that is
stationary and satisfies:

where U(x) is a white noise with unit intensity, and á is inversely proportional to the integral correlation scale
ë of the process F(x):

The integral correlation scale is defined by a one-sided integral as:

Note that the right hand side (RHS) of (8) can be replaced by:

where W(x) is a Wiener process defined in (6). The covariance structure of a zero-mean process satisfying (8)
is as follows:
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Note that the spatial Gauss-Markov process defined in (8) has the following characteristics: (i) it is stationary,
and (ii) imposes a covariance structure that is dependent on dimensionality.

We may now investigate a Green's function representation of the process satisfying (8). Remember that
for the time process, this was given by (2) for a given initial condition. Now we need boundary conditions (BCs)
rather than an initial condition. In order to obtain an infinite domain representation, the boundaries should be
taken at infinity . By specifying deterministic homogeneous BCs:(x ' ±4)

we obtain the Green's function representation:

As a result, we have obtained an explicit representation for the zero-mean, stationary Markov process

characterized by the covariance function (12). Note again that  is in the integral of (14), so thisU(î ) '
dW
dî

integral exists only because the Wiener process  exists.W(î )

2.3. MULTI-DIMENSIONAL SPACE

The generalization of the Markov property to the continuous 2-D and 3-D spaces is not a trivial matter. For a
discrete multi-dimensional space, the independence property similar to that enunciated in Section 2.2 can be
extended quite easily. However, in the continuous space, a more subtle definition is needed. See, for example,
the definition of a pseudo-Markov random field in Adler (1981).

The probability of events  in the interior of a closed domain (the past) is independent6F(X) ' F0(X)>
of events  in its exterior (the future), given  in an open neighborhood surrounding the6F(X) ' F1(X)> F(X)

domain boundary (the present). By analogy with the 1-D spatial Gauss-Markov process analyzed above, it turns
out that a stationary Gauss-Markov process in either 1-D, 2-D, or 3-D is obtained from the solution of the
following PDE (Vanmarcke, 1988; Whittle, 1962):

The 1-D case has been analyzed above. In 2-D, the Green's function of (15) with a zero RHS (Klein-Gordon
equation) involves Hankel functions. The covariance function of the resulting process involves a Bessel
function (Vanmarcke, 1988). In 3-D, the Green's function takes a simpler form, when subject to the homogeneous

deterministic BCs  as X1, X2, X3 or  goes to infinity:F(X) ' 0 r ' X 2
1 % X 2

2 % X 2
3

The resulting 3-D Gauss-Markov process  has a Green's function representation, called a fundamentalF(X)

solution to (15):
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where

and

It is not difficult to check that , as given by (17) is indeed a zero-mean 3-D Gauss-Markov process havingF(X)
the following characteristics (Vanmarcke, 1988):

where ë  is the correlation scale (one-sided) defined as:

Once again, it is important to keep in mind the dependence of the covariance model on the problem

dimensionality. The discretization of the white noise field  into the white lattice process  was designedU(X) Û

so that the variance  be preserved. However, the correlation structure of  will be preserved only ifó 2
F F(X)

, where Ä is the grid size. The effect of truncating the infinite sum at some value á Ä '
Ä
ë

<< 1 *i,j,k* # n

can be limited by ensuring that the relative error in the imposed variance, defined as:

is very small, (i.e., ). Thus, the two requirements are:å2 << 1

Resolution:  for an adequate resolution (spatial integral discretization)
Ä
ë

<< 1
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Accuracy:  for an adequate accuracy (cut-off of infinite sum over space atå 2 < < 1 Y n >>
Ä
ë

&1

distance equal to n, the lattice spacing).

3. Consistent Discretization of the Klein-Gordon Equation

3.1. ONE-DIMENSIONAL CASE

We examine again the 1-D spatial Gauss-Markov process of equation (8) with the RHS given by (11).
Discretization of this PDE leads to:

which leads to the FD system:

Observe that  is a white sequence with variance . For convenience,U(x
i
) '

1
Ä m

xi%1/2

xi&1/2

U(x) dx ó 2
u

'
1
Ä

we define  the white sequence with unit variance, such that:Û(xi)

The FD system to be solved can be expressed, using , as:Ux
i
/ 1

Ä1/2
Ûx

i

with
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where á  and óo are known in terms of the true  process:F(X)

Equation (27) constitutes a system of simultaneous algebraic equations, which is solved numerically for all Fi.
The resolution requirement is that:

whence the constraint on the parameter a  is 1/6 << a  < 1/2. Note that a >> 1/6 is an approximate constraint for
accuracy, while a < 1/2 is a constraint imposed for physical realizability of stationary fields in the continuous
space. Also, note that the main problem is that of BCs. In practice, we should solve (8) for BCs obeying (13)
on a domain larger than the domain of interest by several correlation scales.

3.2. MULTI-DIMENSIONAL CASE

In 3-D, we obtain after a similar discretization of the governing equation (15):

where  is a white (uncorrelated) sequence on the lattice, with unit variance. The parameters a and b areÛi,j,k
now given by:

We have also shown that á  and óo are related to the true (continuous) process  according to (20).FX

Obviously we have 0 < a < 1/6. However, the resolution requirement Ä/ë  << a  < 1/6 yields 1/8 << a < 1/6. It is
worth noting how strict these constraints are, which is one of the major limitations of this method. On the other
hand, however, one should also take note of the very close similarity of (31) to the structure of the system of
algebraic equations appearing in any FD-based flow and/or transport problem. As such, the method discussed
herein is an extremely efficient algorithmic platform to perform successive realization generation and flow and
transport simulations in a Monte Carlo fashion.

4. Bayesian Conditioning of Multi-Dimensional Gauss-Markov Fields

In the probabilistic approach to subsurface flow and contaminant migration, the hydraulic properties of the
(naturally heterogeneous) geologic medium are represented as spatially correlated random fields with known
prior  statistics (posterior statistics are discussed below). For gaussian fields, or their one-to-one transforms,
the priors can be reduced to the first and second order moments: mean and 2-point covariance function. The
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covariance yields two kinds of information: the single-point variance, and the 2-point correlation function. In
hydrogeology, the type of information used for determining these prior statistics may consist of sample
statistics obtained directly from site-specific data, statistical information inferred from other geologic sites, and
various qualitative or indirect information (geological facies, geophysical logs, etc).

In addition, once prior statistics have been identified, the random field may be further conditioned, that
is constrained to match a given set of observations within the specific site at hand. Bayesian conditioning of
a stationary prior field Y(x) leads to a non-stationary posterior field, or conditional field, Y*(x). Denote Z the
vector of observations and Y the state vector corresponding to field Y(xi) at a set of locations xi. In the case of
a gaussian prior, it can be shown that the conditional random field ì(x) is a linear combination of the random
prior at point x, the random prior at all data points, and the data values themselves. The posterior mean, that
is the mean of the conditional field, is denoted <ì> or <Y|Z>. It can be shown that the posterior mean is the best
linear unbiased estimator of Y, in the Bayesian sense. Furthermore, in the case of a gaussian prior, it can be
shown that <ì> is a linear combination of the prior mean vector <Y> and the data vector Z. The resulting
estimator <ì> is equivalent to the field produced by simple kriging. The reader is referred to Journel and
Huijbregts (1978) and Delhomme (1979) for the geostatistical viewpoint on conditional estimation and to
Ababou et al. (1994), and references therein, for the Bayesian estimation viewpoint. Both approaches can be
viewed as statistical solutions to the problem of optimal spatial interpolation, or optimal estimation of spatial
fields.

4.1. POINT CONDITIONING OF 1-D GAUSS-MARKOV FIELDS:
ANALYTICAL METHOD AND VERIFICATION

We exploit here the special properties of Markov fields (more precisely, 2nd-order Markov fields) in 1-D space.
Using the past-future analogy, this property can be simply stated as follows: the future depends only on the
present and not on the past. In other words, if two point measurements are made, defining an interval, the
random field values outside that interval depend only on the two point measurements, and not on the random
field values inside that interval. The reverse holds true also. That is, the values inside and outside the domain
— conditioned in the two point measurements — are mutually independent.

This property allows us to condition the PDE-driven Markov field by solving a 2-point boundary value
problem. Moreover, any number of conditioning points may be included. Consider for instance the case of M
conditioning points, which define a total of M + 1 intervals:

The conditional Markov field can be generated on  by solving (independently) the 2-point, white[&4, %4]
noise-driven, boundary value problems:
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on each interval . The boundary conditions at  and  must be zero in order[xi, xi%1] xo ' &4 xM%1 ' %4
to ensure convergence of the conditional statistics to the unconditional ones at infinite distances from the
conditioning points. Thus, we can use  for external, far field, BCs. On the other hand, theYo ' 0, YM%1 ' 0

values  represent the M measurements (internal BCs). The solution of the above 2-point6Y1,Y2, .....YM>
boundary value problem can be obtained by the Green's function approach. The full Green's function for the
1-D operator is developed on a finite interval [-R,+R], with homogeneous Dirichlet conditions

. We denote this Green's function by . The final result is:Y(%R) ' Y(&R) ' 0 GR (x,y)

Incidentally, as R , we recover the infinite domain (free space) Green's function:64

which corresponds to the unconditional field.
For each interval  equating  and using a simple transformation of coordinates,[xi , xi%1] xi%1 ' 2Ri

the Green's function is found to be:

where x and y are both in . Therefore, the solution YA(x) satisfying the homogeneous conditions YA(xi)[xi, xi%1]

= 0 and YA(xi+1) = 0 is given by:

This solution needs to be modified in order to obtain the correct BCs, which are usually non-zero. Thus, let:

where: (i) Y satisfies the original PDE, which is inhomogeneous and has inhomogeneous BCs; (ii) YA  satisfies
the same inhomogeneous equation, but with homogeneous conditions YA = 0; and (iii) YB satisfies the
homogeneous equations with zero RHS, but with the correct inhomogeneous conditions YB(xi) = Yi, YB(xi+1) =
Yi+1. It is easily seen that Y = YA+YB is indeed the solution of (34) as stated above. To obtain YB, we solve:

This yields a solution of the form:
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where the coefficients (ai, bi) are obtained by substituting the above BCs. This gives:

Equations (37) to (42) give a complete characterization of the conditional random field Y(x). The random part
YA(x) is a zero-mean stochastic integral of white noise, while the remaining part YB(x) is deterministic and
depends on the measurements. It follows that YB(x) represents the posterior mean of the conditional random
field Y(x). Thus, we have:

or:

within each measurement interval . Note that (44) gives the kriged Markov field in closed form, that[xi, xi%1]

is kriging can be performed analytically in this case. The posterior variance, or estimation variance, can also be
developed analytically as follows. We have by construction:

Upon substituting the stochastic white noise integral for YA, we obtain for xi # x # xi%1

Substituting the previous expression for GRi, and integrating, yields:

This expression gives the posterior variance, or kriging estimation variance, for each conditioning interval
. As a matter of verification, note that we recover the correct prior variance:x0xi, xi%1
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by letting  and . This expression coincides with that obtained directly from the Green'sxi 6 & 4 xi%1 6 % 4
function representation of the unconditional Markov field.

4.2. RESULTS AND DISCUSSION

Figure 1. Comparison of a realization (fine solid) and the mean of 200 (thin dash-dot) and
1000 (thin solid) B-NNM realizations to equation (44) (thick solid).

An application and verification of the B-NNM algorithm is presented, together with analytical results, in Figure
1. The 1-D field has a ë  = 0.1 (corresponding to five grid points) and is conditioned by imposing Y(x=1) = 1.0
for each of the Monte Carlo realizations. The substantial variability inherent in any particular realization is
apparent. One should also note the relatively slow rate of convergence of the mean of the conditional
realizations towards the true mean given by (44). A detailed analysis of convergence, depicted in Figure 2,
indicated that the root mean square error (RMSE) for the mean of the conditional realizations approaches the
true mean according to (nmc)-1/2, where nmc is the number of Monte Carlo realizations involved.

Finally, Figure 3 depicts a comparison of the B-NNM results in terms of the kriging estimation variance,
or standard deviation (STD), against the closed form solution given by (47). One should note that the kriging
estimation variance converges towards the true variance at the same rate as the mean far from the conditioning
points. The rate of convergence, however, is significantly lower near the conditioning points, possibly because
of boundary effects.

5. Conclusions

In this paper, a specialized method for generating conditional random fields has been presented and tested
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Figure 2. RMSE for the mean of conditional realizations, as a function of nmc. Fine
solid line is the (nmc)-1/2 behavior.

for a 1-D problem against closed form solutions. The method presented here requires very strict resolution and
accuracy constraints that need to be imposed for the generated fields to honor the desired covariance
structures, which depend on the dimensionality of the problem. On the other hand, the method leads to solution
of systems of algebraic equations that are very similar to those appearing in any FD-based flow and/or transport
problem. As such, the method presented here is a promising algorithmic platform for conducting environmental
assessments in a Monte Carlo fashion and deserves further study.

Figure 3. Comparison of kriging estimation STD, as obtained by B-NNM for 200 (thin dash-
dot) and 1000 (thin solid) realizations, to equation (47) (thick solid).
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