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Abstract. The reliable assessment of hazards or risks arising from water contamination
problems and the design of efficient and effective techniques to mitigate these problems
require the capability to predict the behavior of chemical contaminants in flowing water.
Most attempts at quantifying contaminant transport have relied on a solution of some
form of the advection-dispersion-reaction equation. In this paper, the Backward Beam
Equation (BBE) method is studied and enhanced to solve the Advection-Dispersion
Equation (ADE) within a contaminant source identification context. Even though the
BBE has been applied successfully to parabolic problems before, it has never been applied
to solving the ADE with heterogeneous parameters. The BBE employed in this work is
capable of recovering the time history and spatial distribution of a groundwater
contaminant plume from measurements of its current position. Using examples involving
deterministic heterogeneous dispersion coefficients, we show that the method is robust
enough to handle heterogeneous parameters. By altering the method, to produce a hybrid
between a marching and a jury method called the Marching-Jury Backward Beam
Equation (MJBBE), we were also able to make the problem practical to solve.

1. Introduction

Groundwater amounts to about half of the U.S. population’s
source of drinking water. Unfortunately, this vital resource is
vulnerable to contamination. In the U.S. Environmental Pro-
tection Agency (EPA) 305(b) report [U.S. EPA, 1998a], 37 states
reported that they found potential sources of groundwater
contamination. Major sources of pollution are Underground
Storage Tanks (USTs), landfills, septic systems, and hazardous
waste sites. Other sources include pesticides, leaks or spills of
industrial chemicals at manufacturing facilities, runoff of salt
and other chemicals from roads and highways, and fertilizer on
agricultural land. Most of water contamination cases occur in
highly developed areas, agricultural areas, and industrial
zones. As of March 1996, more than 300,000 releases from
USTs had been confirmed [U.S. EPA, 1998b].

In 1994 the National Academy of Sciences estimated that
over a trillion dollars, or approximately $4000 per person in the
United States, will be spent during the next 30 years for
cleanup efforts of contaminated soil and groundwater [U.S.
EPA, 1999]. The cost of cleanup is staggering, and in many
cases it is hard to identify which companies or parties are
responsible for the contamination due to lack of tools to dis-
cover the pollution source. The reliable assessment of contam-
ination problems and the design of efficient and effective tech-
niques to mitigate these problems require the capability to
predict the behavior of chemical contaminants in groundwater.
Reliable and quantitative predictions of contaminant move-
ments can be made only if we understand the processes con-
trolling transport, advection, hydrodynamic dispersion, and
chemical, physical, and biological reactions that affect solute

concentrations in the water. To predict the behavior of con-
taminants, the effects of each of these influences must be
adequately represented in a model or group of models. One
area of contaminant behavior that has been researched for
quite some time is the chemical behavior aspect. Chemical
fingerprinting has been a major element in environmental in-
vestigations used to identify the contaminants found in ground-
water. However, fingerprinting alone is not always sufficient to
provide answers to questions of source and responsibility
[Stout et al., 1998]. In most cases, additional information such
as the release and spill history of the contaminant is needed.
Furthermore, by accurately identifying pollution sources, the
time and cost requirements associated with the complex and
lengthy process of remediation can be dramatically reduced.

Most attempts at quantifying contaminant transport have
relied on solving some form of a well-known governing equa-
tion referred to as advection-dispersion-reaction equation. In
identifying the source of pollution we have to solve the gov-
erning equations backward in time. Modeling contaminant
transport using reverse time is an ill-posed problem since the
process, being dispersive, is irreversible. Because of this ill-
posedness, the problems have discontinuous dependence on
data and are sensitive to the errors in data. A problem is
categorized as a well-posed problem if (1) the solution exists,
(2) the solution is unique, and (3) the problem is stable [Tik-
honov and Arsenin, 1977]. Problems that do not satisfy these
criteria are called ill-posed. For the groundwater contamina-
tion problem the plume has to have originated from some-
place, therefore, physically, the plume exists. However, in
mathematically rigorous terms, the fact that we have a present-
day plume concentration does not necessarily mean that we
satisfy the existence criterion. The solution exists only when we
have perfect and consistent model and data that satisfy ex-
tremely restrictive conditions. Meeting the stability criterion is
a difficult task to accomplish since numerical schemes that are
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usually implemented as a marching procedure are unstable for
a negative time step, and make it impossible to run contami-
nant transport problems backward in time. As for the non-
uniqueness of the solution, there is no method that can bypass
this inherent problem. In inverse problems one of the common
practices to overcome the stability and nonuniqueness prob-
lems is to make assumptions about the nature of the unknown
function so that the finite amount of data in observations is
sufficient to determine that function. This can be achieved by
converting the ill-posed problem to a properly posed one by
stabilization or regularization methods. In the case of ground-
water pollution source identification, most of the time we have
additional information available such as the location of poten-
tial release sites and chemical fingerprints of the plume. In this
paper, the Backward Beam Equation (BBE) method, originally
proposed by Carasso [1972] and Buzbee and Carasso [1973],
was studied and enhanced to reconstruct the release history
and the spatial distributions of contaminant plumes.

2. Literature Review on Methods Used
for Groundwater Pollution Source
Identification

For the past 15 years several attempts have been made to
solve the Advection-Dispersion Equation (ADE) backward in
time in order to identify pollution sources. One of the early
methods used to backtrack the pollution source location is to
run forward simulations and check the solutions with the mea-
sured/current spatial data observed. Owing to the nonunique-
ness of the solution and the infinite number of plausible com-
binations, one needs to follow an optimization method to
obtain the best fitted solution. Among the first people to tackle
pollution source identification problems using optimization ap-
proaches are Gorelick et al. [1983]. They formulated the
groundwater pollution source identification as forward-time
simulations in conjunction with an optimization model using
linear programming and multiple regressions. In their work,
Gorelick et al. assumed no uncertainty in the physical param-
eters of the aquifer. The method used was also restricted to
cases where data are available in the form of breakthrough
curves.

Another optimization approach was followed by Wagner
[1992]. Wagner developed a methodology for performing si-
multaneous model parameter estimation and source charac-
terization, in which he used an inverse model as a nonlinear
maximum likelihood estimation problem. Along the same line
of work, Mahar and Datta [1997, 2001] developed a method-
ology that combines the concepts of optimal identification of
pollutant sources with the optimal design of groundwater qual-
ity monitoring networks for an efficient identification process.
They applied their method to a hypothetical two-dimensional
(2-D) homogeneous, isotropic, and saturated aquifer with a
conservative pollutant plume. Mahar and Datta [2000] also
used a nonlinear optimization to estimate the magnitude, lo-
cation, and duration of groundwater pollution sources under
transient conditions.

Bagtzoglou [1990] and Bagtzoglou et al. [1991, 1992] are
among the first to attempt solving the ADE backward in time
without relying on optimization approaches. In their work, they
modeled the reversed time transport equation using random
walk particle methods, for which the advective part of the
transport model is reversed while the dispersive part is left
unchanged. They presented a probabilistic framework to iden-

tify solute sources in heterogeneous media. Repeated reversed
time solute transport simulations with evaluation of the first
two moments of the concentration probability density function
(pdf) were conducted. Using geostatistical techniques, they
successfully assessed the relative importance of each potential
source.

In the line of probabilistic approaches, Wilson and Liu [1994]
solved the transport using stochastic differential equations
backward in time. As in the method of Bagtzoglou et al.,
Wilson and Liu also kept the dispersion part positive and
reversed the advection part. They provided two types of maps,
namely, travel time probability and location probability maps.
Wilson and Liu showed that both location and travel time
probabilities could be calculated directly, using a backward-in-
time version of traditional continuum advection-dispersion
modeling. An extension of their study for a 2-D heterogeneous
aquifer was reported by Liu and Wilson [1995]. The results for
travel time probability are in very close agreement with the
simulation results from traditional forward-in-time methods.
Results from this model were verified by Neupauer and Wilson
[1999] using the adjoint method. In this method the forward
governing equation, with concentration as the dependent vari-
able, is replaced by the adjoint equation, with the adjoint state
as the dependent variable. These researchers showed that
backward-in-time location and travel time probabilities are
adjoint states of the forward-in-time resident concentration.

Snodgrass and Kitanidis [1997] also used a probabilistic ap-
proach combining Bayesian theory and geostatistical tech-
niques. In their approach the source function to be estimated
is discretized into components that are assigned a known sto-
chastic structure with unknown stochastic parameters. The
method incorporates uncertainty in contaminant concentra-
tion. Snodgrass and Kitanidis’ method is an improvement to
some other methods in that the solutions are more general and
make no blind assumptions about the nature and structure of
the unknown source function. This approach was used for
cases for which the location of the potential source was known
a priori.

A different approach was proposed by Skaggs and Kabala
[1994]. They attempted to reconstruct the history of the plume
using Tikhonov Regularization (TR). Skaggs and Kabala stud-
ied a one-dimensional (1-D) solute transport problem through
a saturated homogeneous medium with a complex contami-
nant release history and assumed no prior knowledge of the
release function. This method was very effective when there
existed adequate data. Later, Liu and Ball [1999] used Skaggs
and Kabala’s modified TR technique to study a contaminant
release at Dover Air Force Base (AFB), Delaware. They used
field measured concentration profiles in low-permeability po-
rous media that underlie a contaminated aquifer at Dover
AFB. For the two principal chemical contaminants, PCE and
TCE, the Tikhonov method gave similar results as the mea-
sured data for PCE.

Skaggs and Kabala [1995] employed the Quasi-Reversibility
(QR) method for the same problem solved using their TR
method. In the QR method, Skaggs and Kabala solved an
equation that is close to the original governing equation and
which is stable with a negative time step. The diffusion oper-
ator ­/­t 2 D was replaced by ­/­t 2 D 2 «D2. A moving
coordinate system was used to account for the velocity term of
the ADE. The results are less accurate than that of the TR
approach, but it is computationally less expensive. The authors
claimed that it is much easier to incorporate heterogeneous
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parameters in the QR method. However, up to today, hetero-
geneous parameters have not been incorporated either in the
QR method or in the Tikhonov method.

Another approach, namely, a Minimum Relative Entropy
(MRE) inversion was used by Woodbury and Ulrych [1996].
The MRE inversion is a method of statistical inference. Given
prior information in terms of a lower and upper bound, a prior
bias, and constraints in terms of measured data, the MRE
provides exact expressions for the posterior pdf and expected
value of the inverse problem. The plume source is also char-
acterized by a pdf. The problem solved in their study is the
same as Skaggs and Kabala’s problem. For the noise-free data
the MRE was able to reconstruct the plume evolution history
indistinguishable from the true history. As for data with noise,
the MRE managed to recover the salient features of the source
history. Woodbury et al. [1998] extended the MRE approach to
reconstruct a three-dimensional (3-D) plume source within a
1-D constant velocity field and constant dispersivity system.

Recently, Neupauer et al. [2000] performed a study to com-
pare the TR and the MRE methods. They found that both
methods perform well in reconstructing a smooth source func-
tion. For an error free step function source history the MRE
performs better than the TR. On the other hand, the TR
method is more robust in handling data that contain measure-
ment errors.

Recently, Skaggs and Kabala [1998] extended their study of
TR using Monte Carlo simulation to answer the question of
how far back one can use the TR procedure in recovering the
release history of the plume, since the procedure always pro-
duces a recovered release curve that accurately reproduces the
data.

Another recent study was conducted by Birchwood [1999], in
which he used a Fourier-based inverse technique to recover the
source location and release history of the groundwater con-
taminant plume from breakthrough curve data obtained at a
single monitoring well. The Birchwood model is capable of
finding the potential release sites by imposing a causality re-
quirement upon the release history and carefully interpreting
the multiple solutions that arise thereafter. In this method the
breakthrough curve is represented as a Fourier series whose
coefficients are expressed as functions of the release location
and the Fourier coefficients of the release history. The release
location is determined by imposing a condition of causality
upon the release history. Recovery of the source location and
profile of the unit pulse release history with homogeneous
parameters was used to demonstrate the method. Birchwood
concluded that preliminary results suggest that the method is
capable of quantifying the location coordinate of a pollution
source to a reasonable degree of accuracy, but the results are
highly sensitive to the accuracy of the inferred source location.

The latest approach in recovering the release history was
proposed by Alapati and Kabala [2000]. They used the Nonlin-
ear Least Squares (NLS) method after a successful task per-
formed by MacDonald [1995], who applied the method to in-
vert a 1-D pure diffusion problem. MacDonald applied the
method to recover a number of Dirac-delta sources with large
measurement errors in the data. Alapati and Kabala [2000]
solved a problem similar to the Skaggs and Kabala [1994] test
case using the NLS method without regularization. They found
that the solution was very sensitive to noise and to the extent
to which the plume has been dissipated. Another recent paper
by Morrison [2000] presented an extensive literature review of

commonly used environmental forensic methods for age dating
and source identification.

In summary, in all previous studies there exist two broad
classes of approaches used in identifying groundwater pollu-
tion sources. One class is employing probabilistic techniques
such as geostatistics to deduce the probability of the location of
the sources. The other class is using deterministic direct meth-
ods to solve the governing equations backward in time in order
to reconstruct the release history of the contaminant plume.
However, in the class of direct method approaches, only prob-
lems with constant parameters are solved. In addition to hy-
drogeologists, mathematicians have been attracted to solve
ill-posed problems for partial differential equations for some
time. Among the methods developed for solving such ill-posed
problems is the Backward Beam Equation (BBE) method, first
developed by Carasso [1972]. The BBE method implementa-
tion for heat equation problems was originally proposed by
Buzbee and Carasso [1973]. The method is applicable to mixed
problems with variable coefficients that may also depend on
time. However, the BBE has never been demonstrated to work
in such cases. The physical and mathematical models of heat
and mass transfer are similar. Therefore, in the work presented
herein, this method is studied and enhanced to solve the ADE
with heterogeneous parameters and within a contaminant
source identification context and with computational efficiency
in mind.

3. Development of the Marching-Jury
Backward Beam Equation Method

The BBE was first developed by Carasso [1972] to solve
mixed parabolic initial boundary problems over long time in-
tervals. The method has been used in the past by Buzbee and
Carasso [1973] to solve linear self-adjoint parabolic problems
backward in time. In addition, the BBE method was also used
by Carasso [1975] in obtaining the solutions to the final value
problem of Burger’s equation. In a forward in time problem,
for large time intervals, that is t 3 ` , one can assume that the
solution reaches a known steady state value, and one might
have an approximate value of the forward solution at t 5 Tft.
Unfortunately, for this type of problem, not all numerical
schemes which are unconditionally stable for the direct prob-
lem (such as the implicit and Crank-Nicolson schemes) give
correct solutions. Carasso suggested that with an extra data
point, from having values at t 5 Tft, it is feasible to consider
the use of elliptic boundary value techniques as a solution. His
interest in the BBE method stemmed from the fact that a
solution of the heat equation ft 5 fxx also satisfies ftt 5 fxxxx.

The 1-D problem can be described as follows:

­f/­t 5 2+of , 0 , x , L , t . 0 (1)

subject to

f~ x , 0! 5 f1~ x! , f~ x , Tft! 5 f2~ x! , 0 # x # L
(2)

f~0, t! 5 0, f~L , t! 5 0, t $ 0, (3)

where +o is a differential operator in space. In the case of a
mixed parabolic problem the space differential operator is

+of ; 2@a~ x! fx#x 1 c~ x! f . (4)

In general, we will be given values of f1( x) for initial value
problems or f2( x) for final value problems, but not both f1( x)
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and f2( x). The most common numerical method for solving
initial value problems is to use a marching procedure, during
the implementation of which we approximate the solution of a
problem at time t 5 (n 1 1)Dt from a corresponding previous
approximation at t 5 nDt , where n is the time discretization.
However, there is a restriction on the value of Dt for the
method to be stable; that is, the value cannot be negative.
Unfortunately, in solving a final value problem we need to
march the solution backward, which implies using a negative
Dt . Carasso developed a stable algorithm for the backward
problem, which is not a marching procedure, but a “jury” or
“boundary value” scheme. The jury procedure is employed by
transforming the governing equation to a backward beam
equation. We will call the original BBE method as Jury BBE
(JBBE). In using this procedure we need to supply the initial,
f1( x), and terminal data, f2( x). Using the JBBE method
means that we are calculating the solution of the problem
simultaneously in space and time (V 3 [0, Tft]) where V 5
[0, L]. Because of this requirement, solving a 1-D problem is
the same as solving a 2-D problem. The JBBE method is a
two-point boundary value problem, and it therefore requires
massive computational effort to solve, especially for 2-D and
3-D domains. The computational effort for the jury method is
proportional to O(Ng

2 3 Nt
2), where Ng and Nt are the num-

ber of space and time discrete points, respectively. Even
though the computational effort requirement seems to be mas-
sive, this method was considered for groundwater pollution
source identification primarily because the behavior of the
solution to the BBE is insensitive to the direction of time.

The JBBE can be obtained by differentiating (1) and the
corresponding boundary conditions with respect to t . Assum-
ing a homogeneous diffusion case, that is, a(x) 5 1 and c( x) 5
0 in (4), our governing equation becomes

­f/­t 5 2+of 5 fxx. (5)

The auxiliary equation is obtained by taking the derivative of
(5) with respect to time:

f tt 5 2+of t 5 +o
2f 5 fxxxx (6)

and the corresponding initial and terminal and boundary con-
ditions become

f~0, t! 5 fxx~0, t! 5 f~L , t! 5 fxx~L , t! 5 0, t $ 0

(7)

f~ x , 0! 5 f1, f~ x , Tft! 5 f2. (8)

The auxiliary problem is called the backward beam equation
due to its similarity with the equation of a vibrating beam,
v tt 1 vxxxx 5 0, with the sign reversed. When one deals with
2-D parabolic problems, the differential operator in space is

+o ; 2~@a~ x , y! fx#x 1 @b~ x , y! fy# y! . (9)

Again, for homogeneous parameters one can assume a( x ,y) 5
b( x ,y) 5 1 and by differentiating (1) with respect to t , the
following auxiliary problem is obtained:

f tt 5 fxxxx 1 2fxxyy 1 fyyyy. (10)

Equation (10) is similar to the plate equation of motion, v tt 5
2[vxxxx 1 2vxxyy 1 vyyyy]. Owing to its apparent similarity
with the plate equation of motion, we call (10) the Backward
Plate Equation (BPE), and it will be the subject of a forthcom-

ing paper. In the present paper, however, we will concentrate
on 1-D cases only.

The backward problem associated with (5) is as follows:
given known function f2( x) and assuming f1( x) to be un-
known, find a solution of (5) at different times. For a backward
problem we set t 5 Tft [ Tbi as our present-day or initial time
and t 5 0 5 Tfi [ Tbt as our terminal time (i.e., the terminal
condition of a forward solution will be equal to the initial
condition of a backward solution and vice versa). In general,
the solution of the problem at t 5 Tft is not known perfectly.
In real problems one can measure the present-day distribution
of the temperature, concentration, or any other scalar repre-
sented by f . From these measurements one can then fit an
equation to the distribution. It is generally possible to calculate
a bound on the errors generated by this procedure. Let such a
bound be

i f~Tbi! 2 f2i2 # d (11)

for the initial data, where d can be chosen to be the error
between the measured and the exact values. Let the bound in
the resulting errors in the terminal data be

i f~Tbt! 2 f1i2 # M , (12)

where M is the acceptance level for the errors in the predicted
terminal values.

Since f1( x) is unknown, we will assume f1 5 0, that is,
assuming the wrong terminal data. To reduce errors in the
reverse time solution caused by assuming f1 5 0, we first
examine how these errors are likely to grow by considering the
direct problem in which solutions of (5) are obtained by march-
ing from the initial condition f1( x) 5 f̃1( x). If f̃1( x) con-
tained errors, these could potentially decay more slowly with
time than the solutions of (5) that decay exponentially with
time. Thus, eventually, a time would be reached where the
error would be greater than the solution itself. If the solutions
of (5) were to grow exponentially sufficiently fast, the error due
to the wrong initial data would eventually be imperceptible.
Thus, rather than dealing with (5) directly, we can set

w 5 ektf , 0 # t # Tbi, (13)

where

k 5 ~1/Tbi! ln ~M/d! (14)

as given by Buzbee and Carasso [1973], where d and M are the
bounds defined by (11) and (12), respectively.

Taking first the derivative of (13) with respect to time and
substituting (1), we obtain

­w/­t 5 2~+o 2 k!w (15)

and taking the derivative of (15) with respect to time once
more, we get the auxiliary problem of (5):

­2w/­t2 5 ~+o 2 k!2w . (16)

The corresponding initial and terminal conditions are

w~ x , Tbi! 5 ekTbif2, w~ x , 0! 5 0. (17)

3.1. Implementation of the JBBE for the ADE

Now, for a 1-D heterogeneous ADE, the governing equation
is
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­C
­t 5

­

­ x FD~ x!
­C
­ x G 2

­

­ x @u~ x!C# . (18)

In the case of 1-D heterogeneous contaminant transport, C is the
solute concentration, D(x) is the dispersion coefficient, and u(x)
is the transport velocity in the x direction. A contaminant plume
history would be found by solving (18) subject to

C~ x1, t! 5 Cin~t! 0 # t # Tbi (19)

C~0, t! 5 C~L , t! 5 0 0 # t # Tbi (20)

C~ x , Tbi! 5 CT~ x! 0 # x # L , (21)

where Cin(t) is the unknown contaminant source function at
the inlet x1 and CT( x) is the observed plume’s spatial distri-
bution at time Tbi.

Substituting w 5 ektC , the auxiliary problem corresponding
to (18) is

­2w
­t2 5 S ­

­ x FD~ x!
­

­ xG 2
­

­ x @u~ x!# 2 kD 2

w ,

0 # x # L , 0 , t , Tbi (22)

subject to

w~0, t! 5 w~L , t! 5 0, t $ 0 (23)

wt~0, t! 5 wt~L , t!

5 F ­

­ x FD~ x!
­

­ xG 2
­

­ x @u~ x!# 2 kGw 5 0 (24)

w~ x , Tbi! 5 ekTbif2~ x! , w~ x , 0! 5 0. (25)

Let 3 5 (­/­ x[D( x) ­/­ x] 2 ­/­ x [u( x)]2k) and A 5
32. We used a central difference approximation for the ­2/­ x2

and ­2/­t2 terms and experimented with different approximations
for the ­/­x term, using the Central Finite Difference (CFD),
first-order Upwind Finite Difference (UFD), and third-order Up-
wind Finite Difference (3UFD) schemes. Using the central dif-
ference approximation for all terms, (22) becomes:

~wn11 2 2wn 1 wn21!

Dt2 2 Awn 5 0, n 5 1, 2, . . . , Nt

(26)

wNt 5 ekTbif2, w0 5 0, (27)

where the approximation for 3 is

3 5
1

Dx2

3
Di11

2
1 Di21

2
2Di11

2
2Di21

2
Di11

2
1 Di21

2
2Di11

2· · ·
· · ·

· · ·
2Di21

2
Di11

2
1 Di21

2
2Di11

2
2Di21

2
Di11

2
1 Di21

2

4
2

1
2Dx 3

0 2ui11

ui21 0 2ui11· · ·
· · ·

· · ·
ui21 0 2ui11

ui21 0
4 2 k@I#

(28)

and Di61/ 2 is the interfacial value of D , obtained by using
harmonic averaging:

Di61/ 2 5
2DiDi61

Di 1 Di61
. (29)

The boundary conditions (24) are incorporated by adding fic-
titious points to the left of x 5 0 and to the right of x 5 L .
Once the auxiliary problem is solved for w( x ,t), solutions are
obtained by applying

C~ x , t! 5 e2ktw~ x , t! . (30)

3.2. Implementation of the Marching-Jury Procedure

In order to render the computational problem manageable,
we modified the original JBBE method, by marching the
method in smaller total time intervals than the JBBE total time
requirement. The method is, in essence, a hybrid between a
marching and a jury method, hence the name Marching-Jury
Backward Beam Equation (MJBBE). The modification of the
jury backward beam equation method is as follows.

Instead of using a total time ttot from the initial time Tbi to
the terminal time Tbt (ttot 5 Tbi 2 Tbt), we marched the
solution from Tbi to an intermediate time td, which resulted in
a smaller total time (ttot 5 Tbi 2 td) to be solved. For
example, if our initial time were Tbi 5 2, and our terminal
time were Tbt 5 0, instead of using ttot 5 2, we would choose
a smaller total time to be solved, for example, ttot 5 0.5. In the
modified method our initial time Tbi 5 2, and terminal time
Tbt 5 1.5. We then choose an interval DT for saving our
results, for example, DT 5 0.1. Even though DT does not
necessarily have to be equal to the time step Dt , we routinely
make this assignment for convenience. We will then obtain the
solution at Tsolv 5 Tbi 2 DT . For our example this means
Tsolv 5 1.9. The next step is to use Tsolv as our initial time Ti

and the same ttot and DT as chosen before. We will then solve
the problem by marching backward in a succession of NM

marching steps, where NM depends on DT . For the above
example, to obtain the solution at Ttarget 5 1.1 requires NM 5
9. By incorporating the marching procedure to the JBBE the
computational effort for the method is proportional to
O(Ng

2 3 Nt
2 3 NM). Note that with the implementation of

the MJBBE, ttot and therefore the Nt are drastically reduced.
The method and the CPU time savings will be presented in
greater detail in section 4.

4. Results and Discussion
4.1. MJBBE Results for the Heat Equation

The MJBBE method was tested using a case that has been
analyzed previously with the JBBE by a different researcher.
The example case is a numerical example of the heat equation
presented by Elden [1982], for which the exact solution is
known. The direct problem is described as follows:

­T/­t 5 ­2T/­ x2, 0 # x # p, 0 , t , 0.5 (31)

T~0, t! 5 T~p , t! 5 0 (32)

T~ x , 0! 5 c1 sin x 1 c3 sin 3x , 0 # x # p , (33)

where
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c1 5 Î2
p

0.1 and c3 5 Î2
p

0.99. (34)

Exact solution for this problem is obtained through separation
of variables and is

T~ x , t! 5 c1e2t sin x 1 c3e29t sin 3x . (35)

For each time snapshot, two different error measurements
are calculated. They are
(1) heat error, normalized by the exact amount of heat

«H 5

crS E
x

Ta dx 2 E
x

Tnum dxD
crS E

x

Ta dxD 3 100% (36)

(2) temperature peak error, normalized by the exact peak
temperature

«Tp 5
max ~Ta! 2 max ~Tnum!

max ~Ta!
3 100%, (37)

where max( ) indicates the maximum value of ( ) for all grid
points in the domain, c is the specific heat, r is the density, and

superscripts a and num stand for analytical and numerical
values, respectively.

Elden chose M 5 iT( x , 0)i 5 1 and d 5 1026 that give an
equivalent k > 27.63 for the MJBBE method. In this study,
the problem was run forward from t 5 0 up to t 5 1. The
result at t 5 1 was used as the backward initial time t 5 Tbi 5
1. The total time of simulation (Tsim) for this study is Tsim 5
Tbi 2 Tbt 5 1 2 0 5 1. In the analysis we used Dt 5 0.005
and Dx 5 p/40. Our results differ from that of Elden’s be-
cause in his study, Elden replaced wtt by a Padé approxima-
tion, while we use a central difference approximation. Elden’s
results at 50% of the total time contained a heat error of about
1.87% and a peak temperature error of about 4.45%. For our
simulations the corresponding heat and peak errors were
about 21.42 and 0.58%, respectively (Figure 1a). Going fur-
ther back in time, up to 88% of the simulated time Tsim inter-
val, Elden showed about 45.8% heat difference and 50.7%
peak difference, while our approximation showed about
228.6% heat difference and 5.21% peak difference (Figure
1b). The temperature distribution at a backward time tb of
0.88Tsim showed a good match with the exact value, although
we can observe slight phase shifts and minor, but yet extant,
change in frequency for both Elden’s and MJBBE results. In
our solution the difference in phase between the exact solution
and the MJBBE solution is more noticeable at tb 5 0.88Tsim.

4.2. MJBBE Results for the Homogeneous ADE

The next level of complexity for the study of the MJBBE
method is to apply it to homogeneous ADE cases. Numerical
experiments were conducted for advection-dispersion of a rect-
angular wave. For every run a forward-time simulation was
conducted up to t 5 Tft 5 2. The concentration distribution
result was then assumed to be the present-day contamination
configuration. The length of the domain was L 5 28. Using
the MJBBE method, the concentration configuration at t 5
Tft [ Tbi was taken to be f2( x). Because the method requires
one to assume the spatial distribution of the attribute of inter-
est at t 5 0 to be equal to zero, the spatial distribution at that
time will be impossible to be recovered. In our synthetic ex-
amples we assumed our terminal time to be t 5 Tbt 5 1, and
there is no concentration distribution for t , 1. We want to
recover the concentration distribution at t 5 Ttarget 5 1.1. In
this case, our total time of simulation becomes Tsim 5 Tbi 2
Tbt 5 1. The initial and target concentration distributions can
be seen in Figure 2.

The propagation of a rectangular pulse of solute is governed
by (18) subject to

C~ x , 0! 5 0 ; 0 , x , 13.5 and 14.5 , x , 28

(38)

C~ x , 0! 5 C1 5 1 13.5 # x # 14.5. (39)

Figure 1. MJBBE method results for Elden’s heat equation
example at (a) tb 5 0.5Tsim and (b) tb 5 0.88Tsim.

Table 1. Comparison of the Mass and Peak Errors for the
Homogeneous ADE Problem Created by JBBE and MJBBE

Time

«M, % «P, %

JBBE MJBBE JBBE MJBBE

0.2Tsim 20.33 20.24 20.48 20.19
0.9Tsim 21.51 21.10 21.74 20.77
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We solve (18) subject to (38) and (39) using the MJBBE
method with Dx 5 0.5 and Dt 5 0.02. In the homogeneous
medium case, D( x) and u( x) are set to be constants equal to
one for the whole domain. Even though comparisons with
analytic solutions are possible, errors of the MJBBE results
were compared to the numerical forward solution at different
snapshots in time, namely, 20 and 90% back in time (tb) for
consistency purposes. We used M 5 iC( x , 0) i 5 1, d 5
1029, and Tbi 5 2, which gives k > 10. Similar to the
backward heat equation example, we used two different mea-
surement errors, which are
(1) mass error, normalized by the exact mass

«M 5
Massa 2 Massnum

Massa 3 100% (40)

(2) concentration peak error, normalized by the exact peak
concentration

«P 5
max ~Ca! 2 max ~Cnum)

max ~Ca!
3 100%. (41)

In addition to computer time requirement savings, the errors
generated by the MJBBE method are slightly lower for a given
k value. Mass errors produced by both JBBE and MJBBE are
very small for times close to Tbi, and grow slightly further back
in time. Table 1 shows the errors developed by both MJBBE
and JBBE for the homogeneous diffusion case.

In the homogeneous case we studied the movement of the
peak concentration for the CFD, UFD, and 3UFD approxi-
mations for the velocity term. We performed these analyses
because it was not known a priori how the finite difference
formulation for the advective term behaved after the ADE was
transformed into the backward beam equation. Figure 3 shows
the results of the three finite difference approximations and
the comparison result obtained via forward simulation. The
CFD and 3UFD approximations give the same accuracy in
terms of the peak location. At tb 5 0.2Tsim the forward
simulation peak is at x 5 16, and at tb 5 0.9Tsim it is at x 5
15. The peak position of the plume is exactly the same for the
three formulations at tb 5 0.2Tsim. As the time progresses
backward, that is, at tb 5 0.9Tsim, the peak position is the
same for both CFD and 3UFD. However, the 3UFD formu-
lation generated larger peak error (Figure 3b). From the same
figure we can see that the UFD formulation peak movement

lags behind the forward results. The UFD backward peak is at
x 5 15.5 compared to the forward result for which the peak
is at x 5 15. In addition to the phase lag, the UFD peak error
is also larger than for the CFD. Among the three different
formulations, UFD is the least accurate in terms of peak po-
sition, and the 3UFD method is the least accurate in terms of the
peak error. Therefore the central difference method was used to
approximate the advective and diffusive parts of the equation.

Figure 3 shows the results of the MJBBE for the homoge-
neous ADE case. The mass error at tb 5 0.2Tsim is 20.24%,
and the peak error is 20.19% (Figure 3a). The recovered
concentration distribution at tb 5 0.9Tsim has mass and peak
errors of 21.10 and 20.77%, respectively (Figure 3b). Buzbee
and Carasso [1973] warned that the truncation error term
O(Dt2) contained a factor k4 due to replacing wtt by a second-
order differencing formula. For the full discrete scheme the
truncation error becomes O[(k4) Dt2] 1 O(Dx2); that is, the
factor k4 does not affect the error due to discretizing the space
variables. Even though we did not perform the same study as
Buzbee and Carasso for Dx and Dt , our study confirms their
observation. Using smaller values of Dx does not significantly
affect the accuracy of the method. Although the accuracy in
the peak error is slightly different for Dx 5 0.5, 0.25, and
0.125, the mass errors are about the same (Table 2), and the
difference in the peak error is negligible. However, reducing

Figure 2. Initial and target concentration distribution for the
homogeneous ADE problem.

Figure 3. CFD, UFD, and 3UFD formulation study for the
MJBBE for homogeneous ADE problem with ttot 5 0.5 and
k 5 10 at (a) tb 5 0.2Tsim and (b) tb 5 0.9Tsim.
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Dt increases the accuracy of both mass and peak errors. For
example, from the results at tb 5 0.9Tsim we observed that the
mass error is decreased from 21.10% for Dt 5 0.02 to
0.014% for Dt 5 0.01 (Table 3). However, decreasing it
further to Dt 5 0.005 did not improve the MJBBE perfor-
mance.

4.3. MJBBE Computational Requirements

Using the JBBE for our homogeneous example, the CPU
time requirement was 98.01 s. For the original JBBE method,
to recover the concentration distribution at Ttarget 5 1.1, we
have to solve the problem simultaneously from Tbi 5 2 to
Tbt 5 0 since using this method we need to use the whole time
domain. If Dt 5 0.02 were to be chosen, for a total time of 2,
the number of the time discrete points is Nt 5 100. On the
other hand, for the modified JBBE, we do not need to solve the
whole time domain simultaneously. For the case where the
target time Ttarget 5 1.1, we can march the solution to time t 5
1, and our backward terminal time becomes Tbt 5 1. Our
total simulation time becomes Tsim 5 2 2 1 5 1. The modi-
fication to the JBBE was done by choosing a smaller total time
and marching the problem backward as described before. This
total time will in turn make up for the size of Nt for every
marching step. To compare the JBBE requirements with that
of the modified method (MJBBE), we performed simulations
for different total times and observed the mass error at tb 5
0.1Tsim and tb 5 0.9Tsim. The value of ttot was chosen, for a
given value of k , to be the smallest time interval where the
mass error is close to zero. We first reduced the total time to
ttot 5 0.7, and the CPU time requirement was reduced to 63.94
s on a dual processor Pentium III 700 MHz computer. The
reduction of the CPU time requirement was due to the fact
that Nt was reduced from 100 to 35. The mass error at tb 5
0.1Tsim was 20.16%. We reduced the total time further to
ttot 5 0.5, which in turn reduced the mass error to 2 0.12% and
the CPU time to 30.48 s. Although the CPU time requirement
is reduced to 3.53 s for ttot 5 0.2, the value of the mass error
grows to 17.85%. A summary of the mass errors and CPU time
requirements for different time intervals can be found in Table
4. From this exercise we observed that there is an optimum ttot

that one must use to obtain a good mass error and shorter CPU

time requirement (Figure 4). On the basis of these observa-
tions one can see that the optimum value occurred when the
curves of the mass error and CPU time cross each other at
ttot 5 0.37. However, we chose ttot 5 0.5 for our analysis
because it has the least mass error and the CPU time require-
ment is still reasonably less than that of the JBBE. We then
save the results at t 5 Tbi 2 DT , where for our example DT
is chosen to be 0.1, and the mass error introduced by the
method is very small. We then use the results at t 5 Tbi 2 DT
as initial conditions Ti that will be our initial time for the next
step and so forth. By incorporating the marching jury method
for our particular ADE problem, we were able to reduce the
computational requirement from 98.01 to 30.48 s. The compu-
tational savings offered by using the MJBBE are evident, es-
pecially when we have large problems to solve.

Even though the mass error grows to 17.85% for ttot 5 0.2,
one can reduce the error by using different k values. For ttot 5
0.2, changing the k value from 10 to 24 reduces the mass error
from 17.85 to 20.024% and the peak error value from 18.39 to
0.41% at tb 5 0.2Tsim (Figure 5a). One disadvantage of
changing the k value to reduce the mass error is that we can no
longer use (14) to obtain estimates of k . In addition, the peak
error becomes larger compared to the results obtained using a
k value as estimated by using (14). In this case, the peak error
grows to 2.61% at t 5 0.9Tsim (Figure 5b) compared to the
peak error of 20.77% obtained by using k 5 10 and ttot 5 0.5
(Figure 3b). Although we can no longer use (14) to estimate
the k value, for nonreactive contaminants we can obtain the k
value by optimizing the mass error. For conservative contam-
inants, mass is conserved. Therefore one could compare the
numerical value of the mass to the initial input mass without
any additional knowledge of the plume history in order to
constrain the value of k . This exercise was performed for the

Figure 4. Plot of CPU time requirement and mass error for
different ttot.

Table 2. Summary of Mass and Peak Errors for Different
Dx Values for Dt 5 0.02

Dx

«M, % «P, %

0.2Tsim 0.9Tsim 0.2Tsim 0.9Tsim

0.5 20.24 21.10 20.19 20.77
0.25 20.24 21.10 20.20 20.75
0.125 20.24 21.10 20.20 20.81

Table 3. Summary of Mass and Peak Errors for Different
Dt Values for Dx 5 0.5

Dt

«M, % «P, %

0.2Tsim 0.9Tsim 0.2Tsim 0.9Tsim

0.02 20.24 21.10 20.19 20.77
0.01 20.012 0.014 20.06 0.09
0.005 0.04 0.19 0.06 0.29

Table 4. CPU Time Requirement and Mass and Peak
Errors for Different ttot for the MJBBE

t tot Nt

CPU
Time, s

«M, % «P, %

0.1Tsim 0.9Tsim 0.1Tsim 0.9Tsim

0.7 35 63.94 20.16 21.50 20.15 21.30
0.6 30 50.44 20.16 21.45 20.15 21.24
0.5 25 30.48 20.12 21.10 20.11 20.77
0.4 20 18.01 0.16 1.41 0.19 2.38
0.3 15 8.83 2.22 18.31 2.39 21.51
0.2 10 3.53 17.85 82.96 18.39 71.00
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homogeneous case only. Throughout the paper, we use a k
value approximated by (14) or a small variation around that
value for heterogeneous cases, with the exception of the time
release history recovery problem.

4.4. MJBBE Results for the Time Release History Recovery

Once we are able to trace the observed plume CT( x) back-
ward in time accurately, we can approximate the release his-
tory Cin(t j) by calculating the concentration Ci

j at xi 5 x1 or
any other point in space. We attempted reproducing analyses
conducted by Skaggs and Kabala [1994], who assumed a “true”
contaminant release history as

Cin~t! 5 a exp S2
~t 2 ta!

2

2~sa!
2 D 1 b exp S2

~t 2 tb!
2

2~sb!
2 D

1 g exp S2
~t 2 tg!

2

2~sg!
2 D , (42)

where a 5 1, b 5 0.3, g 5 0.5, ta 5 130, tb 5 150, tg 5
190, sa 5 5, sb 5 10, sg 5 7. To make sure that the
boundaries did not affect our solutions, instead of having the
source located at x 5 0, we moved it to x 5 50. The spatial
distribution of the present-day contaminant plume is shown in
Figure 6. We run (42) to t 5 225, and this becomes our initial

time for the backward problem. Recovering the time history of
Skaggs and Kabala [1994] was a much more difficult problem to
handle with the MJBBE compared to those that have been
examined before. The weakness of the MJBBE method is that
the mass and peak errors increase over time. For the homo-
geneous ADE study we were able to obtain good mass and
peak errors because the recovery time is relatively short. For
the time release history recovery the duration of the release is
longer, thereby providing for excessive error growth.

We attempted to recover the release history of the plume
shown in Figure 6 from noiseless concentration data. To quan-
tify the errors created by the MJBBE, two different error
measurements are calculated for the release history. They are
(1) concentration peak error as defined by (41), for each local
peak and (2) the error in the location of the peak

«XP 5
XPa 2 XPnum

XPa 3 100%, (43)

where XP is the location of the peak.
The size of this time history recovery problem is much more

significant both in the spatial and temporal domains than the
previous homogeneous ADE example. The spatial domain size
for this problem is L 5 250. This is about 9 times larger than
the ADE case for which L 5 28. We chose Dx 5 1 and Dt 5
0.2. If we were to use the JBBE method, we would need to
solve the problem simultaneously, and the computational ef-
fort would be O(2502 3 11252 3 1). Apart from the exces-
sive CPU requirement, this problem would be impossible to
solve on most personal computers due to memory limitations.
The superiority of the MJBBE method is that one does not
need to solve the problem simultaneously over the whole spa-
tial and temporal domains. We can march the problem back-
ward by choosing a smaller ttot to recover the time release
history. In this case, we chose ttot 5 2 and DT 5 Dt 5 0.2. By
using t tot 5 2 the computational effort is reduced to the
O(2502 3 102 3 1125). In our previous analysis we ob-
served that there is an optimum value of ttot that can be used
for a given k value. Using (14), with Tbi 5 225, M 5 1, and
d 5 1029, the k value is estimated as 0.08. Running the prob-
lem one time step back, using k 5 0.08 produced large mass
and peak errors. Therefore we postulated that the total time
ttot used in the analysis is too small and we can no longer use
the k value as estimated by using (14). The k value was then

Figure 5. MJBBE method results for homogeneous ADE
problem with ttot 5 0.2 and k 5 24 at (a) tb 5 0.2Tsim and
(b) tb 5 0.9Tsim.

Figure 6. Spatial distribution of Skaggs and Kabala’s plume
at t 5 Tbi 5 225 for the inlet at x 5 50.
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obtained by running the problem backward for one time step
and examining the mass error. The k value that gives mass
error close to zero is used to run the problem further back-
ward. Using a single value of k (0.25) and ttot 5 2, the MJBBE
was able to identify the temporal locations of the two larger
peaks at t 5 130 (location 1) and at t 5 190 (location 2)
(Figure 7). The smallest concentration peak at t 5 150 was
not captured by the MJBBE at all. Moreover, the release
history recovered by the MJBBE has lower peaks than the true
solution. The peak errors are 47.20% for the peak at location
1 and 48.05% for the peak at location 2 (Figure 7). In spite of
the large peak errors, the method was able to predict the
locations of the peaks fairly accurately, with a peak location
error of 0.61% for location 1 and 2.10% for location 2.

Performing a sensitivity study for the total time ttot used in
the MJBBE method showed us again that the MJBBE perfor-
mance depended on ttot. Increasing ttot from 2 to 3 and using
the same value of k 5 0.25, the peak errors are improved, and
the values became 18.43 and 37.87% for the peak at locations
1 and 2, respectively (Figure 7). However, the peak location
was shifted slightly to the left, especially for location 1, where
the error increased from 0.61 to 1.69%. Increasing the total
time further to ttot 5 4 did not improve the MJBBE perfor-
mance tremendously. The two peak locations remained the
same as that of ttot 5 3. Furthermore, the peak error improve-
ment was insignificant. For peak location 1 the peak error
improved from «P1 5 18.43% for ttot 5 3 to «P1 5 17.78%
for ttot 5 4. Similarly, the peak error at location 2 improved
slightly from 37.87% for ttot 5 3 to 37.67% for ttot 5 4. The
results for ttot 5 4 are not presented here.

4.5. MJBBE Results for Deterministically
Heterogeneous ADE

Four cases involving heterogeneity in the dispersion coeffi-
cient D were analyzed. In all the heterogeneous parameter
cases the velocity u was set to one. The heterogeneity config-
urations can be seen in Table 5. Two different zones, each with
a distinct value of D , were used. The zones are (1) outer zones
for 0 # x , 13 and 15 , x # 28; and (2) inner zone for 13 #
x # 15 for configuration 1. To study the effect of the inner
zone’s width, for configurations 2, 3, and 4 we used (1) outer
zones for 0 # x , 11 and 17 , x # 28; and (2) inner zone for
11 # x # 17. Figures 8 to 11 show the results of the MJBBE
for all four configurations. In all cases we first tried to use k 5
10 as for the homogeneous case based on the bounds M and d
we set earlier. However, we were not able to use the same
value of k for all four cases due to the difference in the
heterogeneous parameter configurations. The results will be
discussed below.

Figure 8 shows a configuration where the inner zone is
narrow and has a higher dispersion coefficient than that in the
outer zone. In this case, the dispersion coefficient in the inner
zone is 8 times higher than that in the outer zones, and the
width of the inner zone is 2. We were able to use the same k
value as in the homogeneous case. The mass errors created by
the MJBBE for both heterogeneous and homogeneous cases at

Figure 7. Plume release history recovery using different ttot
values.

Figure 8. MJBBE method results for configuration 1 at (a)
tb 5 0.2Tsim and (b) tb 5 0.9Tsim.

Table 5. Dispersion Coefficient Configurations for
Heterogeneous ADE

Configuration Do Di Inner Zone Width

1 1 8 2
2 1 8 6
3 8 1 6
4 3 1 6
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tb 5 0.2Tsim and tb 5 0.9Tsim are the same. The values are
20.24% at tb 5 0.2Tsim (Figures 3a and 8a) and 21.10% at
tb 5 0.9Tsim (Figures 3b and 8b). The heterogeneity affected
the behavior of the MJBBE by increasing the peak errors
slightly; however, the increase is negligible. The peak error at
tb 5 0.2Tsim is increased from 20.19% for the homogeneous
case (Figure 3a) to 20.21% for heterogeneous case 1 (Figure
8a). Similarly, for tb 5 0.9Tsim the peak error is increased
from 20.77 to 20.87% (Figures 3b and 8b).

A wider inner zone did not significantly affect the perfor-
mance of the MJBBE. Configuration 2 has an inner zone which
is 3 times wider than that of configuration 1. The mass errors
at tb 5 0.2Tsim and tb 5 0.9Tsim are the same as that of
configuration 1 (Figure 9). The only noticeable difference is
that the numerical peak at tb 5 0.9Tsim becomes slightly
higher and the peak error becomes worse, with a value of
20.97% (Figure 9b).

When we switched the value of zone 1 and 2, that is Do 5
8Di, we were not able to use the same value of k as before.
There are two ways to obtain an estimate for the k value. The
first method is to minimize the mass error since, as mentioned
earlier, for a nonreactive contaminant the mass is conserved.
The second method is to run the problem further forward. In
reality, this can be done in the field during a monitoring phase.
Once the contaminant plume is discovered, we take measure-
ments of the plume and monitor it for a short period of time.

This way we have two or more different snapshots of the
contaminant plume. Using these snapshots, we can then obtain
the k value and then run the problem further backward.

Using the first method, we obtained k 5 6 for configuration
3. The values of the mass and peak errors are getting worse
further back in time. The mass error grows from 1.47% at tb 5
0.2Tsim to 6.79% at tb 5 0.9Tsim, while the peak error grows
from 1.78 to 8.54% (Figure 10). In addition, we start observing
a small concentration fluctuation in the vicinity of x 5 25 to 30
(Figure 10b). We postulate that the large error growth and
concentration fluctuation are due to boundary effects. For
configuration 3 we have the dispersion coefficient of the outer
zone to be 8 times higher than that of the inner zone, rendering
the domain too small for this problem. To test our hypothesis,
we reduced the outer zone dispersion coefficient (configura-
tion 4). The outer zone has a dispersion coefficient which is
only 3 times higher than the inner zone. Figure 11 shows the
MJBBE results for configuration 4. The k value for this con-
figuration has changed from 6 to 7. The mass and peak errors
are reduced by about 4%, and we no longer have any concen-
tration fluctuations. In addition to reasonably good mass and
peak errors, using the MJBBE method, we were able to cap-
ture all the essential features of the plume spatial distribution.
A summary of the mass and peak errors for different hetero-
geneity configurations can be found in Table 6.

Figure 9. MJBBE method results for configuration 2 at (a)
tb 5 0.2Tsim and (b) tb 5 0.9Tsim.

Figure 10. MJBBE method results for configuration 3 at (a)
tb 5 0.2Tsim and (b) tb 5 0.9Tsim.
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5. Conclusions
The backward beam equation method, as originally pro-

posed by Carasso [1972] and Buzbee and Carasso [1973], was
studied and enhanced to solve the 1-D ADE for homogeneous
and heterogeneous problems within a contamination source
identification context. Several observations from this study are
offered below:

1. The MJBBE method introduces a phase shift and a
change in frequency into the solution of the backward heat
equation example studied.

2. Different finite difference formulations for approximat-
ing the advective term affect the accuracy of the solution. The
CFD and 3UFD formulations give more accurate results for

the position of the peak than the UFD formulation. Further-
more, the UFD formulation creates unacceptable phase lags
further back in time.

3. Errors in the MJBBE method are consistently lower
than that of the JBBE method.

4. The MJBBE method gives very small mass and peak
errors for the homogeneous ADE case.

5. The MJBBE method is robust enough to handle heter-
ogeneity. It gives a good accuracy in terms of mass and peak
errors. In addition, the method was able to preserve the shape
and salient features of the initial data.

6. For some heterogeneous cases the value of k can no
longer be estimated a priori using the formula of Buzbee and
Carasso [1973]. For conservative tracers, however, the k value
can be obtained by minimizing the mass error, without any
prior knowledge of the plume history.

7. Owing to the complexity of the shape of the plume and
the longer simulation period, reconstruction of the release
history of Skaggs and Kabala [1994] was a much more difficult
task than for the other cases we examined. The MJBBE was
able to recover the larger peaks but was not able to capture the
smallest peak at all. However, the method was able to predict
the location of the larger peaks to within an error of less than
5%.

8. By using a hybrid between marching and jury methods,
we were able to cut down the computational time requirements
by about 3 times for the ADE examples presented.

9. Expanding the BBE formulation for the 2-D case we get
an auxiliary problem, which is similar to the equation of mo-
tion for a plate, hence the name BPE, that can be used to
perform plume backtracking in 2-D heterogeneous media.
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