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Chapter 1

Intro duction

Topology is the brandh of mathematicsthat studiesthe properties of geometric
objects which are presened under cortinuousdeformation[1]. Whereasgeometry
is concernedwith rigid form, sizeand location of objects, topology is concerned
with deformation, connectivity, and assaiativity of objects.

The eld of computational geometryasits own discipline hasbeenpervasive
in CAGD, computer graphics, and robotics for more than tweny years[2]. The
term “computationaltopology' rst appearedin 1983to emphasizehe role of the
topological adjacencyrelationshipswithin CAGD [3]. More recerily, researbers
are attempting to formalize computational topology into its own discipline [4] in
an e ort to improve reliability in geometriccomputing, varying in scalesrom the
atomic to the astronomical.

The nascem eld of computational topology holds great promise for re-
solving seweral long-standing industrial design modeling challenges. Geometric
modeling has becomecommonplacein industry as manifestedby the critical use
of Computer Aided Geometric Design (CAGD) systemswithin the automotive,
aerospace shipbuilding and consumerproduct industries. Commercial CAGD
padkagesdepend upon complememary geometricand topologicalalgorithms. The
emergenceof geometric modeling for molecular simulation and pharmaceutical
design preseits new challengesfor supportive topological software within Com-
puter Aided Molecular Design (CAMD) systems. For both CAGD and CAMD
systems,splinesprovide relatively mature geometrictechnology for modeling com-
plex shapes. Howewer, there remain robustnessissuesregarding the 'top ology' of
thesemodels, particularly for supporting simulations that rely upon approxima-
tions of these models. The simultaneous consideration of CAGD and CAMD
is important to provide unifying abstractionsto benet both domains. In engi-
neering applications it is a commonrequiremer that topological equivalencebe
presened during geometricmodi cations, but in molecular simulations attention
is focusedupon wheretopological changeshave occurred as indications of impor-
tant chemical changes. The methods presened in this thesis are supportive of
both thesedisciplinary approades.

An important challengein computational topology is the dewelopmen of
rigorous, robust and tractable methods for guararteeing that computational ap-



proximations of smooth curves and surfacespresene critical topological charac-
teristics. Sud treatments of topology are lacking in the cortemporary literature,
and becomethe focus of cortribution in this thesisto computational topology.

1.1 Contributions

This thesis furthers the eld of computational topology by cortributing formal-
izations of algorithmic issuesin topology and topological considerationsfor com-
puter applications. Both emphasesare conbined to create algorithms to ensure
that geometric approximations are su cien tly accurateto maintain topological
equivalencefor robust modeling within CAGD and CAMD. As a result of this re-
seart, the following three cortibutions are madeto the scierii ¢ and engineering
community.

1. The 'topology' of a CAGD model is frequertly expressecdasa critical prop-
erty for reliable engineeringsimulation. Although topologyis a well formal-
ized subject in mathematics, communication about the topology of CAGD
models is ambiguous in the computational and engineeringliterature. In
this thesis, preciseterminology is de ned for comnmunicating about CAGD
and CAMD models with the goal of providing a foundation for future de-
velopmernt of software systemscapableof more robust simulations. Thus, if
one speaksof preservingthe topology of a geometricmodel or changingthe
topology of a model by someoperation on the model, it isimportant to spec-
ify which topological characteristics are of interest, where the focus of this
researb is on preservingambient isotopy. Sud de nitions will cortribute to
better comnunication about topological modeling in the geometric design
literature.

2. Using ambient isotopy asthe criteria for equivalenceis a stronger guaran-
tee for approximations than the traditional use of homeomorphism. The
isotopic subdivision algorithm proposedin Theorem 4.2.1 for subdivision
appraximations will be useful for geometric design systemsthat perform
approximations for display and analysis. Both engineeringand molecular
applications will require accurate topology while intersecting surfacesdy-
namically during simulations. A challenging test area could be on DNA
moleculeswherestructure and function are inextricably related, sinceDNA
mostly existsin a sugercoiled form { meaningit is twisted and tangled (and
knotted) in orderto bein a state of minimum energy[5{7]. Ambient isotopic
approximations are shavn for both Beziercurvesand spline surfaces.

3. The local and global topology presenation under the star algorithm for 1-
complexeds expectedto be usefulin simulating properties of higher dimen-
sional complexeshaving in excessof ten thousand vertices. In particular,



earlier work [8,9] relied upon the expensive computation of all distancesbe-
tween disjoint vertices, edgesand faces. It was speci cally noted [8] that

these computations could be done prior to any single perturbation. How-

ewver, when marny perturbations are being executed,the overheadassaiated
with repeating that full computation for ead iteration may be prohibitiv e.
The more localized methods proposedhere a ord signi cant performance
advantages when relevant. Hence, further re nement and dewelopmern of
the star algorithm will cortribute to more e cient and robust algorithms
for geometricand molecular simulations.

1.2 Thesis overview

The remainderof this dissertationis organizedasfollows. Chapter 2 cortains the
badground in topology that is neededto understand the sequel. Much of this
material is available in standardtexts, to which the interestedreaderis referredfor
more details. Chapter 3 is the certral motivation and compelling examplefor the
investigationsthat follow concerningthe role of knottednessin cortrol polygons
and their assaiated spline curves and surfaces. This relies upon a projection
lemma, which is proved in this chapter, but which is expectedto be a well-known
“folk theorem'. The value of this lemma, though, is that it can be usedin a
generaltechnique to create unknotted Bezier curves whosecortrol polygonsare
knotted, as shawvn in this chapter. Hence, consideration of this phenomenon
is seenas not being restricted to pathological cases,but has wide applicability.
Chapter 4 cortains oneof the principal results, indicating that repeatedsubdvision
of a Bezier curve of degreelessthan 5 will eventually create a cortrol polygon
having the sameisotopy classasthe curve. The advantagesof this method over
other techniquesfor curve approximation are preseried, with a particular focus
upon examplesthat show the algorithmic gains made by this approadr. The
reasonsfor the degreerestriction are discussedwith someindications for future
generalizations. Chapter 5 then has partial extensionsof these curve results to
surfaceswith discussion®f the presen limitations of thoseextensions.Chapter 6
presers the pseuda@odeto transform the previoustheory into e ectiv e algorithms,
aswell asdiscussionof currernt and emergingapplication opportunities. The nal
chapter contains conclusions.



Chapter 2

Background

Surprisingly, all conemporary CAGD systemslack the reliability and robustness
required for automation of sophisticatedengineeringanalysistasks sud as com-
putational uid dynamics(CFD), nite elemen analysis(FEA) and optimization
of designprocessesTheseengineeringapplicationsrely heavily onthe accuracyof
the model provided by the original CAGD system. An intermediate step between
CAGD and analysisis the generationof a piecewiselinear (PL) meshwhich in-
troducesaddederrors from the meshapproximation of a free-formsurface. While
meshingis typical in CAGD, it is expectedto becomemore prominent in CAMD
as more sophisticatedsurfacemodels of moleculesewlve. During model approx-
imations for engineeringanalysis, topological anomaliesthat now arise include
extraneousself-inersections, unwarranted gaps, and incorrect connectivity { all
of which can causeproblemsin a subsequeh analysis. According to Farouki [10],
a core problem with modern CAGD systemsis in the underlying mathematics
usedfor represetting models,and the sourceof many of theseproblemsarisefrom
the algorithmic issuesinherert in computing approximations. The mismatdc be-
tween approximate geometry and faithful topology has historically causedrelia-
bility problems not only in CFD and FEA, but also for scieri ¢ visualization
and engineeringapplications. As CAMD matures, with more sophisticated geo-
metric models, the accomparying visualizations and simulations are expected to
experiencesimilar approximation problems. Hence,it is useful to considerthe
topological characteristics of the approximation problem from the viewpoints of
CAGD and CAMD simultaneously

Modern engineeringsimulation increasingly relies upon geometric models
to analyze a broad range of objects, from manufactured parts to bio-molecular
systems. Today's CAGD and CAMD systemslack the reliability and robustness
requiredfor automation of analysistaskssut asCFD, FEA, and designoptimiza-
tion [10]. Sud analysegypically require computationson application-speci ¢ ap-
proximations of thesemodels. Furthermore, many operationsin commercialsolid
modeling padkagesperform appraximations \under the hood" without providing
any awarenessto the end user. Most notable is the intersection between two



surfaceswhere,for example,ead surfacemay be a B-spline given by [11],

X
S(u;v) = Ni;p (U)Njq (V)P (2.1)

i=0 j=0

where the N, (u) and N;4(v) are the pth-degreeand qth-degreeB-spline basis
functions, the f P;; g are the control points, and (u;Vv) 2 [0; 1. Sud surfacein-
tersectionroutines typically approximate the intersectioncurve with a low degree
piecewisepolynomial curve, sincethe theoretically exact result may be too high
of a degreeto be computationally e cient [12]. Clearly, this raisesopen ques-
tions. How good is a particular appraximation? What criteria should be used
to determine a 'valid' approximation for a particular analysis? Current theory
and methods for evaluating topological equivalence of approximations is either
misleading or simply not considered. Hence,a key milestone towards acieving
higherreliability, lower human intervertion, and fasterresultsfor engineeringsim-
ulations is the ability to algorithmically guarartee topologically correct geometric
approximations.

This chapter preserts badkground material and key de nitions that are used
throughout this thesis. Section 2.1 preserns the most important de nitions in
topologyfor this work. Sections2.3and 2.4discussmportant related work leading
to the main results of this thesisin Chapter 4. Finally, Section2.2 providessome
badkground on the theory of mathematical knots.

2.1 Topological de nitions

In order to make progressin engineeringand molecular simulations, with their
dependencyupon topology, the use of preciseterminology is important. In par-
ticular, this is in sharp cortrast to informal usage,which frequertly just speaks
of the 'top ology of a model'. For the purposesof this thesisto aid in the dewelop-
mert of future CAGD and CAMD systems,the following three areasof topology
are proposedas fundamertal: Combinatorial Topology, Point-Set Topology, and
EmbeddedTopology.

2.1.1 Combinatorial top ology

The underlying idea hereis that ead geometricobject is de ned, asis typical in
a solid modeling boundary represetation (seebelow), by a collection of points,
curvesand surfaceswhich respectively are called nodes,edgesand faces.For this
theoretical view of the represetation, eat node is assumedo lie on a curve and
to limit the extert of the curve. Typically, ead curve will have two limiting nodes,
an initial node and a nal node. A well-known exampleis the useof the notation
[0,1]to represen the interval from O to 1 that is inclusive of thesetwo end-points.



These end-points are also known as the boundary of the curve. Similarly, eath
surfacewill be limited by a collection of curvesthat forms its boundary. This
type of topology is also often referredto as symiwlic topology becauseof the data
represemation practice of taking ead geometricertit y and assigningsomeunique
symbol to it. This prevens redundart storageof data. For instance, consider
trying to represen the triangle with nodes:

(0;0;0); (1;0;0);(0; 1;0)
The three edgescould, in turn, be listed as
[(0; 0; 0); (1;0; 0)]
[(1;0;0); (0; 1; 0)]
[(0; 1, 0); (0; 6; 0)]
with the triangular boundary then indicated by the cyclic list
f[(0;0;0); (1, 0; 0)]; [(1; 0; 0); (O; 1; 0)]; [(O; 1; 0); (0; 0; )] g

Howe\er, it is more corveniert to make the following symbolic assignmets

;0,001 A

(1;0;,0)! B

0;,00! C
Then the edgescan be listed as

[A;B]! E;

[B;C]! E»

[C;A]l! Ejz

and the triangle then becomeshe cyclic list
fE1; E2; E3g

This level of indirection is particularly important to presene data integrity
when the nodes have co-ordinatesrepreseied by oating point values,which is
typical.

It is easyto seethat this conbinatorial topology can be represeted in a
graph, where the nodes take on synbols, as indicated above. In this cortext,
presenation of topology could meanthat thesesymbolic graphsare idertical for
two objects or that they are isomorphic. If onewishesthe graphsto be identical,



then the represeied objects can still appear very di erently to the user. For
instance, a triangle and a disc could have exactly the same symbolic topology
graph, but the geometricertities referencedor the triangle would be line segmets
whereasthosefor the discwould be arcs,asshavn in Figure 2.1. If onewishesthe
broader equivalenceof isomorphic graphs, then this raisesthe well-known graph
isomorphism problem, for which it remains unknown as to whether answers are
computationally tractable. Howeer, it is well-known that changingthe graph can
still presene topologicalequivalenceof the object from a point-set perspective, as
discussedn Section3.2.

A

B C B C

Triangle :
Disc

B==——==C
Graph

Fig. 2.1: Samegraphs,di erent objects

The relationship between the location of one ertity relative to another is
de ned here as adjacency Adjacency information is typically at the core of any
CAGD system,and their symbolic represetation is critical for Booleanoperations
sud asunion, intersection,and subtraction betweentwo solids. Many data struc-
tures have beenproposedand studied over the past twerty- v e yearsfor su cien t
storage of adjacencyinformation within the cortext of conmbinatorial topology.
Howeer, the designof these data structures will not be discussedany further,
and the readeris referredto [13,14]for more details.

2.1.2 Point-Set top ology

Point-set topology is a mature mathematical subject completely independert of
any referenceto solid modeling. Howewer, it is somewhatsurprising that the
dominant use of topology in solid modeling has beenin the sensedescriked in
Section 2.1.1 without much regard to the point-set implications. Equivalence
relations are certral to topology. A certral de nition in point-set topology is a
homemorphism



De nition  2.1.1: Any two subsetsX and Y of R® are homeomorphic if there
existsa function f : X I Y suchthat f is continuous,1 1, hasa continuous
inverseand mapsonto all of Y. Sucha function is knownasa homeomorphism .

In the context of CAGD, a homeomorphismis intuitiv ely expressedn the
following example. Considerthe three blocks shavn in Figure 2.2. Figure 2.2(a)
is merely a parallelpiped. Figure 2.2(b) is a block with a slot, and the block
in Figure 2.2(c) cortains a hole. Imagine that ead object is made of an ex-
tremely pliable or rubber-like material. Note that there existsa homeomorphism
betweenthe block and the block with the slot sinceead object can be cortinu-
ously deformedinto the other. However, there doesnot exist a homeomorphism
betweenthe block and the block with the hole becausethe object would have to
be 'punctured' in order to producethe hole. Hence,there can be no cortinuous
transformation betweenthe block and the block with a hole. It is alsoworthwhile
to note that ead of the three blocks would have very di erent adjacencygraphs
in order to represen their combinatorial topology Hence,the adjacencygraph,
alone, is inconclusiwe towards determining the classicaltopological equivalence
given by homeomorphisms.Considerthen the block and a block with a slot in it,
asshown in Figure 2.2. They would have very di erent symbolic graphsto repre-
sen the combinatorial topology of ead. Howeer, there existsa homeomorphism
betweentheseobjects.

O

(@) (b) ()

Fig. 2.2: (a) Block. (b) Block with slot. (c) Block with hole.

Within the context of point-set topology, it is worthwhile to distinguish
four topological characteristicsimportant to the practice of CAGD: connectivity,
multiple-points 1, numbker of components and dimensionality. Connectivity is the
formal topologicalterm for what most designengineerswould informally refer to
asa'hole' or 'gap' in the model. Indeed,there are seeral re nements of the idea
of connectivity, and it is noted that a hole will mean that somelocal region is
not simply connected. As this is a deepconcept, it is only mertioned here that

! Multiple-p oints are more commonly called self-intersectionsin the literature



a hole on a surfacewill prevert a loop on that surfacefrom being cortinuously
cortracted to a point within that surface. Theseholescan either be intentionally
part of a model or an unwanted artifact from an appraximation. If the latter is the
case,then the unwanted hole can dramatically a ect an engineeringsimulation.

Multiple-p oints occur when a geometric object intersectsitself. Typically,
multiple points are an unwanted artifact of someoperation intended to appraxi-
mate the original model, and similar to what wasdiscussedegardingconnectivity
characteristics, undesirableartifacts here also interfere with reliable engineering
simulation. It is clearthat multiple points t nicely within the cortext of point-set
topology: an appraximation with an unwanted self-irntersection does not have a
one-to-onecorrespndencewith the original model. Hence,the approximation is
not homeomorphicto the original model.

Solid models can be composedof multple shels, whereead shellis de ned
as having its adjancencygraph of nodes, edgesand facesbeing disjoint from
any other adjacencygraph in the model. Hence,two distinct shells correspnd
nicely to the point-set topology conceptof two setsbeing cortained in open sets
whoseclosuresare disjoint [1]. There exists a minimal number for this family of
complemetary closedsetssud that this number is a topologicalinvariant of the
solid, meaningthat if thesenumbers are di erent for two solids, then thesetwo
solids cannot be homeomorphic. This minimal number is equalto the numler of
componentswithin point-set topology [1].

Finally, the dimensionality of a model is de ned as follows. Most CAGD
systems, particularly those referred to as solid modelers, are designedto only
represeh n-manifolds, where n is either one, two, or three in eath componert.
Formally, an n-manifold is a spacesud that ead point of the spaceis corntained
in an open setwhich is homeomorphicto an open subsetof R" or an open subset
of a closedhalf-spaceof R". For example,any open or closedspacecurve, which
is allowed to self-intersect only at its end points, is a 1-manifold. Similarly, a
non-self-inersecting surfaceis a typical exampleof a 2-manifold and a solid is a
3-manifold. Most data structures usedin commercial CAGD systemsto repre-
sen the connective and adjacencyrelationships restrict Boolean operandsto be
manifolds having the samevalue of n (This alsoimplies that the resultart is an
n-manifold.)

Considerwhat can happen if theseinput constrairts were relaxed. For in-
stance, if one takesthe set-theoretic union (not the Boolean operation of “join’,
which is sometimesinformally discussedn CAGD commnunities as “union') of a
3-manifold cube with the 2-manifold surfaceshovn with the "dashed'linesin Fig-
ure 2.3(a), the set-theoreticresult would be the object in Figure 2.3(b) consisting
of the new 3-manifold cube with a 'dangling’ 2-manifold [15,16]. Most commercial
CAGD systemsin usetoday usedata structures that will not allow for suc a re-
sult. Indeed, although what is depictedin Figure 2.3(b) is a perfectly valid set, it
is not an admissibleresult of a Booleanoperation [17]. Howeer, there are systems
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in usethat employ more complexdata structures [14] allowing the represetation

of mixed dimensionalobjects, and in this case,the operation in Figure 2.3(a) is

de ned. Consistert with the literature, thesetypes of represetations are called
non-manifold [14], and the types of represemations that do not allow multiple

dimensionsin a singlecomponert are called manifold. This is important because
it represeis another method to distinguish whentwo objects are homeomorphic.
Obviously, any manifold object is not homeomorphicto any non-manifold, and
manifold objects of di erent dimensionsare not homeomorphic.

@) (b)

Fig. 2.3: Union betweena solid 3-manifold cube and a 2-manifold planar surface:
(a) beforethe union, and (b) resultart mixed-dimensionalobject

2.1.3 Embedded top ology

While the relations of combinatorial topology and the equivalencerelationsde ned
by homeomorphismsre quite powerful and useful,they fail to distinguish between
two types of objects that most engineeringprofessionalswould chooseto place
in di erent equivalenceclasses.For instance, if set A is a circle and setB is a
knotted curve (SeeFigure 2.4), then there existsa homeomorphisnmbetweenthem,
yet it is often usefulto distinguish betweenthesetwo curves. Indeed, this can be
accomplishedwith additional topologicaltechniques. Intuitiv ely, two closedcurves
will bein dierent equivalenceclassesf oneknot can only be corverted into the
other by untying and retying it to conformto the other. This relatesto how the
two objects are situated within R3, which is formally known as an enbedding,
and any function which presenesthis enbeddingis known asan ambientisotopy.

De nition 2.1.2: Let X and Y be two subspces of R". Then there is an am-
bient isotopy, H between X and Y if there exists a continuous function H :
R" [0;1]! R" with the following conditions:

1. H(;0) is the identity,
2. H(X;1) =Y, and
3. 8t2[0;1H(;t) is a homemorphismfrom R" onto R".



11

The setsX and Y are then said to be ambient isotopic .

Although any two simple closedplanar curves are ambient isotopic, two
simple homeomorphicspacecurves, neednot be ambient isotopic, becausethey
can descrite di erent knots. For instance, the simplest possibleknot is planar
and is a circle, and this is known asthe unknot or the trivial knot. Any nortrivial
knot must necessarilybe non-planar, and the simplestnontrivial knot is the trefoil
knot. Both theseknots aredepictedin Figure 2.4, whereoneshouldnote the three
overcrossingsn spacefor the trefoil knot, leadingto its name. Indeed,the number
of crossingss a critical discriminart for di erent knot equivalenceclassesand the
interested reader is referredto the standard text [6] for more badkground. Any
two knots will be in the sameequivalenceclassdeterminedby homeomorphisms,
but can still be in very dierent equivalence classesas determined by ambient
isotopies. Thesedi erent knot equivalenceclassesbecomeparticularly relevant
when consideringthe piecewisdinear (PL) approximations of free-formgeometry
that are often usedfor engineeringanalyses.

O &

(a) (b)
Fig. 2.4: (a) The Unknot (b) The Non-Planar Trefoil knot

For de ning ambiert isotopies,it is often su cient to restrict the movemer
of points to a compact subset of R", allowing the function to be the identity
outsidethis compactset. This property alsopermits easierdecisionabout whena
given function is an ambient isotopy, asattention can be focusedto local, rather
than global, behavior of the function. This property is well-known and is de ned,
below, as compact support.

De nition 2.1.3: A function f, from the space X to X hascompact supp ort
if there is a compact setK X suchthat for anyx 2 X K, f(x) = x. Then,
K is called a set of compact support for f.

It has beenshovn [18] that in creating a PL approximation of a smaoth
unknot that it is possibleto changethe knot equivalenceclass,referredto hereas
knottedness That exampleis repeated here. Figure 2.5 shows two simple home-
omorphic spacecurves, where the PL curve is an appraximation of the smaoth
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curve. Howewer, thesecurves are not ambient isotopic, becausethey depict dif-

ferert knots with the smaoth curve illustrating the unknot, whereasthe PL ap-

proximation hasfour crossings.In the right half of Figure 2.5, the z coordinates
of somevertices are speci cally indicated to emphasizethe four knot crossings
in R® (All other end points have z = 0). All end points of the line segmets in

the PL approximation are also points on the original curve. Having this knotted

curve as an appraximant to the original unknot would be undesirablein many

circumstances sud as graphicsand engineeringsimulations.

Fig. 2.5: Non-Equivalert Knots

Similar pathologiescan happen whenappraximating surfaces.For example,
considera surfacecreated by sweepinga circle of constart radius, about the un-
knot curve shawn in Figure 2.5, wherethe radius of the curve would be constrained
sothat the resulting surfacewould be non-self-itersectingbasedupon theoretical
results already appearing in the literature [19]. Then it should be clear that an
ill-advised tessellation of this swept surfacecould, itself, becomeknotted. The
constrairts proven by Peterset al [8,20]extend earlier work [19] on preservingthe
isotopy classof curve approximations to surfaces.This preverts surfaceapproxi-
mations from resulting in similar problemsto appraximating curvesby applying
appropriate constrairts to the original surface.

There is a subtle, but signi cant, point to obsene about the precedingex-
amples. The change of isotopy classwas discussed,and it was easyto visually
inspect the original curve of Figure 2.5to determinethat it wasthe unknot. How-
ewer, it hasbeenshown that evenidentifying the unknot is not an easyalgorithmic
procesq21]. Hence,the strategy whenworking with designmodelsshouldnot rely
upon being able to give a mathematical speci cation of the knot type. Indeed,
sud a notion would likely be quite foreignto most practicing designers.But, the
experienceddesigneris likely to provide an expert judgmert that a given design
model is correct. This will typically be done by examining visual displays of a
CAGD maodel. The ideasproposedheredo nothing to detract from that expertise
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and judgmert, but, instead, the methods proposedrely ertirely upon sud sound
judgmerts. Namely, the formalisms discussecdhere can lead to software tools to
ensurethat if the topology of a model is judged to be correct, then subsequen
geometricappraximations will not alter that topology if the appraximations are
appropriately constrained.

Note that sud circumstancesmay ewen be relevant to the pathologiesdis-
cussedby Farouki [10]. For instance,the smooth and appraximating curvesshowvn
in Figure 2.5are both non-self-inersecting. Howewer, again, a slight variant of this
examplecould be generatedwherethe original curve wasnon-self-inersectingand
the other contained a self-intersection. This type of di erence can be determined
in that the non-self-inersecting object and the self-inersecting object would be
discriminated purely via point-set topology, wherethey would bein di erent topo-
logical equivalenceclassesdetermined by homeomorphisms.For sud di erences,
there is no needfor the more powerful techniquesbasedon ambient isotopy, but
the proposedtopological constrairts will also ensureagainst changing the topo-
logical equivalenceclassdetermined by homeomorphisms.Recall that one of the
pathologiesmertioned in [10]is that self-inersectionscanappearin modelswhere
none are expected. If sud self-inersectionswere generatedin a model approxi-
mation process,then the constraints discussecherewill prevent that.

2.2 Knot theory

Knot theory is a sub eld of topology. In mathematics, a knot can be visualized
as a closedloop of string. The way in which the strands of a knot are entwined
is far more important than the size or shape of the knot, and helps distinguish
di erent typesof knots. For example, knot types are labeled by the number of
crossingswith a subscript denoting a particular knot within a family of a xed
number of crossings.The simplestknot hasno crossingsand is called the unknot
(Figure 2.6(a)). The next morecomplexknot is the trefoil knot consistingof three
crossings(Figure 2.6(b)). Following the trefoil knot is a knot with four crossings
known asthe gure-8 knot (Figure 2.6(c)).

& &

@) (b) (c

Fig. 2.6: The rst three knots (a) The unknot 0, (b) The trefoil knot 3, (c) The
gure-8 knot 4,
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Knot theory alsostudieslinks. Links are simply two or more knots that may
or may not be entwined in sud a way that they can not be separatedwithout
breaking one of the knots.

The fundamenal questionsin knot theory are how to distinguish di erent
typesof knots, how to determine knot equivalence,and how to recognizewhether
a \tangled mess"is actually knotted. Two knots can appear to be drastically
di erent geometrically yet topologically they are the same. Note that the knot
in Figure 2.7(a) is actually the unknot. It canbe cortinuously deformedinto the
unknot shown in Figure 2.7(b) without breaking a single strand. Good introduc-
tory texts on knot theory are o ered by Adams [5], Gilbert and Porter [22], and
Likorish [23].

@) (b)
Fig. 2.7: (a) A messyunknot (b) The unknot

Mathematicians have investigated knot theory for nearly a hundred years
with someof the most exciting results occurring over the last two decades.The
most active areaof researt is nding polynomial invariants to distinguish knots.
Historically, the rst polynomial invariant waspublishedby J. Alexander[24],and
the Alexander polynomial along with simple generalizationsremained the only
knot invariant in existencefor 60 yearsuntil the discovery of a new polynomial
invariant by Vaughan Jones[25] in 1984. The signi cance of Jones' discovery
wasthat unlike the Alexander polynomial, the Jonespolynomial could distinguish
most of the time whethera knot is equivalert to its mirror image. Many invariants
now exist, but no singleinvariant can distinguish all knots.

The work presetned hereon correct topology for geometricapproximations
is expected to have impact upon a broad range of technical disciplines sud as
engineering,biology, chemistry and physics. For example, Molecular Biologists
now realize the use of knot theory for the modeling and simulation of molecular
structure found in DNA molecules[26{28] and proteins, which depend upon the
topologically correct geometric approximations for visualizations and animation
of these molecular models. Similarly, sud appraximated geometric models will
also support visualization for chemistswho are now researbing knot theory asa
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basisfor the study of topologicalstereahemistry to model and synthesizecomplex
molecules[29].

2.3 Homeomorphic subdivision

Repeatedly subdividing a curve by uniformly inserting knots with multiplicit y
equal to the curve degreeand then capturing its cortrol polygon is a common
technique for rapidly approximating a curve for display or analysis,aswas rst
captured by the Osloalgorithm [30]. The typical convergenceof a cortrol polygon
via subdivision is depictedin Figure 2.8. Figure 2.8(a) represets a simple cubic
Beziercurve B with cortrol polygonP. The curve is then subdivided by inserting
knots with multiplicit y equalto three, asshown in Figure 2.8(b) and Figure 2.8(c).
Note how rapidly the cortrol polygon corvergesto the curve in terms of distance.

Howeer, sinceself-irntersectingcortrol polygonscande ne non-self-irtersecting
curves,oneresult [31]resolhed that any non-self-itersectingcurve will evertually
have a non-self-irtersecting cortrol polygon under repeated subdivision. This is
depicted in Figure 2.9, where the self-intersecting cortrol polygon for the non-
self-intersecting cubic B-spline in Figure 2.9(a) becomesnon-self-iersecting by
subdividing the knot vector in Figure 2.9(b). Furthermore, the cortrol polygon
can newer again becomeself-irtersecting under any successi® subdivisions [31].
The result dependsupon the regularity of the parameterization. A regular param-
eterizationt 2 [a;b] is onesud that the 1st derivative of the curve doesnot vanish
for all valuesof t [32]. If the curve parameterizationis not regular, then there are
caseswhere a self-intersecting cortrol polygon with a non-self-inersecting curve
will never becomenon-self-irtersecting by repeated subdivision [31].

The stopping criteria for theserecursive subdvision graphicsalgorithms are
usually basedupon the subdivision merely being within somenumerical distance
bound of the orginal curve. For instance, the initial cortrol polygon here rep-
resents the O th subdivision, and, if this O th subdivision satis ed merely a
distancebound from the original curve for graphicsdisplay, then this would be an
inappropriate renderingof the curve. Sincesubdivision is widely usedin graphics
display, additional care must be takento ensurethat not only is any appraxima-
tion within somedistance of the original curve, but alsothat desiredtopological
properties should be presened. The material in Chapter 4 providestheoremsand
exampleswith explicit topological criteria for ambient isotopic subdivision.

This thesis studies whether the topological embedding of a spline curve
is presened by appraximation of the cortrol polygon through uniform subdivi-
sion. The topological form of equivalenceconsideredhere not only considersself-
intersections, but also considersthe emtedding of a curve in three-dimensional
space. This relies upon equivalenceby ambient isotopy, which is stronger than
the more traditional equivalencerelation given by homeomorphism. The main
result presertied in Chapter 4 provesthe following theorem. Given a C? spline
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(@) (b)

()

Fig. 2.8: Cubic B-spline curve with knot vector(a) f00001111g, (b) fO0O0
05.551111g,(c)f0000.25.25.25.5.5.5.75.75.7511 1 1g
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(@) (b)

Fig. 2.9: Cubic B-spline curve with knot vector (a) f00001111g. (b) fOO
0055511119

curve with a clamped and uniform knot vector, the piecewisdinear curve formed
from the cortrol points evertually becomesambient isotopic to the curve by re-
peated subdivision. As a direct result of this theorem, an algorithm to compute
ambient isotopic curve approximations is outlined in Chapter 6. The next section
discussegiecewiselinear appraximations of spline curves, which provides more
badground for the main result preserted in Chapter 4.

2.4 Piecewise Linear(PL) appro ximations

Summarizing previous work [18], the spacecurve in Figure 2.10(a) is equivalent
to the unknot. An undesirable PL approximation, shovn in Figure 2.10(b), is
the gure-8-knot. This crude appraximation would not be acceptablefor many
analysisand visualization applications. Howeer, the more re ned approximation
shown in Figure 2.10(c) is ambient isotopic to the original curve. While this is
merely an illustrativ e example,it suggestghat similar changesin the embedding
could occur during approximation by subdivision. The main theorempreseited in
Section4.2 givessu cien t conditionsto obtain an ambient isotopic approximation
by repeated subdivision.

It is easyto seefrom the examplein Figure 2.10that if onedisplayed a pro-
jection of this initial approximation asa graphicsappraximation of the curve, then
the displayed graphics would have self-inersections, whereasthe original curve
doesnot. Indeed, the use of projections is fundamertal in analyzing knots [5],
aswill be further indicated in the sequel,particularly in Chapter 3. Hence,this
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(@) (b) (c)

Fig. 2.10: (a) The unknot. (b) The gure-8 knot. (c) Good approximation.

lends somecaution to the typical graphicspractice of using an appraximation of
a curve for its display. Summarizing previouswork [19], it has beenshovn how
to generatean ambient isotopic PL appraximation of a curve in R3. The result
reliesupon understanding pipe surfacessotheir de nition follows?.

De nition 2.4.1: The pip e surface of radiusr of a parametrized curve c(t),
where t 2 [0; 1] is given by

p(t; ) = c(t) + r[cog )n(t) + sin( )b(1)];

whee 2 [0;2 ] and n(t) and b(t) are, resgctively, the normal and bi-normal
vectors at the point c(t), as given by the Frenet-Seret trihedron.

Then the previousambient isotopic PL appraximation proof [19]follows four
main steps,under the assumptionthat c is C2:

1. Determinea radiusr sud that p(t; ) is non-self-irtersecting.

2. De ne N;(c) to be the open neighborhood of ¢ with boundary given by
p(t; ) if c is aclosedcurve. If ¢ is an open curve then the two closeddiscs
of radius r normal to ¢ at its endpoints must be addedto this boundary.

within N,(c) (where [¢h; Gh+1] = [0h; ®p].) Furthermore, denoting ead sec-
tion of c betweenqg and g.; asc;, ead c; is ambient isotopic to [¢; G+1 ]
via the nearestpoint mapping.

to c.

2 Pipe surfaceshave beenstudied sincethe 19th certury [33], but the presenation herefollows
a contemporary source[34].
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For uselater in this thesis,the r-pipe isotopy property is now de ned based
on thesefour criteria.

De nition 2.4.2: If thesetQ = fop; ai;:::;hg on a curve hasthe four proper-
ties listed alove, then Q will be said to havethe r-pip e isotopy prop erty.

ConsideringFigure 2.11, let ¢; be the segmen of ¢c betweenqg and g+, let
D; be the closeddisc of radius r normal to ¢ at g and let p; be the section of
the pipe surfacebetweenD; and D;.; . Then, the previously published proof [19]
constructs local ambient isotopiesfrom [g; g+1] to ¢; for ead i, sud that eadh
local isotopy hasa set of compactsupport boundedby

Di[ pi[ D

Eadh D; remains xed under the local isotopies, so the proof is then completed
by reliance upon the following \folk lemma" (even though this reliance was not
speci cally articulated). This lemmaprovidessu cient conditionssothat two dif-
ferert isotopiesde ned over intersectingsetsof compactsupport can be \pasted"”
together to yield a single ambient isotopy over the union of the setsof compact
supyport.

s pi RN

qi i+1
Dl I:)i+1

N (c) :

Fig. 2.11: A curve with its pipe surfaceand PL approximant.

This result from the literature reliesuponthe ideathat local isotopiescanbe
joined together to form an overall isotopy. This article [19] doesnot supply those
mathematical details, as they are particularly easyto follow within their proof.
Howewer, a more generalizedargumert is needed,later, in Chapter 4, to support
the main proof. Hence,that assaiated \Am bient Isotopic Pasting Lemma" is
preserted and proved in Chapter 4.
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2.5 Weierstrass appro ximation theorem

The WeierstrassApproximation Theoremis of fundamenal importance and prac-
ticality for computing applications that evaluate a broad variety of functions. It
proveshow any cortinuousreal-valued function on a compactinterval can be uni-
formly approximated by a sequencef polynomials. The resultspresented in Chap-
ter 5 on isotopic surfaceappraximations are similar in spirit and were partially
motivated by this fundamenal topological approximation theorem. Analogously
it will be shavn how compact orientable C? manifolds can be approximated by
a sequenceof piecewiselinear(PL) manifolds. For the special caseof spline sur-
faces, the vertices of the PL appraximants can be speci cally chosenwith the
intent of capturing additional shape characteristicsof the original manifold. The
WeierstrassApproximation Theoremis now given here, wherethe notation [a; b
represets a closedinterval in R, wheneer a< b

Theorem 2.5.1: Every real-valual continuous function f on [a; b] can be approx-
imated uniformly by polynomials.

Pro of: Pleaseconsult a standard topology reference suc as[35]. O

Note that the original function f is merely requiredto be cortinuous. No
other speci ¢ characteristicsare known, sud aswhetherit might be exponertial.
But, it then claimsthat a uniform approximation can be generatedthat is alsoa
cortinuous function. In an analogousspirit, we only idertify that we have a C?2
compactorientable manifold. It may be with or without boundary and we do not
know any speci ¢ information about its isotopy equivalenceclass. However, we are
still ableto deliver an approximating compactmanifold that is ambient isotopicto
the original. Usually, the approximant createdwill no longerbe C?, di ering from
how the WeierstrassApproximation Theorem presenescortinuity. Howeer, this
lossof surfacesmoothnessis not often an issuein computing applications. Indeed,
the interest often is primarily in generatinga piecewisdinear (PL) approximation
for usein graphics, simulations and engineeringanalysis software padkages[30].
Moreover, sincetwo surfacescan be isotopic while having very di erent shapes,
the appraximation of spline surfacesthat is createdin chapter 5 is basedupon
the cortrol points of those surfaces,since these cortrol points o er additional
information about the underlying shape.

3 Consider the unit sphereand the PL boundary of the unit cube.



Chapter 3

The Class of Unknots with Knotted Control Polygons

The following examplemotivatesthe needfor ambient isotopic subdivision.

Considerthe planar Beziercurve shown in Figure 3.1. The graphicsappear
to shav that this planar curve is non-self-irtersecting. Howewer, knowing that
graphics can obscuresomesubtleties (particularly since ead graphical imageis
only an approximation to somepixel level accuracy), it is important to conduct
a more rigorous analysisto concludethat any curve is truly non-self-irtersecting.
The graphicscan be suggestie and helpful, but rarely canthey be consideredto
be conclusive. That more detailed analysisis undertaken here and is preserted,
below.

Initial consideration of planar curvesis fundamenal to the methodology
preseed here to generatearbitrarily many examplesunknotted curves whose
cortrol polygonsare non-trivial knots. This methodologyreliesupon the following
two results. The rst islikely a “folk theorem' and the secondis a standard result.

Lemma 3.0.1 (Unknot Pro jection Test): If K is a knot suchthat somepla-
nar projection of K is non-self-interseting, then K is the unknot.

Pro of: Without lossof generalily, assumethat the projection is into the plane
in R® de ned by z = 0 and that the projection is denotedby . Since (K) is
non-self-inersecting, there does not exist z; 6 z, sud that (x;y;z;) 2 K and
(x;¥;2,) 2 K. Hence,K cannot have any over-crossingor under-crossingsn R3,
implying that K must be the unknot. o

Lemma 3.0.2 (Pro jection of Bezier Curv es): The parallel projection of a Bezier
curve is achievel by applying the sameprojection to its control points.

Pro of: See[11], speci cally the discussionon p. 236. O

Hence,thesetwo results can be applied to somenon-self-irtersecting Bezier
planar curvesto generateunkotted spacecurvesthat have knotted cortrol poly-
gons. The obvious idea is to considerthe planar Bezier curve as a projection
of some spacecurve. As long as the planar curve can be shovn to be non-
self-irtersecting, its pre-image under the projection cannot be knotted, due to

21
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Fig. 3.1: Non-self-irtersecting degreelO Bezier curve with self-intersecting con-
trol polygon.
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Lemma3.0.1. Without lossof generality, the ensuingexposition will be simpli ed
by assumingthat the plane of interest is the x-y plane, with an implied z value
of 0. Hence,if the co-ordinatesof the cortrol points of the planar curve are also
represeted as (x;y;z) orderedtriples, then it is clear that changesin only the
z-valueswould not changethe planar Beziercurve generatedby a projection onto
the x-y planeby Lemma3.0.2. Howe\er, it shouldalsobe clearthat this raisesthe
possibility to changethe z co-ordinatesto create a knotted cortrol polygon. An
examplefollows with the samedegreel0 Beziercurve showvn in Figure 3.1. This
high degreewas chosenmerely for numerical and graphical corvenience.Howe\er,
it is interesting to note that this construction will only generatethe descriked ex-
ampleswhen the degreeof the Beziercurve is at least 5, aswill be explainedin
more detail in the next chapter, due to a known result on “stick knots'.

The example depicted Figure 3.1 above has the following planar cortrol

points:
Po = (2:25,0)

P1 = (6;0)
P, = (6; 2:25)
Ps= (4, 2:25)
Ps= (4, 575)

Ps = (4:875 1:9375)
Ps = (5:75, 5:5)
P; = (0; 5:5)

Ps = (0;0)

Py = (1:3750)
P10 = (2:25,0)

By applying a z co-ordinate to particular cortrol points above, it is clear that
a knotted cortrol polygon can result. A specic example resulting in cortrol
polygonwhich is a gure-8 knot is shavn in Figure 3.2(a). The cortrol points for

this exampleare as follows:
Po = (2:25,0;0)

P1= (6,0;0)

P, = (6; 2:25,145)
P;= (4; 2:250)
Ps= (4, 575 45)
Ps = (4:875 1.93757.5)
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Ps = (5:75, 55, 5:.75)
P; = (0; 5:5;0)
Ps = (0;0;0)
Py = (1:3750;0)
P10 = (2:25,0;0)

The view in Figure 3.2(a) is looking down the z-axisat the x-y plane. In order to
visualizethe 3D cortrol points, a view of the curve after rotating it approximately
135degreesabout the y-axis is given in Figure 3.2(b).

Return now to the issueof the non-self-irtersection of the planar curve in
Figure 3.1. The high degreeof this curve makes a purely theoretical analysis
intractible. Hence,an analysisof this curve was madewith Matlab software, Ver-
sion 7.0.0. The symbolic equation solver was usedto perform the calculationsto
ensuretheir accuracy It took approximately 55 minutes of running time to arrive
at the conclusionthat there were no non-trivial self-inersections. The meaning
of "non-trivial' herecan be readily understood by discussionof the equationsthat
were usedfor the analysisin Matlab.

It is known that this planar curve is closed(sinceits initial and nal cortrol
points are idertical), so the analysisin Matlab was to solwe two equationsin
two unknowns. Namely, the curve is consideredas having a single independen
parameter. Thenits x andy co-ordinatescanbe usedto generatethe simultaneous
equationsfor analysisby considering

x(t) = x(s)

and
y(t) = y(s);

wheres is not equalto t and s;t 2 [0;1], and if t = O, then s 6 1. The 'trivial’
solution for self-intersectionis that t = s. No 'non-trivial' solutions were found
by this analysis.

Using the standard Bezier basisfunctions to expand the expressiondor x
and y resultsin polynomials of degreelO.

One messagdrom this examplewould be to lend somecaution to the typ-
ical graphicspractice of using somesubdivided cortrol polygon of a curve for its
display. The stopping criteria for theserecursiwe subdvision graphics algorithms
are usually basedupon the subdivision merely being within somenumerical dis-
tance bound of the orginal curve. For instance, the initial cortrol polygon here
represets the 0 th subdivision, and, if this 0 th subdivision satis ed merely a
distancebound from the original curve for graphicsdisplay, then this would be an
inappropriate renderingof the curve. Sincesubdivision is widely usedin graphics
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Fig. 3.2: (a) Non-self-irtersecting degreel0 Bezier curve with knotted cortrol
polygon (b) Samecurve rotated about the y-axis
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display, additional care must be takento ensurethat not only is any appraxima-
tion within somedistance of the original curve, but alsothat desiredtopological
propertiesshouldbe presened. The next chapter givesexplicit topologicalcriteria
to be met and provides theoremsand examplesfor doing so.



Chapter 4

Isotopic Curv e Subdivision

The new results presened here are dependert upon three results from the litera-
ture. First, a fundamenal result is that repeated subdivision permits arbitrarily
closeapproximation of a spline curve [30]. Second,a recen topological perspec-
tive is that any spline curve having no self-inersectionswill evertually have a
non-self-inersecting cortrol polygon under repeated subdivision [31]. Third, the
result presertied in [19] given in Section 2.4 constructed an ambient isotopic PL
appraximation to a spline curve, but did not usesubdivision.

The results preserted here provide advantagesover the approad taken in
the previously cited literature [19]. Namely, that earlier work will guarartee an
ambient isotopicappraximation, if the useris ableto judiciously chooseinterpolant
points for a PL approximation sud that ead of the approximating linear segmets
lies within the stipulated pipe surface. Hence,the user must pick a collection of
points and then test for geometricinclusion of ead of the generatedine segmets.
This couldtake many iterations, with no clearinformation about stopping criteria.
The approat deweloped here provides two advantages

the approximating line segmets are generatedby sub-division, so there
is no needfor the userto guessat appropriate points, where subdivision
algorithms are quite standard and stable, and

additional results can be integrated to give formal a priori stopping criteria
asto the number of iterations requiredto have the cortrol polygon t within
the stipulated pipe surface.

The secondtem, above, requiresfurther explanation, which is provided later
in Section-4.3. This chapter beginsby rst preseiing someeasyresults for the
purely planar caseof curvesin Section4.1. Theseare included primarily for the
sale of completenessbut the real emphasishereis upon spacecurves,asgivenin
Section4.2.

4.1 Subdivision of planar and open curv es

For isotopic planar subdivision, the knottednessof the curve is not considered
sincethe isotopy occursin R?. Similarly, for subdivision of an open curve in R3

27
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with degreelessthan v e, the knottednessof the curve is not consideredsince
an open curve doesnot descrite a knot (note: the degree< 5 constraint will be
describkedin Section4.2. Hence,only self-inersectionsneedto be consideredvhen
performing subdivision appraximation on either a planar curve (open or closed)
or an opencurve in R3. Furthermore, the degreeof the curve is not important for
the planar case,in cortrast to subdividing curvesin R3, aswill be shavn in the
next two sections.

Theorem 4.1.1: Let B be a non-self-interseting C? Bezier curve with regular
Bezier parametrization, whewre B is open or closa in the plane or B is open in
R3 with degee< 5. Let P be the control polygonde ned by the control points of
B. Then P is eventualy ambientisotopic to B under repeated sulaivision.

Pro of: Subdivide the curve until P is non-self-irtersecting [31]. Any two open
non-self-inersecting and non-planar curves are ambient isotopic. Also, any two
closed,non-self-inersecting, non-planar curvesare ambient isotopic. O

Note that this may provide an option for the graphics community to gen-
erally cortinue to usesubdvision to presene isotopy without too much concern.
Namely, many curvesare only displayed after planar projection. Hence,if a curve
is projected as non-self-iersectingonto a plane, then evertually subdivision will
yield a non-self-irtersectingcortrol polygon, which could then be usedfor display.

4.2 Subdivision in R® for degree less than 5

This sectiondiscussesubdivision for curveswith degreelessthan v e. Extending
the currert theory to curvesin R® with degreegreater than four remains under
study for the following reason.Given a corntrol polygonP of a curve B, note that
P [ [9;q+1] may have six or more segmets for degree 5, which could represen
a PL knot [5]. As an example, considerthe 5th degreeBezier curve shovn in
Figure 4.1(a). Note that P [ [g;q+1] is the trefoil knot by observingthe three
crossingsin Figure 4.1(a). Also note that ewen though the curve itself appears
to be self-inersectingin Figure 4.1(a), it is in fact a non-self-irtersecting Bezier
curve, as can be seenfrom a di erent viewpoint shavn in Figure 4.1(b). The
following argumert is a minor rephrasingof that given by C. Adams [5], which is
usedin the proof of theorem4.2.1.

Lemma 4.2.1: Any PL knot' with lessthan six segmentsmust be the unknot.

Pro of: For three segmets attached endto endthere are no crossingsasthis will
be a triangle. For four segmets there is at most one crossingin any projection,

L A PL knot is commonly called a stick knot.
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Fig. 4.1: (a) 5th degreeunknotted curve with knotted cortrol polygon. (b) Same
curve viewed from di erent angle.
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so sudh a knot is trivial. For v e segmets, a projection can be made of four
segmets while looking down the fth segmeh Sud a projection can have at
most one crossing,correspnding to the unknot. Sincea trefoil knot can be made
from six segmets, six is the minimum number of segmets required to make a
non-trivial knot. O

A remark was previously made in Chapter 2 about the technique usedto
create the ambient isotopy within the pipe surface[19]. Crucial to their result
was the property that eat D; cortained only the single common endpoint of
the consecutie segmets [G;qG+1] and [g+1;G+2]. The circumstancesare not
so simple when consideringcortrol polygons. For instance, considerFigure 4.2
which is certered about the origin. The plane normal to the curve at (0;0;0)
intersects v e points of the cortrol polygon, so no subsetof this plane can play
the previousrole of D;. The proof of the main curve appraximation theorembelov
(theorem 4.2.1) reliesupon an assumptionthat P; [ [g;G+1] iS the unknot.

normal plane (0,0,0)

Fig. 4.2: Normal plane doesnot give good setsof compact support.

Fortunately, a slightly more elaborate technical argumert yields the more
generalizedresult that is usedwithin the ensuingproof.

Lemma 4.2.2 (Am bient Isotopic Pasting Lemma): Forn O, let F be an
ambient isotopy de ned on R"  [0; 1] onto R" so that subsetsA and B of R"
are ambientisotopic under F. Similarly, let G be an ambientisotopy de ned on
R" [0;1] onto R" so that subsetsC and D of R" are ambient isotopic under
G. Furthermore, supmsethat F hascompact supprt CS(F) and G hascompact
supprt CS(G). If for each point x 2 CS(F)\ CS(G), it is true that F(x;t) =
G(x;t) = x, for all t 2 [0;1], then there exists an ambient isotopy of compact
supprt mappingA[ ContoB [ C.

Pro of: The function
H:R" [01]! R";
de ned by
8
< F(x;t); x2CS(F);

Hx;t)= . G(x;t); x2 CS(G);
X otherwise
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for t 2 [0;1] is an ambient isotopy with compact support CS(F) [ CS(G) sud
that A[ C is ambient isotopicto B[ D underH.

Now, it must be showvn that (a) H(x;t) is cortinuous 8t 2 [0; 1], and (b)
that H(x;t) is a homeomorphism8t 2 [0; 1] in order for H(x; t) to be an ambient
isotopy. For (a), H (x; t) is cortinuousasa direct application of the pastinglemma
in [1]. For (b), Let t2 [0; 1], and considerH (x; t) for eath x 2 R". If x 2 CS(F),
then H (x; t) is a homeomorphismby de nition of H, sinceH (x;t) = F(x;t). If
X 2 CS(G), then H (x; t) is a homeomorphism,sinceH (x; t) = G(x; t). Similarly,
if xZ2CS(F)[ CS(G), then H(x; t) isa homeomorphismsinceH (x;t) = x. O

There is a third technical considerationabout how to show that a stick
knot with 5 sticks yields the type of local ambient isotopy required to satisfy
Lemma4.2.2. Fortunately, this canreadily be done, asindicated in the following
lemma.

Lemma 4.2.3: Consider the unknot formed with 5 sticks. Then, 4 conseutive
sticks can be made ambient isotopic to the 5th stick by an isotopy where the end
points of the 5th stick remain xed.

Pro of: Label the verticesasvi; Vo; vs3; V4; V5. Assume,without lossof generality,
that the xed segmenis [vi; V], andthat the indicesare cyclic alongthe arclength
of the stick knot.

Then perturb v4 sothat it is collinear with vs and vs. This can be done by
a single push [36], resulting with a quadrilateral, wherethe vertex v, is no longer
important. By perturbing, vs, all four remaining verticies are can be guararteed
to be co-planar. It isthen easyto seethat 2 planar pusheswill producethe desired
isotopy with compactsupport that leavesv; andv, xed. O

With thesetechnical preliminariesin place,it is now possibleto state and
prove the principle isotopic appraximation result for Beziercurves.

Theorem 4.2.1: Let B be a non-self-interseting C? Bezier curve with regular
Bezier parametrization in R® whee B also has degree lessthan ve. Then there
exists a suldivision of B whosecontrol polygon is ambient isotopic to B. Fur-
thermore, there exists such a suldvision such that the control polygon of each
subsguent suldivision is also ambient isotopic to B. (Note that B may be open
or closel.)

Pro of: For the curve B, choosea radius r for a pipe surfaceof B asde ned in
Section2.4. Then, take su cien tly many subdivisions sud that

the control polygonis cortained in N, (B) (SeeSection2.4), and

the control polygon is non-self-inersecting [31] (SeeSection 2.3).
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Then, let Q = fop; &u;:::; hg be the subdivision points on B, noting that
Q meetsthe four criteria for a PL approximation to be isotopic to its curve given
in Section2.4. Let P; be the cortrol polygon for ead B;. Two key points must
be showvn to completethe proof:

1. that there exists an ambient isotopy betweenead P; and linear segmeh
connecting[qg; g+1] (SeeFigure 4.3(a)), and

2. that ead segmen of the curve can be ‘pasted' together to form a single
isotopy.

In order to shaw that there exists an ambient isotopy betweenead P; and
linear segmen connecting[g; g+1 ], the points g and g.; must remain xed. Then,
ead cortrol point betweeng and g, is continuously moved to the line segmen
[0;qg+1] along a linear path via a push [36] (SeeFigure 4.4), generlizingthe 2D
push de ned by Bing [36]to 3D. Thesedetails are expressechere, for the sake of
completenessn Lemma4.2.3,whereit is noted that the perturbations expressed
in Lemma4.2.3can be further constrainedto lie within the neighborhood about
the curve constructed having the pipe surfaceasits boundary.

By applying lemmas4.2.1and 4.2.3,as indicated, there will be an ambient
isotopy if the degreeof the curve is lessthan v e (i.e. lessthan six segmets).

It is now clearthat there existsan ambient isotopy between|[q; g1 ] and P,
implying that ead P; is alsoambient isotopicto B;. Sincetheseare all compact
setsand ead point g remains xed, the pasting lemma (SeeSection2.4) can be
appliedto form a singleambiert isotopy over all the setsof compactsupport. the
ambient isotopiescan be carried out on sets of compact support which can be
made arbitrarily closeto P; [ [g;g+1], asshovn in Figure 4.3(b). O

An algorithm for guararteeing isotopic curve subdivisions is provided in
Chapter 6.1.

As an example of a casewhere this technique would not work, consider
again the cortrol polygon P; of the degree v e curve in Figure 4.1(a), and note
that P; can not be cortinuously 'pushed' into [g; g+1] without producing a self-
intersection.

4.3 On the number of subdivisions

In practice, it would be desirableto know the minimum number of subdivisions
required for the cortrol polygon to lie inside the pipe surface, guararteeing an
ambient isotopic approximation. The following expressiontaken from work by
Jorg Peterset. al. [37] will provide the maximum distance betweena curve and
its cortrol polygon after m subdivisions.

x*"N 1 (d)jj 2bj1
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P;
B;
q; Qi+t
(@)
- - /\\ s> N
P i 2 Qi ’ ~_P i+1
e
I
I ]
! |
I I
1 |
l= ™ compact sets
q; 4iso

(b)

Fig. 4.3: (a) 4th degreecurve segmenh (b) Two 4th degreecurve segmets
'pasted' together



34

q; Qi+1

Fig. 4.4: The cortrol points are '‘pushed’ along the linear path denoted by the
dashedarrows.

where x is the subdivision parameter on the interval [0;x], 0 < x < 1, and
x = maxfx;1 xg. The term N; (d) is given by

d d
bécdge

Ny (d) = >

whered is the curve degree.The term jj ,bj; is given by
I 2bj1 = maXeq <d] 20]

where ;b isthe jth certered seconddi erence over the coe cients, j = 1;:::;d

1,
M=bh 1 2h+Bhn

In R, ah must be computedfor eat x, y, and z. Hence,
i 2B (% y;2) = maXoq «aj 2B (X;y;2)]

Note the by terms are the cortrol points, and maxe<j <aj 20 (X;y; z)j represets
a scalarvalue that is the maximum ,Q computedfor eah X, y, and z. Hence,
for a 3D cortrol polygon, the following scalar valuesmust be computed for j =
1:5d 1.

2 (x)

2b ()

2h (2)
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Then, jj 2bj1 (X;y;z) represets the maximum of the three scalar values ;h
computedfor x, y, and z.

For purposesof the resultsin this thesis,x = 1=2, sincethe subdivision under
considerationis performed uniformly. Then, by setting the expressionabove to
be lessthan the radius of the pipe surface,r,

X2mN1 (d)jj 2dj1 <

and solve for m to get the number of subdivisions requiredfor an ambient isotopic
approximation. For example,to compute the number of subdivisions for a cubic
spline,N; (d) = 1=3, and

3r

m=c¢ In= —
i 2bj1 (X y;2)

wherec is a constarnt given by c = 1=2In(1=2)).

4.4 Exp erimen tal examples

This section presens examplesverifying the correctnessof the computation for
m, the minimum number of subdivisions neededfor isotopic approximation, in
the last section. The rst exampleis performedon a simple cubic Bezier curve
shown in Figure 4.5(a) (Note: data for this curve is given in the Appendix). The
computation for m follows:

(X)) =k 2o+ b =00 2(10)+ 0:75= 125
(X)) =b 2o+ by= 1.0 2(0:75)+ 1.0= 05

2bi(y) = 120
2lp(y) = 4.0
2bu(z) = 0:0
2bx(z) = 0:0

Therefore,
i 2hj: (xy;2) = 120

c= 1=2In(1=2)) = 0:7213

The minimum radius of curvature r for the curve in Figure 4.5is 0.0212.
Hence,
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(@) (b)

pipe surface
pipe surface

A N

N

() (d)

Fig. 4.5: A cubic beziercurve (a) with no subdivisions (b) after 1st subdivision
(c) after 2nd subdivision, and (d) cortrol polygon of 3rd subdivision
ts inside pipe surface.
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_ 3r _ _ 3(0:0212)
m=c In i b y:2) ( 0:7213) In 120 38

A value of m = 3:8 can easilybe seenvisually by experimertation. Looking
againat Figure 4.5(a), it is clearthat the radius of the pipe surfacefor this curve
will be minimized by the minimum radius of curvature located at the top of this
curve, which equals0.0212. The rst subdivision is depicted in Figure 4.5(b)
with its newcortrol polygon.Figure4.5(c) and Figure 4.5(d) shav the secondand
third subdivisionsin a'zoomedin' view, alongwith a sectionof the pipe surface.
It is clear that the cortrol polygon of the secondsubdivision in Figure 4.5(c)
intersectsthe pipe surfaceat its boundary, whereasthe cortrol polygon of the
third subdivision in Figure 4.5(d) lies completely within the pipe surface. Hence,
the computation for m agreeswith the visual inspection.




Chapter 5

Isotopic Surface Appro ximation

It is well known that a crude PL appraximation of a curve may resultin adi erent
knot type, with a speci c examplesalready shovn and cited in Chapter 2. There,
a crude appraximation of a smooth unknot, denotedhereasK 4, resultedin a PL
knot with 4 crossings.Similar pathologiescan occur whenappraximating surfaces.
For example,considera pipe surface[33], denoted S, createdalong K; with the
radius of S chosensothat S would be non-self-inersecting[19]. Then it shouldbe
clearthat anill-advised approximation of S could result in a changeof embedding
within R3. Recernly published constrairts [38,39]establishwhen appraximations
of 2-manifolds presene the original isotopy class. The proofs of these theorems
establisha tubular neighborhood in which the approximation is guararteedto be
isotopic to the original surface. For ead manifold, its tubular neighborhood is
explored as a constraint within which the isotopy classof dynamically changing
moleculescan be presened.

Splineshave proven to be valuable as generalgeometricrepresetations for
many computing applications. A spline surfaceis de ned in terms of a nite set
of cortrol points, which neednot necessarilyflie on the surface.

A spline surface is de ned [11] over the parameterss;t 2 [0; 1] as

XX
i=0 j=0
where N; is de ned as a step function over a non-decreasingsequenceof real
numbers uo; : ::; u;, known asthe knots of the spline® as
Npo(uy = = I Ui U< Ui (5.1)

O0; otherwise
and

L A spline curve is de ned similarly, except there is only one independernt parameter, one
indexing variable and a single summation.

2 This usageis standard for splinesand should not be confusedwith the de nition of a knot
as a closed curve embedded in R®. The contexts are usually su cien tly dierent to prevert
confusionover this sharedterminology.

38
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Ui+k+1 U

u U;
Nik (u) = ﬁNi;k i(u) +
|

+k [ Ui+ k+1 Ui Nisaje a(U): (52)
The points P;; areknown asthe control points and the N;x areknown asthe basis
functions.

It is a standard and widely usedresult on splinesthat the spline equations
can be modi ed to have an increasednumber of cortrol points with this process
producing sets of cortrol points that cornvergeto the original curve or surface
under the Hausdor metric [30,37],and this re nement processis known as sub-
division [11]. If m is the cardinality of the initial setof cortrol points, then eat
subdivision doublesthe number of cortrol points. Hence,after, n subdivisions,
the number of cortrol points is m 2". All spline surfacesconsideredhere will
be assumedto be cortinuous imagesof [0; 1], so these spline surfaceswill be
compact.

Oneadvantage of splinesis that the cortrol points are often usedasinput to
highly e cien t algorithms that have desirablenumerical properties. One indica-
tion asto how the cortrol points provide shape information is that, for any spline,
the corvex hull of the cortrol points will cortain the splinecurve or surface[30,11].
Hence,the investigationsreported here are directed towards discovering if the set
of cortrol points could be usedto form an ambient isotopic appraximation of a
spline surface. There hasonly beenpartial succes$ere becausejn general,only
a subsetof the cortrol points are usedin constructing the PL ambient isootopic
appraximation.

One result from the literature usedthroughout this Chapter gives speci c
numeric limits on how far the verticesof a compacttriangulated 2-manifold canbe
perturbed while preservingambient isotopy betweenthe original and perturbed
surfaces[8,9]. This earlier work relied upon the expensive computation of all
distancesbetweendisjoint vertices, edgesand faces.

There are three recen results about approximations of curvesthat alsomo-
tivated this prese work. The rst result [19] constructedan ambient isotopic PL
approximation to a spline curve, but did not speci cally usethe cortrol points,
possibly resulting in isotopic approximations having very di erent shape charac-
teristics from the original curve. Their proof relied upon using pipe surfaceg33]
for the construction of tubular neighborhoods (SeeChapter 2).

A recen paper [31] shaved presenation of an important topological prop-
erty between any non-self-inersecting Bezier curve and an approximating PL
curve formed on its cortrol points, as generatedafter nitely many subdivisions.
TheseBeziercurvesform a subclassof the spline curves. It was shavn that after
su cien tly many subdivisions, all further subdvisionscorinueto yield thesenon-
self-inersecting PL appraximants over the cortrol points, where all the cortrol
points were usedin forming the appraximant. This then shaws that the curves
are homeomorphic,but not necessarilyisotopic. This result relied upon the use
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of another aspect of spline curves, known asthe hodograph [11], for which there
is no known generalizationfor surfaces.

In Chapter 4 it was shavn that a PL curve can be created on the cortrol
points that is ambient isotopic to the original curve, but this proof relied upon
the ability to discernwhether a closedPL curve was unknotted. The recognition
of the unknot is a problem of considerablecortinuing theoretical interest [40{42],
wherethe dewelopmert of practical algorithms hasremainedelusive.

5.1 Isotopy of a surface by control points

While the results preserttied herefor surfacesare similar in spirit to thosecited in
Chapter 4 for curves,there are critical di erences betweencurvesand surfacesto
emphasize.For any set of points on an oriented curve there is a natural ordering
of the points de ned by choosing an initial point and a faithful indexing of the
remaining points by the orderin which they are encourered relative to increasing
arclength alongthe curve. If onetakesthe cortrol points of a curve in order, then
they form a polyline, or another curve. However, samplepoints of a surfacehave
no obvious order. Furthermore, if one takesthe cortrol points of a surfaceand
connectsthem by line segmets (where the vertices are lexigraphically ordered
relative to their spline subscripts) one has only a net of cortrol points, not a
surface. So, any notion of isotopy betweena surfaceand its cortrol points must
explicate what surface (typically a PL one) is being represeted by the cortrol
points. Speci cally for spline curves, the technical tool of the hodograph was
used[31], but there is no obvious generalizationof hodographsto surfaces.

Hence, the techniques employed here will dier from those provided for
curves. Note, howewer, the fact that the cortrol net of a surfaceis not itself
a surface, permits the avoidance of dependencyupon isotopy classrecognition
techniques,that arosein approximating a curve.

Lemma 5.1.1: Let F be a spline surface and let T(F) be any triangulation of F
that is ambient isotopic to F. Then there existsan ambientisotopic PL approx-
imation of F, whete all the points of this PL approximation are control points of
somesukdivision of F.

Pro of: For T(F), there existsa constart (T(F)) > 0 sud that any perturba-
tion of the verticesof T(F) that is strictly lessthan (T(F))=2is ambient isotopic
to T(F), wherethe ambient isotopy has compactsupport [8]. For the n-th sub-
division of F, let D,, denoteits set of cortrol points. Choosesome > 0 with

< (T(F))=2. Then by the convergenceof subdivision [30,11]there exists some
n 0 sud that for ead point of T(F) thereis a point of D, within of T(F).
Note that this reliesupon the fact that eat vertex of T(F) is alsoa point of F.
Choosea subsetD,, sud that jT(F)j = jD,j and suc that ead point of T(F) has
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a unique nearestpoint in D, (If there are ties for nearestpoints, then theseties
canbe broken by arbitrarily choosingany oneof thesenearestneighborsin D, for
any particular point of T(F).) Then createa triangulation with the points of D,
by perturbing ead point of T(F) to its nearestneighbor in D, while maintain-
ing all the sameconnectivity relations that existedwithin T(F). Call this newly
perturbed triangulated surfaceT(D,). The sets T(F) and T(D,) are ambient
isotopic [8]. Sinceambient isotopy is an equivalencerelation, T(D,) is ambient
isotopicto F. O

This is an \existence" proof dependen upon the a priori existenceof a
triangulation isotopic to F. Howewer, previous work [18] allows the creation of
sud atriangulation T(F), asdiscussedelon. While there are many resultsabout
triangulations of manifolds,the speci ¢ onequotedin the proof is of computational
interest becauseit has both a practical algorithm and implemerted software to
produce an ambient isotopic PL approximation, under the additional hypothesis
that F is orientable.

Theorem 5.1.1: For any compact C?, orientable manifold F without boundary,
a su ciently denseset of samplepoints can be chosento produce a triangulation
of F that is ambientisotopic to F.

Pro of: This result has previously appearedin the literature [18]. O

The previously published result [18] relies on the Power Crust with a sam-

pling criterion for F basedupon local and adaptive boundson the distance of F
from its medial axis M A(F). The primary advantage of the reliance upon the
medial axis is that the sampling criterion is adaptive, meaningthat local choices
result in a smaller sampling set than if a more restrictive global criterion were
used. Howeer, this dependenceupon M A(F) remains problematic for any re-
sponsiwe algorithm becausehe inherert di culties of computing the medial axis
has beenexpressedn the literature [43{46]. In order to avoid these medial axis
algorithmic di culties, the work [39] establishesa global positive value for a
tubular neighborhood about F. An advantage of using this value of is that

can be computed from splineswithout ewver computing any appraximation of
M A(F), while the disadwantage of any global sampling criterion is that it will
usually require more samplepoints than an adaptive criterion.
Note: The above proof can be specializedto spline curves,to show that thereis
an ambient isotopy betweena curve formed from a subsetof the cortrol points of
somesubdivision and the original curve, without any relianceupon the hodograph.
This application to spline curvesis more generalthan a previously quoted curve
result [31]on Beziercurves,but this generalizationis gainedat the costof possibly
now only using a subsetof the cortrol points obtained under subdivision.
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5.2 Manifolds with Boundary

The previous argumerts [18] were restricted to manifolds without boundary. To
considermanifoldswith boundary, theory from emergingwork [47,48]will be used.
The argumerts are similar in spirit to those given for the proof of Lemma5.1.1,
but there is more technical subtlety required, both becauseof the existenceof the
boundary and becausehe known PL appraximation which is ambient isotopic to
F is no longera triangulation of F.

A summary of those emergingresults [47,48]is now provided, which will
be important to the proof given below. Thoseworks showv that for any compact
orientable C? manifold, M, with boundary, there existsan enbedding, h from M
into a tubular neighborhood of M. The boundary of this tubular neighborhood
is also showvn to always be within Hausdor distance from M, where is a
positive constant determined from geometricproperties of M. Then, it is shovn
that for any 2 (0; ), there exists an ambient isotopic approximation N of M,
sud that for eady p 2 M, there existsq 2 N, with d(p;g) < and N is a
subsetof a triangulated manifold, T, enbeddedin R3. If G is the ambient isotopy
G:R® [0;1]! R®sudthat G(M;1) = N, then the imageof ead point x of M
is speci cally given by the “nearestpoint mapping’, :M ! T, which is de ned
as follows. For x 2 M, denote the normal of x by ny, chosenso that all ny's
are consistenly oriented on M. Then (x) is given asthe point in ny\ T that
hasthe smallestdistanceto x. This work notesthat N' neednot be PL, because
the boundary of N' neednot be PL. Howeer, it doesshow that there exists an
ambient isotopic PL appraximation N of N that can be madearbitrarily closeto
N.

In addition to the notation of the previous paragraph, the following will
be invoked within the proof of the next theorem. For any set A, let jAj denote
the cardinality of A; for any function f betweentwo setsX and Y and for any
y2Y,letf (y)=fx2 X :f(x) = yg; for any two points x;y 2 R, let
d(x; y) denotethe usual Euclideandistance;for any compactsubsetsA; B RS,
let dy (A; B) denotethe Hausdor distancebetweensetsA and B; forany r > 0
and any point x 2 R3, let B, (x) denotethe open ball of radius r about x; for any
2 points x;y 2 R3, let [x; y] denotethe correspnding 1-simplex;for any 3 points
X;y;z 2 R3, let [x;y; z] denotethe corresmnding 2-simplex.

Theorem 5.2.1: For any C?, spline surface F with boundary, there exists an
ambientisotopic PL approximation of F, whete all the points of this PL approxi-
mation are control points of somesukdivision of F.

Pro of: For the spline surfaceF, let N beits PL ambient isotopic appraximation
sudh that d(N;F) < < ,where and areasde ned, above. Let the vertices
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any perturbation of the points of N by lessthan (N)=2 resultsin an ambient
isotopic PL approximation [8] of N. Then, for the ensuingcomparisons,choose
> 0Osudhthat < minf ; (N)=2g.

B( ®)\B( (m)=:; 861
and there exists somem > 0 sud that the m-th subdivision of F has a set of
cortrol points D,, sothat 8i, 9g with

G2Dm\ B ( (m)
sud that
dipi; (q)) < =2
where is de ned asa function on the g's in the following manner:

for eat ¢, determineits unique nearestpoint ¢ on F, wherethe existence
and uniguenessof § is assured[47,48], becauseq is in the open tubular
neighborhood of radius about F,

eah g then lies on the normal nq and (qg) is then taken as the point
of ng \ N that hasthe smallestdistanceto g, where the intersection is
guararteedto be non-empty becauseof the de nition of N.

Then, by the Triangle Inequality, it is clear that

dip; () d(piig) + d(p; (@) < 2(=2)= :
Howewer, was chosenso that perturbing the verticesp; of N into the (g)'s
results in a new PL manifold, denotedas T sud that N and T are ambiernt
isotopic (and the isotopy hascompactsupport) [8]. Howewer, sinceN wasalready
ambient isotopicto F (with a compactset of support), it followsthat F and T
are ambient isotopic over a set of compact support.
Considernow, the 2-complexC formed over the g's by de ning a 1-simplex

distinct, if and only if [pi; p;; pc] is @ 2-simplexof N. Then C is ambient isotopic
to T , ascan be seenfrom the de nition of

Hence,C and F are ambient isotopic, where C is a PL manifold formed
from somecortrol points of a subdivision of F. O

Remark : While cortrol points are usedto dewelop the triangulation, it is clearly
possiblethat only a subsetof thosefrom a particular subdivision will be used. So,
while this may provide more shape similarity than just by using points sampled
from the surface,the trade-o s herewarrant further experimertal investigation.
The details of the number of subdivisions neededalso remain as a subject for
further study.



Chapter 6

Algorithms

6.1 Isotopic curv e subdivision algorithm

As a direct result of the Theorem 4.2.1, an experimertal implemenation has
been made to demonstrate ambient isotopic curve approximations by repeated
subdivision. The pseudaode for the primary algorithm follows here.

Isotopic Curv e Subdivision Algorithm

Input: B asde ned in Theorem4.2.1.
1. Computer for B, asde ned previousls[19].
2. Subdivide B until its cortrol polygonisin N, (B).
Output: The nal cortrol polygon{ which is ambient
isotopic to the original spline.

6.2 Star algorithm

Simplicial 1-complexesgonsideredas PL embeddingsin R3, are usedin CAGD to
de ne meshesand in CAMD to represeh molecules.For simulations, it is desir-
able to modify the position of individual vertices, while preservingthe topology
of the complex. Large modelsmay have in excesf ten thousandvertices,soper-
formanceconsiderationsare crucial in designingsimulation software, particularly
versusglobal constraints previously presered [8,20]. Hence,a new approad is
proposedthat o ers more e cient su cient conditions. This approad perturbs
only a single vertex inside a local bounding box, and then performs a ched to
guarartee an ambient isotopy via that bounding box.

An algorithm for locally perturbing the vertices of a 1-complex,while pre-
servingthe topology, is given here followed by a brief description.

44
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Star Algorithm

Input: v2 K

1. Compute Star (v); (SeeFigure 6.1(a))
2. Movev to v by apush][36];
3. Compute Star (v ); (SeeFigure 6.1(b)
4. Compute B = BoundingBox(Star (v) [ Star (v ));
5. 1f B\ (K Star(v)) = ;

return true ;

else
return false;

The input to the star algorithm is the position of a single vertex, v, in the
ertire 1-complex,K . The collection of edgesconnectedto v is called Star (v), and
Star (v ) is the collection of edgesconnectedto v , the new position of v. The
essetial characteristic of a pushis that v canonly be perturbed strictly lessthan
minfd(vi;v;); d(vi; [vj; w])g, 8vi;vj; v 2 Star(v) sud that v;;vc 6 v, Vv, 6 v,
and v; Z [v;;v]. The bounding box, B, of Star(v) [ Star(v ), is a rectilinear
parallelepiped with verticesde ned by the minimum valuesof x, y, and z and the
maximum valuesof x, y, and z taken from the vertices of all the edgesgiven in
Star (v)[ Star(v ). Now, if any edgesof K not in Star (v) arecortained in B, then
further testing must be performedto ensurethat there are no intersecting edges
of B. Otherwise,the movemen from v to v is permissible,asthe perturbations
are merely linear mappings.

(@) (b)

Fig. 6.1: (a) Star(v) (b) Star(v*)
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6.3 Applications

The Isotopic Curve Subdivision Algorithm can be integrated with any available
e ectiv e subdivision codeto yield subdivisionsthat are ambient isotopicto curves
satisfying the hypothesesof Theorem 4.2.1. This can then be usedfor graphics
and engineeringapproximations, where delit y to topologicalform is crucial.

The Star Algorithm only directly dealswith 1-complexes.An experimertal
path, though, is to usethis asa rst approximation in simulations with geomet-
ric objects formed from spline curves or surfaces. This appearsto be especially
promising with respect to simulations on high performancecomputing (HPC),
and this algorithm has beenfundamenal in initiating a collaboration with IBM
for their HPC architecture of Blue Gene. The additional theory cortained here
provides someopportunities for moving beyond thesel-complexesnto complexes
formed with curvesand surfaces.Howewer, the executionand reporting of those
experimerts is beyond the scope of the current dissertation and will be reported
in the future.



Chapter 7

Conclusion

The main theoretical results of this dissertation are

demonstrationthat there is a large classof unknotted curveswith knotted
cortrol polygons(Chapter 3),

the theory proving that iterative subdivision of non-self-irtersecting Bezier
curvesof lessthan degree5 will produce ambiert isotopic cortrol polygons,
with a speci ¢ a priori bound on the number of iterations required (Chapter
4),

the theory for ambient approximation of spline surfacesby using a subsetof
the control points generatedunder repeated subdivision (Chapter 5), and

pseudaode for practical algorithms and applications (Chapter 6).

In summary, theseare viewed ase ectiv e cortributions to the growing body
of knowledge on incorporation of topological considerationsinto geometric ap-
proximation algorithms. There remain someinteresting opportunities to explore,
particulary with respect to

approximation of Bezier curvesof degreehigher than 5 (Chapter 4),
approximation of surfaces(Chapter 5), and

applicationsto scieri ¢ visualization for HPC (Chapter 6).

a7
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