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Abstract

This paper provides computationally tractable conditions to determine whether
a composite spline curve or patch self-intersects, according to a definition that
includes the important limiting cases of cusps, singularities, and tangential in-
tersections of adjacent components. These results follow upon our exposition of
necessary and sufficient conditions to preclude such self-intersections. The paper
includes a numerical example illustrating the results, and discusses an important
application, namely, guaranteeing that a finite curvilinear simplicial complex in
R3, made up of properly-joined parametric patches, will retain its original topo-
logical form when its control points are perturbed.

1 Introduction

In this paper we give conditions permitting avoidance of self-intersections of com-
posite spline curves and patches [1]. We also give limits on the size of control-point
perturbations so that the perturbed curve or patch has no self-intersection. The
results are formulated in terms of theorems for curves or patches having only one
or two components. These theorems may be applied simultaneously to all parts
of the curve or patch, and therefore apply directly to curves or patches composed
of an arbitrary number of components. It is assumed that if a curve has two
components, then they share only a single common endpoint, and if a patch has
two components, they intersect in a single corner point or along a single common
boundary curve. Further, the components are assumed to be polynomial Bézier
curves or triangular polynomial Bézier patches, although we will also indicate

where results generalize to the rational case.
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The main motivation for the results is found in the case of patches, in the
context of representing the boundary of a solid object. Suppose that we are
given a collection of properly-joined? single-component patches corresponding
to the curvilinear boundary of a homogeneously three-dimensional solid object
[3]. If the data defining the object (i.e., the control points defining the patches)
are manipulated using finite-precision arithmetic, then we may ask whether the
perturbed data defines an approximate* well-formed three-dimensional object:
this is (part of) the robustness problem [4, Ch.4]. Some ad hoc approaches to this
problem place error zones around the original boundary faces, where the width
of the error zone is on the order of the error in finite-precision arithmetic. While
this is a useful heuristic, it does not permit proof of rigorous theorems, due to the
possibility of extraneous intersections between neighboring faces (see Figure 1).
Ideally, we would like to prove that the perturbed data defines the well-formed
boundary of a nearby three-dimensional object. The results of this paper permit
proof of such theorems, at least in simple cases, and therefore provide a first
step towards a completely rigorous robustness theory. For example, suppose that
a solid, defined by properly-joined patches forming its boundary, undergoes a
rigid motion, i.e., the control points for all patches are transformed by a rotation
and a translation. Using standard facts about floating-point arithmetic [5], it is
easy to bound the perturbations of the control points relative to an exact rigid
motion. Since these perturbations will usually be very small, the results given
here permit us in this case to ensure that there are no self-intersections introduced

in any composite patch forming part of the boundary, and thus to conclude® that

3Properly-joined means that a single patch does not self-intersect, and two disjoint patches
either coincide along a common boundary curve or in a common vertex [2, p. 202].

4As measured by the Hausdorff metric, for example.
5Tt is also necessary, in order to reach this conclusion, to use standard convex-hull results

to check for intersection, after perturbation, of disjoint single-component patches. It is also
possible to bound the Hausdorff distance between the boundaries of the approximate and exact
versions of the object, and to show that they have the same topological form according to the

criterion of [6, Part III].
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Figure 1: Cross-section of two neighboring faces

the computed result defines the properly-joined boundary of a three-dimensional
solid object.

Similar comments apply to the modification, in other contexts, of the control
points defining boundary patches. For example, in a system permitting interac-
tive editing of curvilinear solids, the results provided here could be used to signal
control-point changes that might lead to a self-intersecting boundary.

The results of this paper are more generally applicable in computer-aided
geometric design, graphics and animation. Sufficient conditions for avoiding self-
intersections are used in the construction of algorithms for patch-patch inter-
section for Boolean operations [7], and such conditions may also be applicable
in other applications, such as rendering algorithms, to guarantee the so-called
“single-sheet” property for texturing algorithms. More generally, as observed in
[8], “...omne of the basic problems in a [boundary-representation| system is the

”

unexpected generation of self-intersecting solids...”, and the property of non-



self-intersection forms part of the STEP standard [9]. Also, the problem of iden-
tifying the range of perturbations, for which the topological form of a geometric
object remains invariant, is of crucial importance in morphing for animation [10].
Furthermore, avoiding self-intersection is implicit in certain work [11] on the topo-
logically reliable approximation of composite Bézier curves. Finally, avoidance of
cusps and singularities is often important [12, 13, 14]; the conditions we give for
preventing intersections preclude cusps and singularities as a special case.

Previous work on the problem of patch intersection has included conditions
guaranteeing non-self-intersection of single-component patches and curves. While
the method of [15], for curves, can be rigorously justified by theorem, [16] presents
heuristic (but apparently effective) methods for patches. We note that difference
quotients similar to those introduced below are classical [17], and have been used
computationally to avoid points of self-intersection [18].

We now outline the organization of the paper. Section 2 deals with detecting
self-intersections of curves, and Section 3 provides analogous results for patches.
Most of the proofs are omitted, but they are given in [6]. The results of Section
3 can be used to guarantee that solid objects defined by perturbed data have
retained their original topological form. This was mentioned above in relation to
the robustness problem, but, as summarized in [19], maintenance of topological
form is of interest in many applied fields, including tolerancing and metrology,
solid modeling, engineering design, and computer graphics. In Section 4 we refor-
mulate the previous results in terms of the maximum control-point perturbations
that can be tolerated without risk of self-intersections. Section 4 also gives an
example related to self-intersection of composite patches, and describes an im-

plementation. Section 5 is the Conclusion.



2 Self-intersection of Bézier curves

2.1 Self-intersection of single-component curves

Let Q = {Ro,R1,...,R,} denote a sequence of vectors in R3, which is the
control polygon for an m-degree, parametric polynomial Bézier curve [1]. We

introduce the operator C(t) operating on the sequence Q and defined as follows:
CH{Ri}izo = (1 = t)Eo + tE1){Ri}img = {(1 - ) Ri + tRi11}]5 -

Here E4 denotes the forward-shift operator, and Ej the identity operator. Now,
the n-degree Bézier curve having control polygon @ is given by
n
R(t) =C"(t)Q = (1 —t)Eo +1E1)"Q = lz (n) (1- t)"‘itiEi] Q, te[0,1],
. i
=0
where E; = E!; consequently

R(t) = an (”) (1-t)"'£'R;. (1)

]

Self-intersection of a Bézier curve can be expressed in terms of a certain Bézier
patch, and we therefore introduce the notation for a triangular Bézier patch here.
Let @ = {Rijk}ijk>0;i+j+k=n denote a set of control-polygon vectors. The

operators Fig9, Fo10, Foo1 are shift operators in the i-, j- and k-directions:

Er00{ Rijk }ijk>0; itjth=n = {Bit1,jk}ijk>0; itjth=n—1,

with Fy19 and Eyy; defined analogously. Introducing the operator C(r,s,t) =
rE100 + sFo10 + tEgo1 we may represent the patch by C™(r, s,t)Q or
R(r,s,t) = . Z Z‘!;Lﬁrisjthijk.
i+j+k=n

Here, 7, s,t denote barycentric coordinates with r,s,# > 0 and r+ s+t = 1. Also,
this and similar summations are over non-negative values of the index variables.

Now, consider two points on the Bézier curve given by (1), denoted by R(1—s)
and R(t) with 0 <¢ < 1—s <1, and form the difference quotient

_1R(1—s)— R(#)

S(s,t) = — e (2)




Then, by the Remainder Theorem, S(s,t) is a vector-valued polynomial, well-
defined for 1 —s =t by S(1—t,t) = %R(t), where the dot denotes differentiation
with respect to ¢. Thus, S(s,t) is defined over the triangle

T ={(s,t) : s+t <1, s,¢ >0} (3)

We will say that R(t) is self-intersecting if for some tg,¢; € [0, 1], with tg < ¢;
we have R(ty) = R(ty), or if for some ¢ € [0,1] we have R(t) = 0. Points
where R(t) = 0 are called critical points; they are limiting cases of genuinely

self-intersecting curves, and are included among the self-intersecting curves. Let
d =min {[S(s,2)| : (s,¢) € T}, (4)
where | - | denotes the Euclidean norm on R3. Then, we have:

Criterion 2.1 A necessary and sufficient condition that the Bézier curve R(t)

is not self-intersecting is that d > 0.

It is clear that S(s,?) is an (n — 1)-degree, triangular Bézier patch over the
parameter triangle 7 given by (3), and in order to apply Criterion 2.1, i.e., to
determine whether S(s,?) takes the value 0, it is useful to know the vectors of

its control polygon. Note that
R(1—s)—R(t) =[C"(1—s) - C"(1)]Q (5)

and that C™(1 — s) — C™(t) = [X02, C™ (1 — s)C*(t)][C(1 — s) — C(t)]. Since
C(l—-s)—C(t)=(1—-s—1t)(E, — Ep), we have

S(s,t) = —[C" (1= 8) + C"*(1 = 5)C(t) +... + C" "' (t)lq (6)

1
n
where we have introduced the sequence g = {ri}?;(} of differences r; = R; 11— R;,
i.e., ¢ = (F1 — Ey)Q. Thus, d = d(q) depends on q.

The following lemma, which motivated the introduction of the factor 1 in (2),

will be useful later. Here, conv(q) denotes the convex hull of q.



Lemma 2.1 For the function S(s,t) we have range(S) C conv(q).

Proof. For 0 <t <1, C(t) = (1 —t)Ey + tE; forms convex combinations of
the vectors in the sequence on which it operates. It follows from (6) that for all
(s,t) € T, S(s,t) is a convex combination of the vectors {r;}"-;' = q. O

Now, using barycentric coordinates, we have

S(s,t) = - rf Cr i+ 10 (1) | q ™)
™ lizo
where C(r +1t) = rE1 + (sEy + tE1) and C(t) = rEy + (sEp + tE;). The control

polygon for the surface patch S(s,t) can now be obtained from
-3 (S (A t)C’Z(t)] q=

n =0
>

i+j+k=n—1

(n—1)!
k]

|
rzsatkH_lEk[Eo +E1+...+ Ejq. (8)

The proof [6, Part I] of this equality is a straightforward algebraic verification
using the multinomial theorem. We conclude from (7) and (8) that the control-

polygon vector associated with the indices (4, 7, k) is (see Figure 2):

1 L
Rz'jk:m[rk+rk+1+...+rk+i], ’L+j+k:’l’l—1

Criterion 2.1 gives a necessary and sufficient condition for self-intersection of
a Bézier curve. However, in order to apply it, we must compute the parameter
d = d(q). This is not simple [20], and it is worthwhile to give less-sharp criteria

that are easier to use. Let
d* = d*(q) = dist(0, conv(q)). (9)

and, given a unit vector n,
d”* =d"*(n,q) =min{r -n: r € g}. (10)

By Lemma 2.1 it follows that we have the following simpler criterion.
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Figure 2: Control polygon for n = 5.

Criterion 2.1* A sufficient condition for non-self-intersection of the Bézier
curve R(t) is that d*(q) > 0, or, equivalently, that there ezists a unit vector
n such that d**(n,q) > 0.

Remark. Criterion 2.1* generalizes to the case of rational Bézier curves, by
viewing such a curve as a central projection of a polynomial Bézier curve in R*.

The proof may be based on the Variation-Diminishing Principle.

2.2 Self-intersection of two-component curves

Let RO (u) = Y1 (Mui(1 — w)"*RY and R'(v) = 5_, (1)vF(1 —v)" "R} be
Bézier curves with control polygons Q° = {R{}" , and Q' = {R;}?_,, and
assume that

R°(0) = R'(0) = R} = R}.
We seek conditions which will guarantee that there are no other common points,

i.e., that R%(u) # R (v) if uw € (0,1] or v € (0,1], and that the curves are




non-tangential and non-critical at the initial points, i.e., that
R°(0) x R'(0) # 0 or R°(0) - RL(0) < 0. (11)

We therefore consider R(u,v) = R(v) — R%(u), i.e.,

n n

R(u,v) = kz::() k!(nniik)!vk(l —v)" *R} — ; ﬁui(l —u)" 'Ry, (12)
There are two cases: an extraneous intersection could occur a) with v < u, or
b) with u < v. We will study the restriction of R to the subtriangles T, = {(u,v) :
0<v<u<l}and T, = {(u,v) :0<u<v<1} of its domain.

For T, we introduce barycentric coordinates (r,s,t) defined by r = 1 — u,
s=u—vandt=wv. Thus,r+s+t=1, (r,s,t) = p = (1,0,0) corresponds to the
point (0,0) € Ty, (r,s,t) = o =(0,1,0) to (1,0) € Ty, and (r,s,t) = 7 = (0,0,1)
to (1,1) € T,. As shown in [6, Part I], the restriction to 7, is then given by

' Z i!;?ﬁrisjthijk, (13)

where the control polygon {R;jx}itj+k=n is given by
ik =Ri— Ry, =Ry —Rj ;. (14)
For the restriction of R to T}, we have (13) withr =1—wv, s =v —u, t =u and
R),=-R)+ R, ;=—-R)+Rj,,. (15)

Again considering the restriction to the triangle Ty, we write P = (r,s,t),
using the barycentric coordinates introduced above; (13) may now be written as
R(P). Let Py = (71, 51,%1) be a point in T,, and let Py = (1,0,0) (see Figure 3).
Since condition (11) fails to be satisfied if R(P) has some directional derivative at
the point Py equal to 0, the composite curve has a self-intersection if R(P1) =0
for some P # Py, or if this directional derivative at Py is equal to 0. A similar

conclusion is valid for the restriction of R to the triangle Tj.



a1

Figure 3: Triangle T,

In direct analogy to the previous subsection, we can define a function that is

equal to 0 if and only if the two components of a composite curve intersect:

Su(Po, P1) = - 1 [R(P1) - R(Po)) =
% nz_lC"_l_k(rl,sl,tl)C’k(l,0,0)
k=0
(1—a1)C(-1,1,0) + 1 C(—1,0,1)]Q, (16)

where a1 = t1/(1 — 1) and Q, = {Rfj; }i+j+k=n, as defined in (14).
The function S, has domain {P; € T, : P1 # Pg}. If we keep oy fixed then
11i—I>nP0 Sa(Po, P1) = C"1(Py)[(1 — 1)C(~1,1,0) + 1 C(=1,0,1)]Q,, (17)
a function of ay. We now replace the variable Py = (rq, $1,t1) by (aq,71), and
introduce Sq(a1,71), given by (16) if Py # Py and by (17) if P, = Py. The case

S,(a1,1) = 0 corresponds to the case when R(u,v) has a directional derivative

at (u,v) = (0,0) equal to 0, i.e., when (11) fails to be satisfied.

10



The factor ﬁ in S, is not arbitrary: this choice permits our assertions
about the singular case, and it is crucial to the later perturbation theory, which
uses Lemma 2.2 below. The factor % is also not arbitrary: it is used in the proof
of Lemma 2.2, just as the corresponding factor was used in Lemma 2.1.

Similarly, we define the corresponding functions S} and S, when we restrict
to the triangle Tp; in this case, S is given by (16) with @, replaced by @, where
Q, = {R?jk}i+j+k:n, defined in ( 15). (Note that Q, U Q, is just the set of

differences R,lCl — Rgo for all combinations of ky and k;.) Let
do = d4(Q",Q") = min{|Sa(en,m)|: 0< o1 < 1,0 <7y <1},
with a corresponding definition for dp, and
d=d(Q",Q") = min{d,,dy}. (18)

Criterion 2.2 A necessary and sufficient condition, for non-intersection of the

components R°(u) and R'(v) of a composite Bézier curve, is that d(Q°, Q') > 0.

Calculation of the differences in (16) gives C(—1,1,0)Q, = {—r?+k}i+j+k:n_1,
C(=1,0,1)Q, = {rg — r§ s }ti+j+h=n-1, and C(=1,1,0)Qy = {rj_ ;}isjsh=n—1,
C(—l,O, 1)Qb = {7"}_|_k - 7’2}i+]‘+k:n_1. Deﬁning

we have, in analogy with Lemma 2.1, the following lemma.
Lemma 2.2 For the functions S, and Sy we have

range(8S,) C conv(q,)
range(Sy) C conv(qy)

11



More tractable but less sharp criteria are obtained by excluding R} — RY.
We have R!(v) — R%(u) = C™(r,s,1)Q,;, for (u,v) € T}, i = a or b. Let Q' =
{R;1 Yo<icn and Qf = {RY;; }o<icn, and

d3(Q°, Q") = dist(0, conv(Qy))
d;(Q°, Q") = dist(0, conv(Q}))
d* = d*(Q° Q") = min{d;(Q°,Q"),4;(Q°,Q")}.

Also, given unit vectors n, and ny, define

d¥* (ng, QO,QI) =min{z-n,:z € Q.,},
d:*(ny, Q%, Q') = min{z - ny : ¢ € Q}},
n = (ng,ny),

d** = d*(n,Q°, Q') = min{d:*, d;*}.

Criterion 2.2* A sufficient condition precluding intersection of two components
of a composite Bézier curve is that d*(QO,Ql) > 0, or, equivalently, that there

ezist unit vectors ng, and ny such that d**(n, Q% Q') > 0.

Proof. If (u,v) € Ty, (u,v) # (0,0) then R'(v) — R%(u) = C"(r,s,t)Q, with
(r,s,t) # (1,0,0). This implies that C™(r,s,t)Q, is a convex combination of
vectors from @, not consisting only of R} — RS = 0. Then, 0 ¢ conv(Q',) implies
that C"(r,s,1)Q, # 0, i.e., that R'(v) — R%(u) # 0 if (u,v) € Ty, (u,v) # (0,0).
Similarly, R (v)—R%(u) # 0 if (u,v) € T}, (u,v) # (0,0). It remains to show that
R!'(v) and R°(u) do not have parallel and identically directed tangent vectors at
the initial point, and that they are non-critical there. Assume the contrary. Since
d* > 0 we must have R — R} # 0 and R} — R # 0 and without loss of generality
Rl — R} = a(R?— R)) with & > 1. Then, from the definition (14), R}—R? € Q,
and R} —RY € Q,. However R1 — R} = R} +a(R)—RJ)—R? = (1-a)(R}—R)).
Since R} — R} € Q, and (1 — a)(R{ — RY) € Q, with 1 — a < 0 it follows that

0 € conv(Q),) which is a contradiction. O

12



3 Self-intersection of Bézier patches

In this section we present analogous results for patches. The proofs [6, Part II]

are similar to those for curves.

3.1 Self-intersection of single triangular Bézier patches

Let Q@ = {Ryjx}i jk>0;i+j+k=n be the control polygon of an n-degree triangular
Bézier patch, C(r,s,t) = rEigo + sEp10 + tEpo1, and U the triangle {P =rp +
so+tr:r+s+t=1, rs,t > 0}, where p,o and 7T are vectors in general

position. The triangular Bézier patch is then

R(r,s,t) = 4 Z

defined on U. Also, R(r,s,t) = C™(r,s,t)Q = C"(P)Q where

c"(r,s,t) = C"(P) = . Z_ i!;!!lc!risjtkEijk
i+j+k=n

with Eyjy, = Eloo B0 B

In analogy to Section 2, we say that the patch is self-intersecting if R(Pg) =
R(P,) for two distinct points Py and P1 in U or if some directional derivative
of R(P) at a point Py equals 0, and we derive a function that is 0 if and only if
the patch is self-intersecting.

Assume that Py # P; and R(Py) = R(P1), and let L be the line passing
through Py and P;. Then, there is a parallel line L' passing through

a. the corner point p and intersecting the opposite edge o7; or,
b. the corner point o and intersecting the opposite edge 7p; or,
c. the corner point 7 and intersecting the opposite edge po.

Similarly, the directional derivative along some line L through Py might be equal

to the null vector. In this event, we have the same possibilities for L'.

13



Consider Case a, with Py # P;. The function S, is defined by

So(Po,Py) =12 ﬁ [R(P1) — R(Py)]

( (19)
= L [ZR5) iR (Py)CE(P)] [(1 - @)C(—1,1,0) + aC(—1,0,1)]Q,

where o = (t1 — t9)/(ro — m1). This function has domain
{(Po,P1) €U XU : Py # Py, Py and P; positioned as in case a}.

Note that the parameter « in (19) depends only on the direction of P — Py. If we
think of « as a fixed parameter, then S,(Pg, P1) is an (n — 1)-degree polynomial
in the two 2-D variables P; and Py. As in Section 2, the factors % and ﬁ
in (19) are not arbitrary, but play a crucial role in the proofs.

Now, if we keep « fixed and let P; — Py in (19), then

i =t —a)C(— aC(—
PllflPOSa(Po,Pﬂ—C (Po)[(1 —)C(-1,1,0) + aC(-1,0,1)]Q,  (20)

which depends on Py and «. We now replace Py and P; by the variables
(oo, 70,0, 71), where ag = t9/(1 —ry) if 79 # 1 (e is arbitrary if ryp = 1), and
introduce S’a(ao,ro,a,rl) given by (19) if Py # Py, i.e., if ro > r1, and by (20)

if Py = Py, i.e., if rg = r1. The domain of S, is
Dy = {(ag,r0,0,7m1) : 0< ag,a < 1,0< 7 <rg <1} C R*.

Similarly, we may define functions Sj, S., Sy and S, for Cases b and c.
Expressions for these functions are obtained from those for S, and S, by cyclic
permutation of the variables (r, s,t) and of the variables in the operator C(-,-,-).

Clearly, if Py # P with Py and P; positioned as in Case a, then R(P,) =
R(P)) if and only if 84(Pg, P1) = S.(ao,70,,71) = 0 (where 7y > ). On the
other hand, R(P) is singular at Py, with « defining the singular direction, if and
only if S’a(ao,ro,a, ro) = 0 (here r1 = ry).

Let

q, = (C(-1,1,0)Q) U (C(-1,0,1)Q)
q, = (C(0,-1,1)Q) U (C(1,-1,0)Q)
q. = (C(1,0,-1)Q) U (C(0,1,-1)Q)
q= (9499,



and

do = da(qa) = min{‘ga(aoarﬂaaa"‘l” : (aO,TOaaarl) € Da}7
with corresponding definitions for d, and d.. Also, let
d=d(q,,q;,9.) = d(q) = min{d,,dy, d.}. (21)
We now have the following criterion for non-self-intersection.

Criterion 3.1 A necessary and sufficient condition, that the Bézier patch R(P)

has no self-intersection, is that d > 0.
In parallel to Section 2, we now formulate more tractable criteria.

Lemma 3.1 For the functions S'a, S'b and S’c we have

range(S;) C conv{q;}, i=a,b,c. (22)

We define
di(q;) = dist(0,conv(;)) i = a,b,c

&* = d*(q) = min{d, df, d'}.
Also, letting n = (n4, np, 1), define d3*, di*, di* and d** by
di* =d*(n;,q;) = min{r-n; : r € q;}, i=a,b,c,
4 = " (n,q) = min{dy", di’, d').

Then, by Lemma 3.1 and Criterion 3.1, we have the following criterion.

Criterion 3.1* A sufficient condition for non-self-intersection of the Bézier
patch R(P) is that d*(q) > 0, or, equivalently, that there exist unit vectors ng,
ny and n. such that d**(n,q) > 0.

Remark. Similarly to Criterion 2.1*, Criterion 3.1* generalizes to rational Bézier

patches, by considering the properties of central projections in R*.

15



3.2 Self-intersection of two-component patches

We again begin with necessary and sufficient conditions. The two cases, that the
component patches coincide along a common boundary curve or in a common
vertex, are treated separately.

First, note that when we say that two patches coincide along a boundary
curve, we mean that the corresponding points of their control polygons coincide,
so that the boundary curves are to be identical as mappings from a parameter in-
terval. Two patches coinciding along a common boundary curve (or, respectively,

at a common vertex), forming a composite patch, have a self-intersection

1. if they have a common point outside the common boundary curve (outside

the common vertex); or

2. if for some point P on the common boundary curve (or for the common
vertex), the adjacent patches are tangential. (This is the limiting case of
the first condition, where there is a genuine self-intersection.)

3.2.1 Two-component patches with common boundary curve

Suppose given two n-degree Bézier patches R%(Py) = Y +itk=n #!!k!résgtlgR%k
! i -

and R'(P1) = Ditjtk=n %Tis{tlfRzljka with Q° = {R?jk}i-l-j-i-k:n and Q' =

{R}jk }itj+k=n as control polygons. Assume that the patches coincide along the

curve defined by rg =r; =0, i.e.,
jok = R(l)jka Jj+k=n. (23)

Now suppose that we have an intersection corresponding to Case 1, above, so

that for either ro > 0 or ;1 > 0 we have
C™(Po)Q° = C"(P1)Q".
In analogy with Section 2, we investigate R(Pg, P1) = R'(P1) — R°(Py);

this is an n-degree polynomial mapping from I x I into R3. We now decompose

16



U x U into subsimplices in the following way:
To = {(Po,P1) €U XU :0 <719 <71,0 <to <ty,7m1 + 4 < 1}

Ty = {(Po,P1) €U xU :0< 51 < 50,0 <ty < tgy 0 +10 < 1}
Te={(Po,P1)eUxU:0<rg <7r1,0< 50 < 81,7 + 51 < 1}

The sets Ty, T, and Ty are defined from Ty, T and T, respectively, by inter-
changing the indices 0 and 1 on the variables r, s and ¢. We note that each of the
sets Ty, ..., Ty is defined by five independent linear inequalities and is therefore a
4-D simplex (with five barycentric coordinates). Further, T, ..., T} have disjoint

interiors and their union is & x Y. In Figure 4 we have indicated the regions

'Qﬁ‘

Figure 4: Positions corresponding to Ty, ..., Ty

defining the range of positions for Py when (Po, P1) is in each of T, ..., Ty.
Now, the restriction of the mapping R(Py, P1) to T, is a 4-D, n-degree,

Bézier mapping with a control polygon that we denote by
Q.= {jolclm}i-l—j-f-k-f-l—f—m:m
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so that

R(v,w,z,y,z) = N Z Z,!j!]?ﬁviwjxkylzm Fikim
i+j+k+l+m=n
where v, w, z,y, z are barycentric coordinates for Ty, with v, w,z,y,z > 0 and
vtwtz+ytz=Lv=rg,w=ri—rg,z=tgy =t1—tgpand z = 1—r1 —t; = s1.
(The complexity here is illusory: it will be seen in Subsection 4.4 that the d* and
d** criteria, derived below, are very easily implemented.) The control polygons

Qs - - -, Q for the other subsimplices are defined similarly. Then [6, Part I1]

a _ 1 0
iikim = Ritjmik+i — B jrivm ko
b _ pl 0
Riiim = Ritivmik — Boitjktis (24)
c _ pl 0 .
ijklm — Ri+j,k+l,m - Ri,k,j—H—l—m?
and R? R® and R’ may be obtained from R®, R’ and R° respectively by

exchanging indices 0 and 1, and the sign, in the expressions in (24). Thus,

d _ 1 0
Rijiim = By jrivmpe — Bivjmkti
e _ 1 0
ijkim = B i gk — Biiimr (25)

f _ pl 0
Rt = Rigjrivm — Biyjriime

From conditions (23)-(25), we also conclude that for all indices
bokom = Riokom = Riokoo = Rioroo = Rokom = RéOkOm =0. (26)

A point (Pg, P1) = P in one of the subsimplices T, ..., Ty will be expressed

in terms of the barycentric coordinates (v, w, z,y, z) introduced above. For Ty,
R(P07 Pl) = Cn(va w,x,Y, Z)Qa'

It can then be shown [6, Part II] that

1 1
S.(Po,P1)==|——— | R(Py, P1) =
o(Po, P1) n[r1+(t1—t0)] (Po. 1)

1 n—1
— lz Ccn 1k, w, z,y, 2)C*(0,0,2,0,1 — x)]
n k=0

[vC(1,0,0,0,-1) +wC(0,1,0,0,—-1) +3C(0,0,0,1,-1)] Q,, (27)
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where v =v/(v+w+y), w=w/(v+w+y),and §=y/(v+w+y).
Similarly, for Ty, with r1 > 0, v = s1, w = sg — 81, £ = t1, y = to — t1, 2 = 7g,

and W =w/(w+y+2),g=y/(w+y+2),zZ==z/(w+y+z), we obtain

1
Sb(P07P1) = ’n—’f'lR(PO,Pl) =

n—1
> O (v, w, 3y, 2)C* (1 - 2,0, 2,0,0)
k=0
[EC(_L 15 Oa Oa O) + gC(—l, Oa Oa 1a 0) + EC(_L Oa Oa Oa 1)] Qb' (28)

1
n

Then, expressions for S., S4, S, and §; corresponding to T, Ty, T and Ty are
obtained from S, and Sj by permutation of variables and indices.

In analogy with previous results, we define

q, = (0(1’010501 _I)Qa) U (C(Oa 1,070, _I)Qa) U (C(O’ana 1) _I)Qa)a
q, = (C(_la ]-aOaOaO)Qb) U (C(_]-’ana 170)Qb) U (C(_]-’OaOaOa 1)Qb)

Similarly, we may find expressions for q., g4, g, and q; corresponding to the

functions S, S4, Sc and S;. Let q = (qa,qb,qc,qd,qe,qf) and
d; = dz(qz) = inf{|SZ-(P0,P1)\ g > 0,71 >0, (Po,Pl) € TZ}, i=ua,b,c d,e,f,
d=d(q) = i d;(q.). 2
(@)=,  min  di(g;) (29)
Criterion 3.2.1 A necessary and sufficient condition for non-intersection of the

component patches R°(Py) and R'(P1) outside their common boundary curve is

that d(q) > 0.
We also get the following lemma, which is used later.

Lemma 3.2.1 For the functions S;, i = a,b,c,d,e and f, we have

range(S;) C conv(q;)-
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To establish simpler criteria we consider the reduced control polygons
Q:/:{RzyjklmeQu:k+m<n}a l/:a,C,d,f, (30)

Q:/:{R;'jjklmEQu:i+k<n}a V:baea (31)
and define
d; = d;(Q°,Q") = dist(0,cow(Q))),
d* =d*(Q°, Q") = min{d’ : v = a,b,c,d, e, f}. (32)
Also, for given unit vectors n, we define, for v = a,b,c,d, ¢, f,
ds*(n,,Q% Q") =min{z -n,:xzcQ},
n = (na;nbanwndaneanf) (33)
a" = " (n, Q" Q") = min{d;", dj", 4", d", dF", "}
Criterion 3.2.1* A sufficient condition precluding intersection of component

patches outside their common boundary curve is that d*(Q°, Q') > 0, or, equiv-

alently, that there exist unit vectors n, ...,ny such that d*(n,Q° Q") > 0.

3.2.2 Two-component patches with a common vertex

Assume given two n-degree patches with control polygons Q° = {R?jk}i+j+k:n

and Q! = {Rzljk}iﬂ-%:n which intersect in the vertex defined by r =1, i.e.,
Ryo0 = Rugo- (34)

Suppose that we have an intersection, so that R'(P1) = C"(P1)Q' = R%(Py) =
C™(Py)Q° with 7y < 1 or r; < 1, corresponding to Case 1 (mentioned at the be-
ginning of this section). We now decompose U xU as before into the subsimplices
To, Ty, ..., Ts. By (24), (25) and (34) we get

a _ pb _ pc _ pd _ pe _ nf —
RnOOOO - ROOOOn - RnOOOO - RnOOOO - ROOOOn - RnOOOO =0.

First we consider R(Py, P1) = C™(v,w, z,vy, 2)Q,, where R(Py, P1) = R (P1)—
R°(Py). By (34) we have C"(1,0,0,0,0)Q, = 0. Therefore we conclude that

R(POaPI) = [Cn(UaW,I,yaZ) - Cn(l,0,0,0,0)]Qa-
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Introducingw = w/(w+z+y+2), T =z/(w+z+y+2),y=y/(w+z+y+2),
zZ = z/(w + x + y + z), we have, with a development analogous to that for

components sharing a common curve:

1

S.(Py,P)) = —— R(Py, P,) =

(Po, P1) (il —10) (Po, P1)
1 n—l
=13 v R, w,,y,2)C*(1,0,0,0,0)
" lk=o

[wC(-1,1,0,0,0) + zC(-1,0,1,0,0) + yC(-1,0,0,1,0) +
zC(—1,0,0,0,1)]Q,. (35)

Similarly we define the functions

Si(Po, P1) = mR(Po,Pﬂ (36)

on T;, 1 =b,c,d,e, f. We define q, and g, respectively, by

C(_la 1a Oa Oa O)Qa U C(_la 07 15 07 O)Qa U C(_la 07 Oa 17 O)Qa U C(_la Oa Oa Oa 1)Qa
C(]-a 07 07 07 _1)Qb U C(O’ 15 Oa Oa _1)Qb U C(O’ Oa 15 Oa _1)Qb U C(Oa Oa Oa ]-a _1)Qb

with similar notation for q., g4, g, and g;. Also, for i = a,b,c,d,e, f, define

d; = dz(qz) = inf{|Sz’(P0,P1)| trp<lorr <1, (P(),Pl) S Tz}, (37)

d= d(q) = mini:a,b,c,d,e,f dz(qz)

Criterion 3.2.2 A necessary and sufficient condition for non-intersection of the
component patches R°(Pgy) and R'(P1) outside their common vertez is that

d(q) > 0.
Lemma 3.2.2 For the functions S;, i = a,b,c,d, e, f, range(S;) C conv(g;).
We again define reduced control polygons
Q= {Rikm €Q, i <n}, v=a,cd,f,

Q;/:{R;jjklmEQV:m<n}a ]j:b’e_
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We also take
dlt = dU(QO, Ql) = diSt(O’ CO’I’L’U(QL)),
d*=d"(Q% Q") = min{d} : v = a,b,c,d, e, f},

and, for a given unit vector n,, v = a,b,c,d, e, f,

d5*(n,,Q°, Q") =min{z - n, : z € Q) }
n = (Ng, Np, e, Ng, Me, T )

4 = d**(n, QO, Ql) — min{dz*,d** *k 2*’ :*,d;*}

b »Ye

Criterion 3.2.2 * A sufficient condition precluding intersection of component
patches outside their common vertez is that d*(Q°, Q') > 0, or, equivalently,

that there exist ng,...,ns such that d**(n, Q% QY >o.

4 Perturbation analyses

As observed in Section 1, one of the main motivations for the results of this
paper is to ensure preservation of the well-formed nature of objects defined in
terms of Bézier curves or patches. Given that there are no self-intersections of
composite curves or patches, the criteria in Sections 2 and 3 can be transformed,
by means of the triangle inequality, into perturbation results, i.e., we can give
the maximum control-point perturbations that can be tolerated without risk of
introducing self-intersections.

The theorem numbers in this section are determined by the corresponding

criterion. We give a proof only for the first theorem; the others are similar [6].

4.1 Avoiding self-intersections when perturbing curves

Let an n-degree Bézier curve R(t), as in (1), be given. Assume that R is non-self-
intersecting, i.e., that d(q), given by (4), is positive. If we perturb Q, replacing
it by Q +6Q = {R; + 6R;}]_,, then we may ask whether the perturbed curve
remains non-self-intersecting. Let g + dq = {r; + d7;}"_; be the corresponding

perturbed sequence of forward differences, and |g| = max{|r;| : r; € g}.
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Theorem 2.1 If d(q) > 0 and |6q| < d(q) then the perturbed curve remains

non-self-intersecting.

Theorem 2.1* Ifd*(q) > 0 and if |0q| < d*(q), then the perturbed curve remains
non-self-intersecting. Also, if there ezists n such that d**(n,q) > 0, and if

d*(n,dq)+d**(n,q) > 0, then the perturbed curve remains non-self-intersecting.

Proof of Theorem 2.1. Let 6S(s,t) be defined by (6) with g replaced by dq.
By definition we have |S(s,t)| > d(q) > 0. Further, by Lemma 2.1, which applies
also to dq and 45, range(dS) C conv(dq), which implies that |6S(s,t)| < |dq]|.
Now, by the triangle inequality,

S(s,t) +88(s,t)| = |S(s,1)| = |85 (s, )| = d(q) — |dg| > 0,

i.e., d(q + 6(]) 2> d(q) - |6q| >0,

and, by Criterion 2.1, the proof is complete. O
Remark. Simililary to Criterion 2.1*, Theorem 2.1* generalizes to the case of
rational Bézier curves.

We assume now that two n-degree Bézier curves with control polygons Q°
and Q' are given and that they are non-intersecting outside their common point,
i.e., that d(Q°, Q') defined in (18) is positive. We perturb Q° and Q' by 6Q°

and 8Q* respectively, retaining the condition of a common initial point.

Theorem 2.2 If |dq;| < d;(Q°, Q") for i = a and b, then the perturbed compo-

nent curves remain non-intersecting outside the initial point.

Theorem 2.2* If d:(Q° Q') > 0 and |6Q}| < d:(Q°, Q') for i = a and b,
then the perturbed component curves remain non-intersecting outside the initial
point. Also, if ng, and ny are unit vectors such that d;‘*(ni,QO,Ql) > 0 and

d*(n;,6Q°,6Q") + di*(n;, Q% Q") > 0 for i = a and b, then the same is true.
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4.2 Avoiding self-intersections when perturbing patches

We now state, for patches, theorems analogous to those in Subsection 4.1.
Assume that an n-degree triangular Bézier patch is given, with control poly-

gon @, and that it is non-self-intersecting, i.e., that d(q) is positive. For a

perturbed patch with control polygon @ + dQ we have the following results con-

cerning the preservation of non-self-intersection.

Theorem 3.1 If d(q) > 0 and if |dq,| < du(q,), |0qs| < dv(@p), |0g.| < dc(q.),

then the perturbed patch remains non-self-intersecting.

Theorem 3.1* Ifd*(q) > 0 and if |0q,| < d}(q,), |10g,| < d;(qp), |0g.| < d(q.),
then the perturbed patch remains non-self-intersecting. Further, if d**(n,q) > 0
and if d**(na, 6q,)+d** (N4, q,) > 0, d** (np, 6q,)+d™ (ny, qp) > 0, d** (nc, 6q.)+

d*(n.,q.) > 0, then the perturbed patch remains non-self-intersecting.

Remark. Similary to Theorem 2.1*, Theorem 3.1* generalizes to the case of
rational Bézier surfaces.

Now, assume that two n-degree patches with control polygons Q° and Q' are
given as in Subsection 3.2, without any extraneous intersection. Here, Theorem
3.2 corresponds to both Criterion 3.2.1 and Criterion 3.2.2, and Theorem 3.2* to
both Criterion 3.2.1* and Criterion 3.2.2%*.

Theorem 3.2 If |dq;| < di(q;) fori=a,b,c,d,e, f, then the component patches

remain non-intersecting outside their common boundary curve or vertez.

Theorem 3.2* If d*(Q°, Q') > 0 for v = a,b,c,d,e, f and |6Q"| < d%(Q°, Q')
then the component patches remain non-intersecting outside their common bound-
ary curve or vertex. Further, if n, are unit vectors such that d**(n,, Q% Q') > 0
and if also d¥*(n,,6Q°, Q") + di*(n,,Q%, Q) >0, v =a,b,c,d,e, f, then the

same is true.
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4.3 Preservation of the topological form of solids

As mentioned in the Introduction, it is of interest in many areas (including solid
modeling) to give conditions under which a finite curvilinear simplicial complex,
made up of properly-joined parametric patches defined in terms of control points,
will retain its original topological form when the control points are perturbed.
These applications are described in more detail in [19].

Sufficient conditions are given in [6, Part III] to guarantee that topological
form is preserved, where this is interpreted to mean that there is a homeomor-
phism, defined on the whole ambient space R3, mapping the object onto the
perturbed object. It is shown in [6, Part III] that the main conditions to be
satisfied are that the original object should be continuously perturbed in a way
that introduces no self-intersection of one- or two-component composite patches,
and no intersections of disjoint patches. Thus, the perturbation theory above can
be applied directly, along with classical results ensuring that disjoint patches do

not intersect after perturbation, to guarantee preservation of topological form.

4.4 Numerical example

We present an example illustrating Criterion 3.2.1%, a sufficient condition pre-
cluding self-intersection of a two-component patch, and the corresponding Per-
turbation Theorem (Theorem 3.2*). The two components coincide along the
boundary curve r = 0. We have written a computer program® implementing the
necessary calculations, as well as a program corresponding to Criterion 3.2.2*
(self-intersections of composite patches formed by patches coinciding at the cor-
ner point r = 1).

The two degree-3 patches used here have been chosen to provide a transparent
example. We define p = (1,0,0), o = (0,1,0) and = = (0,0,0), so that the
parametric domain is the triangle {(r,s) :0<s<1—r <1}, witht=1—r—s.

The control vectors Rg,j,?,_i_j for 0 < j <3 —1¢ <3, are shown in Figure 5. The

6 Available by anonymous ftp at ftp.iro.umontreal.ca, directory pub/vision /softs/stewart.
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control vectors Rll,j,;;_i_

J

. are identical, except in the z-component, which is .5 for

1 =1,.75 for s = 2, and 1 for 1 = 3. The two patches coincide along the segment

{(0,4,0) : 0 <y <3} in R3.
y A
Rl i)
Royzp= @ e
(0,3,0) 0<7<3-1<3
Rypyr= @ R ]
0,2,0 120 = _

(0,2,0) (1,2, 25) ////122u)__(2,1,25)
R012 = . R . . R201 = (2,0, .25)
0,1,0)] R = _

(0,1,0) (1.1,.25) /////12300 = (3,0,0)
Ryzs= @ L @ @ >
(0,0,0) Rz = z
(1,0,.25)

Figure 5: Control vectors for Patch 0

As is easily verified, each of the arrays Qp, Qp, Q. Qy, Q¢, and Q' defined

by (30) and (31) contains exactly 31 vectors. Thus, the vectors in each array can

be stored as a linear sequence of 31 vectors and their values calculated inside four

nested for-loops with indices

0
0
0
0

INIA IA DA

i
J
!

m

INIAN IA A

3

3—i
3—i—j
3—i—j—1.

Using (24) we find for example that all 31 vectors in Q! are in the orthant
{(z,y,2) : x > 0,y <0,z > 0}, and that d = dist(0,conv(Q))) = 0.2425. Note

that it is not necessary to compute an explicit representation of conv(Q!) to
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calculate the distance from 0 € R? to the convex hull.
The results are similar for the other arrays Qp, Q¢, Qy, Q., and Q%. The

e’

minimal distances in each case are
dy =d; =0.243, d; =0.25, d;=0.237, d; =0.223, d} >~ ().218

and consequently d* = 0.218. It follows by Criterion 3.2.1* that the composite
patch defined by Q° = {R?jk} and Q' = {Rzljk} has no self-intersection. Fur-
thermore, by Theorem 3.2*, the vectors in, say, Q" \ {Roj3-; : j =0,1,2,3}
can be perturbed by 0.218 without risk of a self-intersection. This shows that
for this example, the bound provided by Theorem 3.2* is quite sharp. For exam-
ple, the edges corresponding to s = 0, of the two patches, are Bézier curves
with parameter r € [0,1] having tangent R}y, — Rjps and R}y, — RJys re-
spectively at r = 0. Consequently, if the perturbation (0,0, —0.25) is added
to Riy, there is a self-intersection (a tangential intersection at r = 0), since
Rig; +(0,0,—0.25) — Rigy, = RYy, — Rogs-

The computations necessary for the application of Criterion 3.2.2* are similar:

in this case, each of the sets Q;, Qj, - - ., Q' contains 34 vectors.

5 Conclusion

We have given conditions precluding self-intersection of composite Bézier curves
and composite Bézier patches. In each case we first gave necessary and sufficient
conditions, followed by more tractable sufficient conditions. These were followed
in turn by a perturbation analysis. These non-intersection results included, as
a special case, detection of cusps, singularities, and tangential intersections. We
also described how these results can be used to guarantee that the topological
form of a curvilinear simplicial complex will be preserved under perturbation of

its defining data, and finally, we presented a numerical example.
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