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Abstract

Given a nonsingularcompact2-manifold F' without boundarywe presentmethodsfor
establishinga family of surfaceswhich canapproximateF' so that eachapproximantis
ambientisotopicto F'. The methodspresentedhereoffer broadtheoreticalguidancefor a
rich classof ambientisotopicapproximationsfor applicationsan graphicsanimationand
surfacereconstructionThey arealsousedto establishsufficient conditionsfor anintenal
solidto beambienisotopicto thesolidit is approximatingFurthermorethenormalsof the
approximantare comparedo the normalsof the original surface,astheseapproximating
normalsplay prominentrolesin mary graphicsalgorithms.

The methodsare basedon global theoreticalconsiderationsand are comparedto ex-
isting local methods Practicalimplicationsof thesemethodsare also presentedFor the
globalcasea differentialsurfaceanalysisis performedto find a positve numberp sothat
the offsets F,,(+p) of F' at distancestp are nonsingularin doing so, a normaltubular
neighborhoodF (p), of F is constructedThen,eachapproximantof F' liesinside F(p).
Comparisondetweertheseglobalandlocal constraintsaregiven.
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1 Intr oduction and Moti vation

The problemof approximationof surfacesis of fundamentaimportanceboth in
theoreticalaswell asin appliedmathematicsin particular in computeraidedge-
ometric design(CAGD) it plays a crucial role in the discretizationof the data
for meshingapplications.Theseapplicationsgeneratejn general,piecavise lin-
ear (PL) approximationsof the actualsurface.In orderfor theseapproximations
to be of practical,aswell asof theoreticalvalue,it is oftendesirableto be within
a userspecifiedtolerance.Simultaneouslyit is often desirableto have topologi-
cal equivalencevia an ambientisotopy betweenthe approximantandthe original
surface.

In this paperwe proposeglobal methodsfor creatinga family of approximating
surfacesto a givennon-singularcompactsurface F', while ensuringthat eachap-
proximantis ambientisotopicto the original surface F'. This, for example,is use-
ful in graphicsand animation,wherelower surface approximantsare often used
for performanceeasonsbut the visual imperatvesdemandpreseration of topo-
logical form. Therecanalsobe applicationsto surfacereconstructionasexisting

reconstructiormethodsonly provide for piecavise linear approximationswhile

the proposedmethodis suitablefor higherorderapproximationsOur primarytool

is creatingthe offset of a surface.This is motivatedby the recentwork of Wall-

ner, Sakkaliset al, [30] in which someof the geometricand algebraicproperties
of offsetsare explored. An offsetsurfaceis usedin the constructionof a normal
tubular neighborhooaf a manifold. Offsetsurfacesalsohave diversepotentialap-

plicationsin geometricmodeling,suchasin the definition of tolerancezones the

generatiorof tool pathsfor numericalcontrolmachiningetc.A secondapplication
is to interval solids,wheresufficient conditionsaregivenfor aninterval solid to be

ambientisotopicto thesolid thatit is beingapproximated.

Thepaperis organizedasfollows: In Section2 we summarizeelatedwork. In Sec-
tion 3 we presentssomefundamentatiefinitionsandbasicresultsfrom differential
topology and offset surfaces.The methodspresentedare basedupon constrain-
ing the approximantto lie within a boundedoffset of the surface,as determined
by considerationgrom differentialtopology To do so, a focal pointis definedin
Section3.1, and an intuitive explanationof this definition is given. Section3.2
providesthe constraintghat are usedto definea nonsingularffset surlaceanda
tubular neighborhoodastoolsin theapproximatiorprocessin particular we give
conditionson p sothatthe offset(s)F,(+p) of F' arenonsingularSectior4 givesa
formal definitionof ambientisotopy andcontainghe maintheoremgiving criteria
for a family of approximatingsurfacesto be ambientisotopicto a singlesurface.
This sectionconcludeswith a discussionof how theseresultscan be appliedto
improve the stateof the art for surfacereconstructionSection5 expandsthe topic
to solids, by consideratiorof a surfaceboundinga finite volume. The particular



focusis uponinterval solids.In Section6 a comparisorbetweenour methodsand
previously publishedtechniquess presentedThe error boundson approximating
normalsfor the PL caseis presentedn Section7. Closing remarksare givenin
Section8.

2 RelatedWork

Classicabspect®f topology[31] areemegingasvaluabletoolsin solid modeling.
As approximationis unavoidablein solid modeling,the questionof whetheran
approximations “good enough”to presere the essentiafeaturesof the objectis
of centralimportancePrevious publicationsby thesetwo authorshave invokedthe
concepbf ambientisotopy, atopologicalnotionof equivalencefor admissibilityof
approximationgo curves[21] andsurfaceq7].

The notion of ‘computationaltopology’ [6] hasbeenproposedprimarily asthe
meing of combinatorialtopology and computationalgeometry Most work in

computationatopology to date[6,15] hasignoreddifferentiability and approxi-
mation. To the contrary the presentwork emphasizeshe integration of general
topology differentialtopologyandapproximation.

Thefollowing descriptionis the basisfor preferringambientisotopy for topologi-
cal equialenceversusthe moretraditionalequivalenceby homeomorphisnf31],
and summarizeghe justification previously presented7]. While a formal defini-
tion of ambientisotopy is providedin Sectiord, for presenpurposeshefollowing
informal notionwill besufficient. Intuitively, two closedcurveswill notbeambient
isotopicif they form differentknots,which canonly be corvertedinto eachother
by untyingoneknotandretyingit to conformto theother Althougharny two simple
closedplanarcurvesareambientisotopic, Figure 1 shavs two simplehomeomor
phic spacecurves,which arenot ambientisotopic,becausehey describedifferent
knots! . The smoothcurve depictsthe simplestclosedcurve, known asthe unknot.
ThePL curveis anapproximatiorof the smoothcurve. In theright half of Figurel
the z coordinate®f someverticesarespecificallyindicatedto emphasizehe knot
crossingsn R® (All otherendpointshave z = 0). All endpointsof the line sey-
mentsin the approximatiorarealsopointson the original curve. Having this knot-
ted curve asan approximanto the original unknotwould be undesirablen mary
circumstancessuchasgraphicsand engineeringsimulations.Similar pathologies
can happenin approximatingsurfaces,but the work presentechere can prevent
thesedifficultiesby appropriatelyconstraininghe approximationgroduced.

Earliersurfacereconstructioralgorithmsguaranteedbpologicalequivalenceto the

I Thedifferentknot classification®f 0; and4?* areindicated.



Fig. 1. NonequvalentKnots

original surfaceby meansof homeomorphismpgt,3,19].

A commontechnicaltool for demonstratinggnambientisotopy of compactsupport
is atype of functionknown asa ‘push’ [11]. A generalizatiorof a pushis usedin
the proof givenin this paper

The issueof rigorousproofsfor the preseration of topologicalform in geomet-
ric modelingappeardo have beenfirst raisedwithin engineeringdesignin prob-
lemsregardingtolerance$12,13,29],but thesepaperdid not specificallypropose
ambientisotopy asa criterion. The classof geometricobjectsconsideredvasap-
preciablyexpandedoy theoremdor ambientisotopicperturbation®f modelswith

splineboundarieg9,10]. For the simplercaseof polygonalmodels,similar topol-

ogy preservingapproximationfiadbeenpresenteearlierunderdifferenttechnical
terminology[8,14].

In responséo the exampleof Figurel, atheoremwaspublishedthatprovidedfor
ambientisotopicPL approximation®f 1-manifolds[21]. The proof utilizes ‘pipe
surfaces’from classicalifferentialgeometry[24]. Theimprovedapproximations
shawvn in Figure 2. Thereis alsoa of comparisorof curvesto a-shapeqd16] via
ambientisotopieq27].

3 Preliminaries

In this sectionwe review someelementaryactsaboutmanifoldsandoffsets,taken
from [22,30], that we will needin the next section.In particular we prove our
first basicresult, Theorem6, which is the key to the proof of Corollary 8. The
theoreticalresultspresentedereweremotivatedby the pragmaticview thatother
surfacereconstructiormethodg[2,5,7] dependupona supportingcomputationof
the medialaxis, which mustalsobe approximatedrom sampleddata. The meth-



Fig. 2. AmbientIsotopicApproximation

odsgivenhereeliminatethis intermediateapproximatiorof themedialaxis,which
is often a formidabletask. This may resultin a needfor finer sampling,but it is
beyond the scopeof the presentpaperto make a comprehensie comparisonof
the detailedimplementation®f thesecompetingmethods.The samplingcriteria
presentechereremainsadmittedlyimplicit. Namely if onewishesto reconstruct
a surfacefrom sampleddata,thenthe surfacemustbe sampledsufficiently finely
sothatthe reconstructe@pproximanties within F,(+p). This is consonantvith
methodsreviously developedfor 1-manifolds[21].

3.1 Differential Topolagy: Critical Points

Let f(z1,---,z,) : R — R beasmoothfunction.A pointa € R" is calleda
critical pointof f if all first partialderivativesof f arezeroata; thatis g—i(a) =0,
for all 7. Furthermoreg is calleda nondgenemtecritical pointof f, if

(1) aisacritical pointof f, and

(2) Thematrix Hf(a) = (524 j) of the secondpartial derivativesof f ata is

invertible.(This matrix is alsoknown asthe Hessianmatrix of f.)

Remark 1 A critical pointof f thatis notnondgenenateis calleddegeneite

Thenotionsof degenerate/nondgnerateritical pointscanbecarriedoutonareal
function on a manifold W of arny dimension.Here, however, we shall specialize
on manifoldsof dimension2. Let then F' ¢ R?® beamanifold of dimension2, and
let g : F — R beasmoothfunction. A pointa € F shall be calleda critical
pointof g if thegradientvector (2L, 22, 94 is parallelto the unit normalvector
n, of F' ata. Let a beacritical point of g, andlet u;, u, belocal coordinaten
F arounda. Let Hg(u) = (aqizgu,-) be the Hessianmatrix of g at a with respect
to the coordinatesu;, u,. Then,a is calleddegenerate/nondgneratef Hg(u) is




singular/nonsingularespectiely.
Let F C R® beasaboreandlet N C F x R® bedefinedas
N ={(q,v) |q € F, wisperpendiculato F" atq}

It is notdifficult to seethat V is a 3-dimensionamanifolddifferentiablyembedded
in RS,

Let £ : N — R® bedefinedasE(q, v) = ¢ + v. (E is calledthe endpointmap.)

Definition 2 A pointe € R® isafocal pointof (F, q) with multiplicity z2 if e = g+v
whee (¢,v) € N andthe Jacobianof E at (¢, v) hasnullity x > 0. Thepointe
will becalleda focal pointof F' if e is a focal pointof (£, q) for someg € F.

Intuitively, afocal pointof F is apointof R* wherenearbynormalsintersectNow
considethenormalline L to F' thatgoesthroughg andconsistf all pointsg+-tn,,
wheren, is theunit normalof F' atg andt € R. We thenhave:

Lemma3 ([22], p. 34,Lemma6.3) Thesetof focal pointsof (F, ¢) along L is the
setof pointsg + K; 'n,, wheei = 1,2, K; # 0 aretheprincipal curvatuesat q.

3.2 Offsetsurfaces

Let F C R® beanorientablé 2-manifoldwhichis C? (ateachpoint of the mani-
fold, the secondderivative exists andis continuous)we will alsocall F' anonsin-
gularsurfacein R®. We shallfix anorientationon F asfollows: Letv € F andlet
v1, U9 be a positively orientedbasisfor the tangentspacel ' F,, regardedasa sub-
spaceof R%. We saythat F' hasthe positiveorientationat v if det[n,, vi, vy] > 0,
wheren, is the unit surfacenormal of F' atv. F' hasthe positive orientation,if it
hasthe positive orientationat eachof its points.(Theterm of negative orientation
is definedsimilarly, with the obviouschangeof sign.)Let p € R. Then,thepositive
offset F,(p) of F andthe negative offset F,(—p) of F aredefined respectiely as:

F,(p)={z+pn, |z e F} and  Fy(—p)={z—-pn, |z e F}. (1)

A simplegeometridnterpretatiorof theoffset F, (p) is the surfacelocussweptout

2 For the contet of this paper we are considering2-manifoldsembeddedn R3. Since
non-orientable@-manifoldswithout boundarycanonly beembeddedn R”, for n > 4 [18,
Theoremd.7], the additionalassumptiorof orientability leadsto no lossof generalization
in the presenfproofs.



by thecenterz + n, of asphereof radius|p| asthe sphererolls over every point x
of F, wherethen, areconsistentlyorientedrelativeto F'.

In this subsectionwe will prove severalresultsconcerningoffsets.In particular we

will give necessaryandsuficient conditionson p sothat F,,(p) is nonsingularin

termsof certaindifferentialandgeometricconsiderationsf thesurfaceF'. (Clearly,

theseresultsapply similarly to F,(—p).) We will restrictour attentionto compact
manifoldswithoutboundary

Ourfirst resultcomesasa directapplicationof Lemma3.

Proposition4 Let F,(p) beasin (1) andlet

g:F > F,(p) CR? g(z)=z+pn, 2)

Then,theJacobianof g at = hasnullity x > 0 if andonlyif = + p n, is a focal point
of F.

Proof: Theproofis aslight modificationof the proof of Lemmaa3. [ |

Proposition4 shaws that F,(p) is locally a 2-dimensionaimanifold at = + pn,
preciselywhenz + pn, is notafocal pointof F'.

We will proceedwith the questionwheng is globally 1-1. For this, we first define
themap

G:FxF—R, Gy =|z—y| (3)

Obviously, G(z,y) > 0, for z # y. SecondnotethatG hasacritical valuer > 0
sinceF x FiscompactLetnow z,y € F with G(z,y) = r. Then,it is easyto see
thatn, = +n, andthevectorz — y is parallelto bothn, andn,. Third, we claim
thatif

c=inf{r > 0|r, risacritical valueof G} 4)

thenc is positive. For if ¢ wereto be zero,we would thenhave thatfor eacharbi-
trarily smallpositive ¢ thereexistsa pair of points(zs, y5) sothat

o [lzs —ysll <9,
e Thevectorz; — ys is parallelto bothn,, n,

Sinced canbearbitrarily small,thenzs, y; have to belongto the samecomponent
of F. Now let a be ary point of F. Usingthe implicit functiontheoremwe may



choosdocal coordinates:, u, arounda sothat /' becomeshe graphof a smooth
functionv = h(uy, us) with (0,0,h(0,0)) = a and 2 = 2~ — ¢ at(0,0). For
apointb € F neara we find a correspondingoint (b, b) closeto (0, 0) sothat
b = (b1, by, h(b1, b2)). Thenormalvectorof M ata is (0,0, 1) while the normalof

F atbis (2, 2 1) wherethe partialsareevaluatedat (b, ;). Then,

Ouy? Ous’?

b—a = (by, by, h(by, by) — R(0,0)),

andthusthevectorb — « is not parallelto (0, 0, 1), whichis the normalof F' ata,
for a # b. This provestheclaim.

Definition 5 Letz,y € R*, andX,Y c R®. Wedefine

o dy(X,Y) = maxzex mingey ||z —y||,
e Fora € R® apoints € X is aneaestpointon X to a (SeeFigure 3.) if

lla — s|| = min{||a — t|| |t € X}.

Fig. 3. NearestPointon X to a

We now considerap > 0 sothat

C1. For eachpointz of F' neitherprincipal curvatureof F' atz is equalto +1/p,
and
C2. 2p < ¢, wherec is asin (4).

We thenhave thefollowing:
Theorem 6 For p asabove andg asin (2), g isan1-1 map.

Proof: For apositive numbere we may definethe openset



F(e) = {z € R®¥|d({z}, F) < ¢}

Using the e-NeighborhoodTheorem,[17], page69, we may find an ¢ with the
following properties:

e Eachpointw € F'(¢) possessea uniquenearespointin F', denotedby 7 (w),
and
e Themapr : F(¢) — F,w — w(w), isasubmersion

Now notethatif p is choserto satisfyC1, C2 andis lessthane, theng is 1-1. For if
z € F,(p) thenits distancefrom F' is exactly p. Thus,if z =z + pn, =y + pn,,
then||z — z|| = ||z — y|| = p. Thereforex (z) =z = y.

Supposenow that p is the first positve numberfor which g is not 1-1. Let then
z # yforwhichg(z) = g(y); thatisz+pn, = y+pn,. Thenz—y = p(n,—ny,).
We claim thatin this case(z, y) is a critical point of G. For if not, thelocally 2-
dimensionamanifold F,(p) hasa non-tangentiaself-intersectiorat g(x), andthat
contradictsthe choiceof p. Thus, ||z — y|| = 2p. But ||z — y|| > c andthisis a
contradictiorto C2. n

Finally, we have:

Corollary 7 Let F' bea compacbrientablesurfacewithoutboundary ThenF,(p)
is a nonsingularsurfaceif p satisfiesconditionsC1 andC2.

Corollary 8 Letp € (0, 00) besothat p satisfiesconditionsC1 andC2. Then,the
opensetF(p) is a normaltubular neighborhoodf F. In addition,if r is sud that
0 <r <p,then,

e TheoffsetsF,(r) and F,(—r) are nonsingular

e Everypointw € F(p) hasa uniqueneaestpointr(w) in F.

e Letw, betheneaestpointfunctionr, : F(|r|) — F, m,(v) = n(v). Then,for
everypointz € F thesetr () is equalto (z — ny, x + ny).

The conceptof a tubular neighborhoof a submanifoldwithout boundaryis not
new; a resultsimilar to the above, statingits existence,appearsn [18, Theorem
5.2]. Here,however, anexplicit numericalboundon the size of the neighborhood
is presentedyhich is usefulin computationalapplications.One canvisualizea
tubular neighborhoof F asfollows: Supposédhat F' is madeout of thin rubber
Then,by uniformly inflating anddeflatingtheinterior of F' sothatno singularities
occurin F, atubular neighborhoods nothingbut the unionof thevolumescreated
by theinflation anddeflationof F.



4 Ambient Isotopic Approximations

Many approximationschemedor surfacesare concernedvith the existenceof a
homeomorphisnbetweertheactualsurfaceandits approximantHowever, thelat-
ter doesnot guaranteghatthe surfaceandits approximanthave the sameembed-
dingwithin R3. As anexampleof differentembeddingin R?, considethestandard
torusanda variantof it. Let 7' denotetheregulartorus7 = S* x S!, whereS! is
theunit circle. Let KT denoteaknottedtorus, KT = S! x K, whereK is atrefoil
knot, chosensothat K'7" is homeomorphido 7. However, within R, onecannot
continuouslydeform?” into K'T'. This is demonstratethy shoving thatthe spaces
R? — T andR?® — KT do not have the samehomotoyy type[23, p. 103, Theorem
1].

Two relatednotationsare definedherefor usewithin the restof the paper Both
conceptsaarestandardn generalttopologyandcanbefoundin any basictopology
text [31].

For arny topologicalspaceX andary subsetd in X, thenotationcl x A refersto the
closureof A in X. For ary topologicalspaceX andary subset4 in X, thenotation
Intx A refersto theinteriorof A in X . In casesvheretheparticularspaceX being
usedis obvious from context, thenthe subscriptis typically deletedasis donein
this paperwhereX = R3.

The following definition (SeeFigure 4.) is centralto the restof the paperandit
givesprecisemeaningto whentwo objectsare both homeomorphiandhave the
sameembeddingvithin R?.

Definition 9 Let X,Y be subsetof R®. Thenwe saythat X andY are ambient
isotopicif thereis a continuoudunction

H:R*x[0,1] - R?

suc that for eah ¢ € [0,1], H(- ,t) is a homeomorphisnirom R® onto R?,
H(- ,0)istheidentityand H(X,1) =Y.

In the illustrative Figure 4, the set X is continuouslydeformedinto Y, while si-
multaneouslythe region boundedoy X andthe horizontaldashedine segmentis
beingdeformedinto the region boundedby Y andthe horizontaldashedine seg-
ment. Thus, the smallerregion is being stretchednto a larger one. At the same
time the region boundedby X andthe two non-horizontaline segmentsis begin
deformedinto theregion boundedoy Y andthetwo non-horizontaline segments,
contractinga larger region into a smallerone. Thesecomplementaryexpansions
andcontractionsallow for the definition of a continuousmapthatfixesall points
ontheboundaryof andexterior to thetriangle.

10



Fig. 4. AmbientIsotopy

Thetechnique®f offsetsandtubular neighborhoodglivenin the previous section
enableusto establishsufficient criteriafor ambientisotopy of certainsurfaces.In
thatregard,we termour resultsasglobal in the sensehatthe surfaceis perturbed
globally.

Let I’ be our surfaceandlet p beasin Corollary8. For apointz € F, let I(x, p)
be the closedline segmentthat connectsthe pointsz — pn, andz + pn,. The
following is the mainresultof this section,andprovidesa meansof establishinga
family of surfacesambientisotopicto F'.

Theorem 10 Let F ¢ R? be a compactnonsingular2-manifoldwithout bound-
ary, andp asin Corollary 8. LetalsoWW C R?® bea compact2-manifoldwithout
boundarythat satisfieghefollowing:

e W C F(p),and
e Foreveryz € F, I(z, p) intersectsiV at preciselyonepoint.

Then,W is ambientisotopicto F andd,, (F, W) < p. (SeeFigureb.)
Proof: SinceF' is compactit is clearthatdF (p) is compact.Furthermoresince
F(p) isopenandW C F(p), it is alsoclearthatd(W, 9F(p)) > 0. Hence for ary

r > 0, suchthatr < pandW C F(r), thereexistsane suchthatr + € < p.

Forarny z € clgsF(p), let w, = W N I(z, p) and definethe function ; :
clrsF(p) x [0,1/2] — R? asfollows:

(z,0) =z + (r — e)n, and(z, 1/2) — wy,

andfor all ¢t € (0,1/2), h,; is obtainedby linear interpolationbetweenthe two
above pointassignments.

Similarly, Forary = € clps F(p), definethefunctionhy » : clgs F(p) x [1/2,1] —

11



Fig. 5. IntersectingV in PreciselyOnePoint

R? asfollows:
(2,1/2) = wy, and(z,1) = x + (r + €)n,

andfor all t € (1/2,1), h,» is obtainedby linear interpolationbetweenthe two
above pointassignments.

Thendefinethefunction H : R® x [0,1] — R® by

if z € R*— F(p),Vt € [0,1],

x

H(x,t) = hga(z,t), if v € clrsF(p),t € [0,1/2],

hoo(z,1), if © € clgaF(p),t € [1/2,1].

Note thatthe piecavise definitionof H agreeson 0F(p). It is obviousthat H is a
homotoyy suchthat H(z,0) = z,Vz € R® and H(W,1) = F. To completethe
proof that H is an ambientisotopy, it sufficesto shawv thatif H(- ,t) is a home-
omorphismfor all ¢ € [0, 1]. However, sincefor eacht € [0, 1], the continuous
function H(- , ¢) is theidentity outsidethe compactsetcips F(p) (andis alsothe
identity along the boundaryof clps F(p)), it only remainsto shawv that H(- , )
is 1-1for all z € clgsF(p). But, this follows easily sincefor all z,y € F(p),
with z # y, we have, by hypothesisthattherelevantlinear segmentsaredisjoint,
namely

[z 4+ (r—e)ng,z+ (r+e)n ] Ny + (r—e)n,,y+ (r+e€)n,] = 0.

Theboundgivenon thedistancebetweeni/ and F' follows directly from the con-
tainmentof W within F'(p).

12



This completeghe proof of ademonstratiomf a particularambientisotopy, where
the proof presenteds similar to classicalagumentq18, Chapters], with the ad-
ditional informationprovided hereof a specificboundon the sizeof the neighbor
hoodcontainingtheambientisotopicimagesjn contrasto theclassicabiguments
merelyproving the existenceof someneighborhood. [ |

Corollary 11 LetF, p beasin Theoem10. Thenfor everyr sudthat0 < r < p,
F,(r) is ambientisotopicto F andd (F, F,(r)) < p.

Theaboveresultsprovide anabundanceof surfacesi¥ ambientisotopicto F'. Note
thatany suchW is insidethe tubular neighborhoodF'(p) andwithin tolerancep

from F. Existingmethodq7] produceonePL approximantwhereagCorollary11

providesfor the existenceof infinitely marny ambientisotopicapproximantseach
with boundeddeviationfrom F'. The nev methodgresentedieremaybevaluable
for applicationsin reverseengineeringwherethe final desiredoutputis often a

CAGD B-rep modelwith splineboundarysurfacesratherthanjust a PL approxi-
mantandthe datato computep may be availablewithin the engineeringpecifica-
tion [26].

5 Application to Interval Solids

Let F' beour surface,asgivenin Theorem1O0. It is intuitively obviousthatif one
generateanothesurfaceby continuoudocal perturbationef F, whichneithercre-
atenew self-intersectionsor remove ary existing self-intersectionthe perturbed
surfacewill beambientisotopicto F'. In this applicationwe will make useof this
ideaandapproximateF' by anothersurfacewhich is generatedy local perturba-
tions of F. This constructionyields a PL approximationandis motivatedby the
recentwork of Sakkaliset al, [28], in which the conceptof aninterval solid is de-
finedandsomeof its fundamentatopologicalandgeometrigoropertiesareproved.

Throughoutthis section,a box is a rectangularclosedparellelpipedin R® with
positive volume,whoseedgesare parallelto the co-ordinateaxes.Suchboxesare
usedto creaté‘interval solids”, asdefinedanddiscussedh [28]. Somecritical sup-
porting materialfrom [28] will be summarizedhere,to keepthe paperreasonably
self-contained.

Let F' be our surface,and assumehat F' is connectedThenthe JordanSurface
Separatiomheoremassertshatthe complementf F in R® haspreciselytwo con-
nectedcomponentsFy, Fp; we may assumethat F; is boundedand Fy, is un-
boundedLet alsoB = {b,,j € J} beafinite collectionof boxesthatsatisfieshe
following conditions:

13



C3. {Int(b;),j € J} isacoverof F.

C4. Eachmemberb of B intersectsF' generically;thatis, b N F' is a non-empty
closeddisk thatseparates into two (closed)balls, B, and B, , with B;", (B, )
lying in F; U F (Fp U F), respectrely.

C5. Forary b;,b; € B, letb;; = b; N b;. If Int(b;) N Int(b;) # 0, thenb,; is alsoa
boxwhich satisfiesC4.

In [28], conditionsC3 - C5 wereassumedNotice thatconditionC4 indicatesthat
everyb € B intersectsd in anaturalway. SeeFigure6.

+ F bj

Bb —

_ |e—n . ]

Bp '//
|
]
bN F F
Condition C4 Condition C5

Fig. 6. 2D Versionsof ConditionsC4 andC5

Thefollowing resultsummarizesereral previously appearingesults.

Theorem 12 [28, Corollary2.1,p. 165]If F'is connectecdndB satisfiesC3 - C5,
thenF U U;¢, b; isasolid.

To this end,we will shav thatwheneer F' is a connectedsurfacesatisfyingthe
hypothesesf TheoremlO,thenF isambientisotopicto theboundaryof aninterval
solid constructedrom F', asdescribedn Theoreml2. To doso,weintroducesome
well known resultsfrom theliterature.

Definition 13 [11, p.214]Aclosedsubsetk of a PL 3-manifold-with-boundary/
is tameif thereis ahomeomorphism : M — M sudthath(K) is a polyhedon.

Definition 14 [20, p. 371] Let M be a manifold with boundary under the Eu-
clideanmetricd. Denoteby H (M) thesetof all homeomorphismsf M ontoitself.
Definea functiona of H x H into the real extendednumbersystemas follows:
a(f, g) = supzemd(f(x), g(x)). Thenjf e > 0, f andg are e-isotopicif thereis an
isotopyH, suchthat Hy = f, H; = g andif ¢, 1, € [0, 1], thena(H,,, H;,) < e.

Thefollowing Theoreml5 haspreviously appeareésacorollary[20] to abroader
resultwhich we do not needin this paper

Theorem 15 [20, Corollary2, p. 372]If K is atamecompac-manifoldin any 3-
manifoldM ande > 0, thereisad > 0 sothatif 4 isanyhomeomorphisraf K into
M moving no point more than§ andif A(K) is tame thenthere is an e-isotopyof
M takingh(K') onto K pointwiseand moving no pointoutsidean e-neighborhood
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of K.
We arenow in a positionto presenbur mainresultof this section.

Theorem 16 Let F' be tameand connectedFor eath € > 0, there exists+y, with
0 < v < p sothatwhen&er a family of boxesB satisfiesconditionsC3 - C5, and
for eah b of B, b is a propersubsebf F'() (SeeFigure7) then,for S = F U F;
andSB = SuU Ujes b;, thesetsF and 0SB are e-isotopicwith compactsupport.
Hence they are alsoambientisotopic.
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Fig. 7. 2D Versionof ProperSubsetCondition

Proof: It haspreviously beenshowvn [28] that ' and9S® are homeomorphidy
constructionof anexplicit homeomorphismit hasalsobeenshovn that M = SB
is acompact3-manifoldwith boundary[28]. Furthermoreit is clearthat M is PL.
Considemow K = 9SB. SinceK is alreadya polyhedron,K is tameunderthe
identity mapon M and K is alsoa compact2-manifoldwithin M. For the given
€, let 6 beasgivenin Theoreml5. Furthermorethe homeomorphismt : K — F
created28] suchthath(K) = F relied upona projectionfrom the boundarieof
the boxesonto F', whereall of the boxeslay within F'(p). Hence,no point canbe
moved by A morethanthe maximaldistanceof the boundaryof arny box from F'.
Letnow v = min{p, §}. Thenh satisfieghedistanceconstrainbf Theoreml5and
h(K) = F, whereF is tame.Since M is compactthe e-neighborhoodrovided
by Theoreml5impliesthatthee-isotopy hascompacisupportHenceK andF are
ambientisotopic. ]

6 Global VersusLocal Methods

With an offset surface,thereis a fixed value for the offset, resultingin a normal
tubularneighborhoodvherethepointsgenerate@simagesof theendpointmapare
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all thesamedistancdrom themanifold.However, ambientisotopicapproximations
can be createdwherethesedistancesneednot all be equal[7], but are defined
subjectto local surfacecharacteristics.

In Figure8, a cross-sectionaliew is shown to illustratean ambientisotopy based
uponlocal information,wherethe solid curve indicatesa cross-sectiomf the orig-
inal surfaceF' andthedashedurve representthe cross-sectionf asurfacewhich
is ambientisotopicsurfaceto F.

Fig. 8. View of Generalizedmbientlsotopies

Theproofsgivenin the presenpaperely uponcreationof a normaltubular neigh-
borhoodabout F. While this is a sufficient conditionit is not necessaryhat the
original surfacebe entirely containedwithin an openneighborhoodIn particular
therecanbefixedpointsfor anambientisotopy [7].

Therearetwo primaryadwantageso usingoffsetsversusexistingwork[2,7] relying
uponthe medialaxis[7] to constructa piecavise-linearambientisotopicapproxi-
mationof a manifold:

(1) approximatinghe medialaxisis a difficult task[5] whereaghe methodpre-
sentedchererequiresno suchcomputatiorand

(2) the ambientisotopic approximantgresentechereneednot be PL, andthis
may be valuablein engineeringproblemswherethe primary datarepresenta-
tionsarefree-formsurfaces.

The primary dis-adwantageto usingthe offset methodspresentedhereis thatthey
rely uponglobalboundswhich maybe morerestrictve thanlocal bounds.

Example: Let E be arny non-dgeneratenon-circularellipse,which, without loss
of generality is assumedo be symmetricaboutthe origin in the usualz — y
plane.Thereexists a minimal valueof p > 0 suchthatthe internal offset E by
p is self-intersectinganddesignatehis offsetby E,(—p). Now, considerary non-
degenerateircle C' centeredabouttheorigin sothatC is inside E,(—p). Thereex-
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istsanambienisotopy from E to C, whichcaneasilybeconstructedyy parametriz-
ing C andE by s € [0, 27] sothatthe mappingof pointswith the sameparametric
valuesis 1 — 1, asdepictedin Figure9. The obviousgeneralizationsanbe made
in threedimensions|eadingto the conclusionthatif oneonly wishesto generate
anambientisotopicapproximationthatthe boundspreviously givenin this paper
aswell asin previouswork [2,7,21]canbeoverly restrictve.

Fig. 9. AmbientIsotopy by ParameteMatching

7 Comparisonsof Normals

This paperhas,sofar, emphasizedwo criteriafor surfaceapproximations

(1) anupperboundon the distancebetweenthe approximatingsurfaceandthe
original surface,and

(2) sufficientconditionsfor theapproximanto betopologicallyequialentto the
original, via the strongcriterion of ambientisotopy.

Otheraspectshowever, of a piecavise linear approximationare also of practical
interest.In particular one may wish to determinehow far the normalsof a PL

approximandiffer from the normalsof the original, especiallyfor applicationsn

graphics.Note, that a PL surfacereconstructioris guaranteed7] to be ambient
isotopicto the original surfaceunderthe conditionof having a samplingdensityat
eachpointp € F thatis boundedoy

r*d(p, MA(F),with r = 0.08, (5)

whereM A(F) denoteghe medialaxisof F.

Previoussurfacereconstructiori2] work hasinvestigatedheapproximatiorof true
surface normalsby the normalsof the reconstructedurface, but with an upper
boundof 1/7 onthevalueof r definedin Equation5. Sincetheambientapproxima-
tionspresentedherearenot constrainedy thevaluesof r presentedn Equation5,

it remainsof interestto examineerror boundson theseapproximatingnormals,as
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will bedemonstratetly adaptingoublishedccomparisortechnique$25] to anillus-
trative example.We further notethatthe approachpresentederefor comparison
of normalsmay alsoextendto practicalsurfacereconstructiorproblemsbecause,
in practice,it hasbeenfoundthata factorof » in Equation5 ashigh as0.4 often
producesacceptablalgorithmicoutput[1].

We provide an exampleto illustrate the computationof error boundson approxi-
matingnormals Both this paperandour guidingreferencd25] sharethefollowing
aspectsn theconstructiorof a PL approximationM of the original surfaceF'. For
eachpointm € M, thereexistsa uniquenearespointr(m) € F. Thenonecon-
sidersthe normalto M at m, denotedhereasn andthe normalto F atw(m),
denotedhereaSnf(m). Then, after identifying the pointsm and7(m), the angle
betweenn andn,(m)" canbe measuredor eachm. Thenthe upperboundis
the supremunof theseangulardifferencestakenoverall pointsm in M.

Firstwe createda NURBS curve C thatis atrefoil knot (SeeFigure10.) Then,we
createda knottedsurface K by sweepinga circle of radius0.01 alongthe curve
C (SeeFigurel1l.) This surface K wasspecificallycreatedso thatthe distanceat
eachknotcrossingvasgreateithan0.01, sothatanonsingulaopennormaltubular
neighborhoodabout K could be createdat ary distancelessthan0.01. Note that
this distanceexceedghedistanceconstrainimposedn Equation5.

Fig. 10. Trefoil Curve

Figure12 shows a triangulatedversionof K andthis is usefulto understandow
we employedthe paper[MT] to boundthe normaldeviations.The [MT] analysis
is critically dependantiponthelengthof thelongestsideof ary trianglecreatedn
thetriangulation.To have controlof thetrianglesgeneratean the surface,we first
triangulatedhe parametridomain.Thetrianglescreatedn the parametricdomain
wereall right triangles.For the particularexamplecreatedthis led to correspond-
ing trianglesapproximatingk” sothateachsuchtrianglewasobsenredto benearly
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Fig. 11.KnottedSurface

arighttriangle. Thisassumptiorthatthetrianglesareapproximatelyight triangles
simplifies our computationsin particular the upperbound[25, Theorem1] for-

mula dependsfor eachtriangle T in the triangulation,uponthe variablestr(T),

which is known asthe straightnessf 7', andwhile we do not repeathe detailsof

thatdefinition,here we notethatour assumptiormboutright trianglespermitsusto

approximatestr(T') by the constanwalueof 1, for all trianglesT'.

An expressiorfor an upperboundon the error of the approximatingnormals[25,
Theoreml] is presentedn our notationas

S0 ez < ((V10/(2 % str(M))) + 1) (mp(M))/(1 — we(M)), (6)
We first notethatwith theassumptionsnadeaboutright triangles thefactor

((vV/10/(2 * str(M))) + 1)

immediatelysimplifies to the constant((1/10/2)) + 1). Then, similar to our re-
marksaboutstraightnesghereadelis referredto thereferencd25] for thedetailed
definition of 7 (M), known asthe relative heightof M to F. For our estimateof
mr(M), weuse

mr(M) ~ L * P, (7

where P is the maximumcurvatureof the original surfaceand L is the lengthof
thelongestsideof ary trianglecreatedn thetriangulation.

Thefactorwgr(M)) is givenby
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wr(M) = supmem||§(m) — m|| * P.

Fig. 12. TriangulatedApproximationof KnottedSurface

While thereareobvious performanceinddatavolumeadvantagedo having fewer
samplingpoints,thereareintuitively obvious tradeofs amongseveral criteria for
the approximatingsurface.For instancejf oneconsiderghe following threeap-
proximationcriteria

(1) nearnes$o surfacebeingapproximated,
(2) presenrationof topologicalform, and
(3) errorboundson approximatinghormals.

then, fewer samplingpoints typically provided worse approximationgelative to
Items1 and 3, above, evenin the presenceof ambientisotopy. The analysesand
numericalresultspresentedhereexplicatethoseinterrelationshipsn orderto pro-
vide someguidanceo the practitionertowardsmakingoptimally practicalchoices
regardingthe samplingset.Thisrequiresajudiciousbalancingamongsthecriteria
articulatedabove, aswell aspossiblysomeothers(surfaceareayolumeenclosed,
centerof massetc.,...). Theapproactpresentedhereshouldoffer guidanceo for
otheranalysedo be extensibleto includeadditionalcriteriafor optimality.

In Table 3, the notationr representshe variousvaluesof the multiplicative factor
usedin Equation5. Theassociatedolumnsindicatethe correspondingaluesof L
(asin Equation7, beinglength ? of thelongestsideof ary trianglecreatedn

3 Thesdengthswerecreatedoy usingTaylor's Theoremto computea relatedsamplingin
parametespaceo mapto thesepointsin modelspace.

20



max

00
44

[e=liN e B B e BN I =R I eo I B an
[enli e B B o BN I =R I eo i I an
S

Tablel
UpperBoundon Error of ApproximatingNormal

thetriangulation)andrepresentinghe model-spacsampledistanceanda;,,., the
upperboundof deviation betweernthe normalsof verticeson the meshandpoints
onthesurface(in degrees).

8 Concluding Remarks

In this paperwe focusedon a methodfor establishingsurfaceswhich canapprox-
imatea givennonsingularrompactmanifold £ without boundarysothateachap-
proximantis ambientisotopicto F'. Theapproximants©ieednot bepiecaviselinear
andthesenon-PLapproximationsnay be particularlyusefulin engineeringappli-
cationswheresplinegeometrydominatesThe methodsdescribecarealsodirectly
applicableto creatingapproximantgor graphicsandanimation,wherethe under
lying surfacesalreadyhave somespecificmathematicatlescriptionstoredin some
standardormat. They offer further theoreticalinsightinto surfacereconstruction
problemshut attheexpenseof relianceupondatathatis nottypically presentvhen
only point clouddatais given.However, specificallyfor surfacereconstructiongn
reverseengineeringthe requirediocal dataof maximumcurvatureandthe global
datafor creationof nonsingulatubular offsetneighborhoodsnaybe available.

Theresultspresentedherestartfrom consideration®f curvature.While local val-
uesof curvatureandthemedialaxisarecloselyrelated gxamplesaregivento shav
thatthis primary attentionto curvatureaffords advantagesover previous methods
whichrelieduponthe medialaxis,evenwhenthe objectiveis to createPL approx-
imants.A specificapplicationis the demonstratiorof sufficient conditionsfor an
interval solid to be ambientisotopicto thesolid it is approximating.

Theresultspresented@rerestrictedto smoothsurfacesgvenwhile realengineering
partsoftenareonly piecavisesmooth possiblyhaving sharpfeaturesvheresurface
derivativesareundefinedConsideratiorf suchsharpdiscontinuitiesn developing
ambientisotopiesover multi-patchspline surfaceshasappearedn the literature
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[10], but it is beyond the scopeof the preseninvestigationto integratethesetwo
ideas.Thetheory presentechereis offeredasan importantfirst stepto the more
challengingfuture extensiongo real engineeringparts,which the presentauthors
areinvestigatingn anongoingproject.
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A TopologyDefinitions

Definition 17 A function f on spacesX andY is a homeomorphisnif f is bi-
continuous1-1andonto.

Definition 18 A function f from X ontoitself hascompactsupportif there exists
acompacisetA C X sudthat f is theidentity exceptpossiblyon A.

Definition 19 Two functions f and g from a spaceX into a spaceY is called
homotopicif there existsa continuousfunctionF' : X x [0,1] — Y sud that for
ead pointx € X,

F(z,0)= f(z) and F(z,1)=g(z).

Definition 20 Two functions f and g from a spaceX into a spaceY is called
isotopicif they are homotopicvia a function F' suc thatfor eac ¢ € [0, 1], F(-,t)
is a homeomorphism.

If theoriginalfunctionsf andg arebothontoY’, thenwewill interchangeablyefer
to thefunctionsbeingisotopic,aswell asthe spacesX andY beingisotopic.lt is
this latterusagethatis adoptedwithin the mainbody of this paperin the definition
of ambientisotopygivenin Definition 9.
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