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Abstract

Givena nonsingularcompact2-manifold � without boundary, we presentmethodsfor
establishinga family of surfaceswhich canapproximate� so that eachapproximantis
ambientisotopicto � . Themethodspresentedhereoffer broadtheoreticalguidancefor a
rich classof ambientisotopicapproximations,for applicationsin graphics,animationand
surfacereconstruction.They arealsousedto establishsufficient conditionsfor aninterval
solidto beambientisotopicto thesolid it is approximating.Furthermore,thenormalsof the
approximantarecomparedto thenormalsof theoriginal surface,astheseapproximating
normalsplayprominentrolesin many graphicsalgorithms.

The methodsare basedon global theoreticalconsiderationsand are comparedto ex-
isting local methods.Practicalimplicationsof thesemethodsarealsopresented.For the
globalcase,a differentialsurfaceanalysisis performedto find a positive number� sothat
the offsets �	��

����� of � at distances��� arenonsingular. In doing so, a normal tubular
neighborhood,��
���� , of � is constructed.Then,eachapproximantof � lies inside ��
���� .
Comparisonsbetweentheseglobalandlocal constraintsaregiven.
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1 Intr oduction and Moti vation

The problemof approximationof surfacesis of fundamentalimportanceboth in
theoreticalaswell asin appliedmathematics.In particular, in computer-aidedge-
ometric design(CAGD) it plays a crucial role in the discretizationof the data
for meshingapplications.Theseapplicationsgenerate,in general,piecewise lin-
ear (PL) approximationsof the actualsurface.In order for theseapproximations
to beof practical,aswell asof theoretical,value,it is oftendesirableto bewithin
a userspecifiedtolerance.Simultaneously, it is often desirableto have topologi-
cal equivalencevia an ambientisotopy betweentheapproximantandthe original
surface.

In this paperwe proposeglobal methodsfor creatinga family of approximating
surfacesto a givennon-singularcompactsurface � , while ensuringthateachap-
proximantis ambientisotopicto theoriginal surface � . This, for example,is use-
ful in graphicsandanimation,wherelower surfaceapproximantsareoften used
for performancereasons,but thevisual imperativesdemandpreservationof topo-
logical form. Therecanalsobe applicationsto surfacereconstruction,asexisting
reconstructionmethodsonly provide for piecewise linear approximations,while
theproposedmethodis suitablefor higherorderapproximations.Our primarytool
is creatingthe offset of a surface.This is motivatedby the recentwork of Wall-
ner, Sakkaliset al, [30] in which someof the geometricandalgebraicproperties
of offsetsareexplored.An offsetsurfaceis usedin the constructionof a normal
tubularneighborhoodof amanifold.Offsetsurfacesalsohavediversepotentialap-
plicationsin geometricmodeling,suchasin thedefinitionof tolerancezones,the
generationof tool pathsfor numericalcontrolmachining,etc.A secondapplication
is to interval solids,wheresufficientconditionsaregivenfor aninterval solid to be
ambientisotopicto thesolid thatit is beingapproximated.

Thepaperis organizedasfollows:In Section2 wesummarizerelatedwork. In Sec-
tion 3 we presentsomefundamentaldefinitionsandbasicresultsfrom differential
topology and offset surfaces.The methodspresentedare basedupon constrain-
ing the approximantto lie within a boundedoffset of the surface,asdetermined
by considerationsfrom differentialtopology. To do so,a focal point is definedin
Section3.1, and an intuitive explanationof this definition is given. Section3.2
providesthe constraintsthat areusedto definea nonsingularoffset surfaceanda
tubular neighborhood,astoolsin theapproximationprocess.In particular, wegive
conditionson � sothattheoffset(s)� ����� ��� of � arenonsingular. Section4 givesa
formaldefinitionof ambientisotopy andcontainsthemaintheorem,giving criteria
for a family of approximatingsurfacesto beambientisotopicto a singlesurface.
This sectionconcludeswith a discussionof how theseresultscan be appliedto
improve thestateof theart for surfacereconstruction.Section5 expandsthetopic
to solids,by considerationof a surfaceboundinga finite volume.The particular
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focusis uponinterval solids.In Section6 a comparisonbetweenour methodsand
previously publishedtechniquesis presented.Theerrorboundson approximating
normalsfor the PL caseis presentedin Section7. Closing remarksaregiven in
Section8.

2 RelatedWork

Classicalaspectsof topology[31] areemergingasvaluabletoolsin solidmodeling.
As approximationis unavoidablein solid modeling,the questionof whetheran
approximationis “good enough”to preserve theessentialfeaturesof theobjectis
of centralimportance.Previouspublicationsby thesetwo authorshave invokedthe
conceptof ambientisotopy, a topologicalnotionof equivalencefor admissibilityof
approximationsto curves[21] andsurfaces[7].

The notion of ‘computationaltopology’ [6] hasbeenproposedprimarily as the
merging of combinatorialtopology and computationalgeometry. Most work in
computationaltopology to date[6,15] hasignoreddifferentiability and approxi-
mation.To the contrary, the presentwork emphasizesthe integrationof general
topology, differentialtopologyandapproximation.

Thefollowing descriptionis thebasisfor preferringambientisotopy for topologi-
cal equivalenceversusthemoretraditionalequivalenceby homeomorphism[31],
andsummarizesthe justificationpreviously presented[7]. While a formal defini-
tion of ambientisotopy is providedin Section4, for presentpurposesthefollowing
informalnotionwill besufficient.Intuitively, two closedcurveswill notbeambient
isotopicif they form differentknots,which canonly beconvertedinto eachother
by untyingoneknotandretyingit to conformto theother. Althoughany two simple
closedplanarcurvesareambientisotopic,Figure1 shows two simplehomeomor-
phic spacecurves,which arenot ambientisotopic,becausethey describedifferent
knots � . Thesmoothcurvedepictsthesimplestclosedcurve,known astheunknot.
ThePL curve is anapproximationof thesmoothcurve.In theright half of Figure1
the � coordinatesof someverticesarespecificallyindicatedto emphasizetheknot
crossingsin R � (All otherendpointshave � �"! ). All endpointsof the line seg-
mentsin theapproximationarealsopointson theoriginal curve.Having thisknot-
tedcurve asanapproximantto theoriginal unknotwould beundesirablein many
circumstances,suchasgraphicsandengineeringsimulations.Similar pathologies
can happenin approximatingsurfaces,but the work presentedherecan prevent
thesedifficultiesby appropriatelyconstrainingtheapproximationsproduced.

Earliersurfacereconstructionalgorithmsguaranteedtopologicalequivalenceto the

� Thedifferentknot classificationsof # � and $&% � areindicated.
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Fig. 1. NonequivalentKnots

original surfaceby meansof homeomorphisms[4,3,19].

A commontechnicaltool for demonstratinganambientisotopy of compactsupport
is a typeof functionknown asa ‘push’ [11]. A generalizationof a pushis usedin
theproofgivenin this paper.

The issueof rigorousproofs for the preservation of topologicalform in geomet-
ric modelingappearsto have beenfirst raisedwithin engineeringdesignin prob-
lemsregardingtolerances[12,13,29],but thesepapersdid not specificallypropose
ambientisotopy asa criterion.Theclassof geometricobjectsconsideredwasap-
preciablyexpandedby theoremsfor ambientisotopicperturbationsof modelswith
splineboundaries[9,10]. For thesimplercaseof polygonalmodels,similar topol-
ogypreservingapproximationshadbeenpresentedearlierunderdifferenttechnical
terminology[8,14].

In responseto theexampleof Figure1, a theoremwaspublishedthatprovidedfor
ambientisotopicPL approximationsof 1-manifolds[21]. Theproof utilizes ‘pipe
surfaces’from classicaldifferentialgeometry[24]. Theimprovedapproximationis
shown in Figure2. Thereis alsoa of comparisonof curvesto ' -shapes[16] via
ambientisotopies[27].

3 Preliminaries

In thissectionwereview someelementaryfactsaboutmanifoldsandoffsets,taken
from [22,30], that we will needin the next section.In particular, we prove our
first basicresult,Theorem6, which is the key to the proof of Corollary 8. The
theoreticalresultspresentedhereweremotivatedby thepragmaticview thatother
surfacereconstructionmethods[2,5,7] dependupona supportingcomputationof
themedialaxis,which mustalsobe approximatedfrom sampleddata.Themeth-
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Fig. 2. AmbientIsotopicApproximation

odsgivenhereeliminatethis intermediateapproximationof themedialaxis,which
is often a formidabletask.This may result in a needfor finer sampling,but it is
beyond the scopeof the presentpaperto make a comprehensive comparisonof
the detailedimplementationsof thesecompetingmethods.The samplingcriteria
presentedhereremainsadmittedlyimplicit. Namely, if onewishesto reconstruct
a surfacefrom sampleddata,thenthesurfacemustbe sampledsufficiently finely
so that the reconstructedapproximantlies within � �&�(� ��� . This is consonantwith
methodspreviouslydevelopedfor 1-manifolds[21].

3.1 DifferentialTopology: Critical Points

Let ) �
* �,+.-&-&-/+ *10 �32 R 054 R be a smoothfunction.A point 687 R 0 is calleda
critical pointof ) if all first partialderivativesof ) arezeroat 6 ; thatis 9;:9=<,> � 6��?�@! ,for all A . Furthermore,6 is calledanondegeneratecritical point of ) , if

(1) 6 is a critical point of ) , and
(2) The matrix BC) � 6��D� EF9HGI:9=<,>J9=<LKNM of the secondpartial derivativesof ) at 6 is

invertible.(Thismatrix is alsoknown astheHessianmatrixof ) .)
Remark 1 A critical pointof ) that is notnondegenerateis calleddegenerate.

Thenotionsof degenerate/nondegeneratecritical pointscanbecarriedoutonareal
function on a manifold O of any dimension.Here,however, we shall specialize
on manifoldsof dimensionP . Let then �RQ R � bea manifoldof dimensionP , and
let ST2U� 4 R be a smoothfunction. A point 6V7W� shall be calleda critical
point of S if thegradientvector � 9=X9=<�Y + 9=X9=< G + 9=X9=<,Z � is parallelto theunit normalvector
n [ of � at 6 . Let 6 be a critical point of S , andlet \ �,+ \^] be local coordinateson� around 6 . Let B S � \	��� E 9 G X9=_H>J9,_`KaM be the Hessianmatrix of S at 6 with respect
to the coordinates\ �,+ \b] . Then, 6 is calleddegenerate/nondegenerateif B S � \	� is
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singular/nonsingular, respectively.

Let �cQ R � beasaboveandlet deQf�hg R � bedefinedas

di�kj �
l +nm �po l 7q� + m is perpendicularto � at lsr
It is notdifficult to seethat d is a3-dimensionalmanifolddifferentiablyembedded
in R t .
Let uh2sd 4 R � bedefinedas u �vl +wm �?� lUx m . ( u is calledtheendpointmap.)

Definition 2 A point y�7 R � is a focalpointof � � + l � with multiplicity z if y{� l|x m
where �vl +wm �D7}d and the Jacobianof u at �vl +wm � hasnullity z�~W! . Thepoint y
will becalleda focalpointof � if y is a focalpoint of � � + l � for somel 7q� .

Intuitively, a focalpointof � is apointof R � wherenearbynormalsintersect.Now
considerthenormalline � to � thatgoesthroughl andconsistsof all pointsl�x�� n � ,
wheren � is theunit normalof � at l and � 7 R. We thenhave:

Lemma 3 ([22], p. 34,Lemma6.3)Thesetof focal pointsof � � + l � along � is the
setof points l������ �� n � , where Ap��� + P , � �����! are theprincipal curvaturesat l .
3.2 Offsetsurfaces

Let �"Q R � beanorientable] 2-manifoldwhich is � ] (at eachpoint of themani-
fold, thesecondderivativeexistsandis continuous);we will alsocall � a nonsin-
gularsurfacein R � . We shallfix anorientationon � asfollows: Let m 75� andletms�H+nm ] bea positively orientedbasisfor the tangentspace����� , regardedasa sub-
spaceof R � . We saythat � hasthepositiveorientationat m if �|�;�&� n � +wm��,+wm ]n��~�! ,
wheren � is theunit surfacenormalof � at m . � hasthepositive orientation,if it
hasthepositive orientationat eachof its points.(Thetermof negativeorientation
is definedsimilarly, with theobviouschangeof sign.)Let �37 R. Then,thepositive
offset � �&� ��� of � andthenegativeoffset � ���L� ��� of � aredefined,respectively as:

� �&� �����Tj *�x � n < o * 7q� r and � ���L� �����Tj *�� � n < o * 7C� rs� (1)

A simplegeometricinterpretationof theoffset � �&� ��� is thesurfacelocussweptout] For the context of this paper, we areconsidering2-manifoldsembeddedin R � . Since
non-orientable2-manifoldswithout boundarycanonly beembeddedin R 0 , for � �q$ [18,
Theorem4.7], theadditionalassumptionof orientability leadsto no lossof generalization
in thepresentproofs.
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by thecenter*�x n < of a sphereof radius o �/o asthesphererolls overeverypoint *
of � , wherethen < areconsistentlyorientedrelative to � .

In thissubsectionwewill proveseveralresultsconcerningoffsets.In particular, we
will give necessaryandsufficient conditionson � so that � ��� ��� is nonsingularin
termsof certaindifferentialandgeometricconsiderationsof thesurface� . (Clearly,
theseresultsapplysimilarly to � �&�L� ��� .) We will restrictour attentionto compact
manifoldswithoutboundary.

Our first resultcomesasa directapplicationof Lemma3.

Proposition 4 Let � �&� ��� beasin (1) andlet

S32s� 4 � ��� ����Q R � + S �¡* �¢� *�x � n < (2)

Then,theJacobianof S at * hasnullity z�~�! if andonly if *£x � n < is a focalpoint
of � .

Proof: Theproof is aslight modificationof theproofof Lemma3.

Proposition4 shows that � ��� ��� is locally a 2-dimensionalmanifold at *Cx � n <
preciselywhen *�x � n < is not a focalpointof � .

We will proceedwith thequestionwhen S is globally 1-1.For this,we first define
themap

¤ 2s�hgC� 4 R + ¤ �¡* +w¥ �?�R¦ *3� ¥ ¦ ] (3)

Obviously,
¤ �¡* +w¥ ��~T! , for * �� ¥ . Second,notethat

¤
hasa critical value §¨~V!

since�}g3� is compact.Let now * +n¥ 7q� with
¤ �
* +w¥ �?��§ . Then,it is easyto see

thatn < � � n © andthevector * � ¥ is parallelto bothn < andn © . Third, we claim
thatif

ª ��«�¬®­,j�§¯~F!°o±§ + § is a critical valueof
¤ r (4)

then ª is positive.For if ª wereto bezero,we would thenhave that for eacharbi-
trarily smallpositive ² thereexistsapair of points �¡*b³ +w¥ ³ � sothat´ ¦ *b³?� ¥ ³ ¦{µF² ,´ Thevector *b³?� ¥ ³ is parallelto bothn <=¶ + n © ¶
Since ² canbearbitrarily small,then *b³ +n¥ ³ have to belongto thesamecomponent
of � . Now let 6 be any point of � . Using the implicit function theorem,we may
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chooselocal coordinates\ �,+ \b] around6 sothat � becomesthegraphof a smooth
function m �¸· � \ �=+ \b],� with � ! + ! + · � ! + !��`�¹�º6 and 9,»9,_ Y � 9,»9,_ G �¼! at � ! + !�� . For
a point ½¾7F� near 6 we find a correspondingpoint � ½ �H+ ½=]H� closeto � ! + !�� so that½{� � ½ �H+ ½,] + · � ½ �H+ ½=]H�n� . Thenormalvectorof ¿ at 6 is � ! + ! + ��� while thenormalof� at ½ is � 9,»9=_&Y + 9,»9=_ G + ��� , wherethepartialsareevaluatedat � ½ �H+ ½=]H� . Then,

½ � 6¯� � ½ �H+ ½=] + · � ½ �=+ ½=]H� � · � ! + !��`� +
andthusthevector ½ � 6 is not parallelto � ! + ! + �&� , which is thenormalof � at 6 ,
for 6 ��@½ . Thisprovestheclaim.

Definition 5 Let * +w¥ 7 R � , and À +wÁ Q R � . Wedefine´FÂsÃ � À +=Á �?��Ä¾ÅaÆ <�Ç;È Ä¾«É¬�© Ç�Ê ¦ *¾� ¥ ¦ +´ For 6¾7 R � , a point ËÌ7ÍÀ is a nearestpoint on À to 6 (SeeFigure3.) if

¦H6 � Ë®¦���ÄÎ«�¬bj1¦H6 �Ï� ¦�o � 7ÍÀ rs�

X

a

Fig. 3. NearestPointon X to a

Wenow considera �3~F! sothat

C1. For eachpoint * of � neitherprincipalcurvatureof � at * is equalto � ��ÐN� ,
and

C2. Pa�¾µ ª , where ª is asin (4).

We thenhave thefollowing:

Theorem 6 For � asabove, and S asin (2), S is an 1-1 map.

Proof: For apositivenumberÑ wemaydefinetheopenset
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� � Ñ=�¢��j * 7 R � o Â � j *Òr + ����µFÑ r
Using the Ñ -NeighborhoodTheorem,[17], page69, we may find an Ñ with the
following properties:´ Eachpoint Ó¸7f� � Ñ=� possessesa uniquenearestpoint in � , denotedby Ô � Ó¹� ,

and´ Themap ÔÕ2�� � Ñw� 4 � , Ó 4 Ô � Ó°� , is asubmersion

Now notethatif � is chosento satisfyC1, C2 andis lessthan Ñ , then S is 1-1.For if�375� ��� ��� thenits distancefrom � is exactly � . Thus,if ��� *Dx � n < � ¥ x � n © ,
then ¦H� �Ï* ¦��W¦H� � ¥ ¦���� . Therefore,Ô � ����� * � ¥ .
Supposenow that � is the first positive numberfor which S is not 1-1. Let then* �� ¥ for which S �
* �?�}S � ¥ � ; thatis *Öx � n < � ¥ x � n © . Then,*�� ¥ ��� � n © � n < � .
We claim that in this case �¡* +w¥ � is a critical point of

¤
. For if not, the locally 2-

dimensionalmanifold � ��� ��� hasanon-tangentialself-intersectionat S �
* � , andthat
contradictsthe choiceof � . Thus, ¦ *Í� ¥ ¦¾�×PN� . But ¦ *C� ¥ ¦ Ø ª andthis is a
contradictionto C2.

Finally, wehave:

Corollary 7 Let � bea compactorientablesurfacewithoutboundary. Then� ��� ���
is a nonsingularsurfaceif � satisfiesconditionsC1 andC2.

Corollary 8 Let �37 � ! +,Ù � besothat � satisfiesconditionsC1 andC2. Then,the
openset � � ��� is a normaltubular neighborhoodof F. In addition, if § is such that!DÚ}§ÛÚÜ� , then,´ Theoffsets� �&� §�� and � ���L� §�� arenonsingular.´ Everypoint ÓT7C� � ��� hasa uniquenearestpoint Ô � Ó°� in � .´ Let Ô1Ý bethenearestpoint function Ô1Ý¯2/� � o §boÞ� 4 � , Ô1Ý � m �¹�cÔ � m � . Then,for

everypoint * 7C� theset Ô � �Ý �¡* � is equalto �
*3�àßÒá +nâ x8ßÒá � .
Theconceptof a tubular neighborhoodof a submanifoldwithout boundaryis not
new; a result similar to the above, statingits existence,appearsin [18, Theorem
5.2]. Here,however, anexplicit numericalboundon thesizeof theneighborhood
is presented,which is useful in computationalapplications.Onecan visualizea
tubular neighborhoodof � asfollows: Supposethat � is madeout of thin rubber.
Then,by uniformly inflatinganddeflatingthe interior of � sothatno singularities
occurin � , a tubularneighborhoodis nothingbut theunionof thevolumescreated
by theinflationanddeflationof � .
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4 Ambient Isotopic Approximations

Many approximationschemesfor surfacesareconcernedwith the existenceof a
homeomorphismbetweentheactualsurfaceandits approximant.However, thelat-
ter doesnot guaranteethat thesurfaceandits approximanthave thesameembed-
dingwithin R � . As anexampleof differentembeddingsin R � , considerthestandard
torusanda variantof it. Let � denotetheregular torus �T��ã���g5ã�� , where ã�� is
theunit circle.Let � � denoteaknottedtorus, � �}�@ã � g � , where� is a trefoil
knot, chosenso that � � is homeomorphicto � . However, within R � , onecannot
continuouslydeform � into � � . This is demonstratedby showing that thespaces
R � � � andR � �8� � do not have thesamehomotopy type[23, p. 103,Theorem
1].

Two relatednotationsaredefinedherefor usewithin the restof the paper. Both
conceptsarestandardin generaltopologyandcanbefound in any basictopology
text [31].

For any topologicalspaceÀ andany subsetä in À , thenotationªHå È ä refersto the
closureof ä in À . For any topologicalspaceÀ andany subsetä in À , thenotationæsç � È ä refersto theinteriorof ä in À . In caseswheretheparticularspaceÀ being
usedis obvious from context, thenthesubscriptis typically deleted,asis donein
this paper, whereÀè� R � .
The following definition (SeeFigure4.) is centralto the restof the paperand it
givesprecisemeaningto whentwo objectsareboth homeomorphicandhave the
sameembeddingwithin R � .
Definition 9 Let À +wÁ be subsetsof R � . Thenwe saythat À and Á are ambient
isotopicif there is a continuousfunction

Bé2 R � gê�ë! + �.� 4 R �
such that for each � 7 �Þ! + �;� , B � -U+ � � is a homeomorphismfrom R � onto R � ,B � -U+ !�� is theidentityand B � À + ���Ö� Á .

In the illustrative Figure4, the set À is continuouslydeformedinto Á , while si-
multaneously, theregion boundedby À andthehorizontaldashedline segmentis
beingdeformedinto theregion boundedby Á andthehorizontaldashedline seg-
ment.Thus, the smallerregion is beingstretchedinto a larger one.At the same
time the region boundedby À andthe two non-horizontalline segmentsis begin
deformedinto theregion boundedby Á andthetwo non-horizontalline segments,
contractinga larger region into a smallerone.Thesecomplementaryexpansions
andcontractionsallow for the definitionof a continuousmapthat fixesall points
on theboundaryof andexterior to thetriangle.
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Fig. 4. AmbientIsotopy

Thetechniquesof offsetsandtubular neighborhoodsgivenin theprevioussection
enableus to establishsufficient criteria for ambientisotopy of certainsurfaces.In
thatregard,we termour resultsasglobal in thesensethat thesurfaceis perturbed
globally.

Let � beour surfaceandlet � beasin Corollary8. For a point * 7ê� , let
æ �¡* + ���

be the closedline segmentthat connectsthe points *5� � n < and * x � n < . The
following is themainresultof this section,andprovidesa meansof establishinga
family of surfacesambientisotopicto � .

Theorem 10 Let �ìQ R � be a compactnonsingular2-manifoldwithout bound-
ary, and � as in Corollary 8. Let also O Q R � bea compact2-manifoldwithout
boundarythat satisfiesthefollowing:´ O Qf� � ��� , and´ For every * 7q� ,

æ �¡* + ��� intersectsO at preciselyonepoint.

Then,O is ambientisotopicto � and Â�Ã � � + Ok��µF� . (SeeFigure5.)

Proof: Since � is compact,it is clearthat íb� � ��� is compact.Furthermore,since� � ��� is openand O Qf� � ��� , it is alsoclearthat Â � O + íb� � ���`��~F! . Hence,for any§¯~Ü! , suchthat §Dµ8� and O Qf� � §î� , thereexistsan Ñ suchthat § x ÑUµF� .
For any * 7 ª;å R Z � � ��� , let Ó < � O ï æ �
* + ��� and define the function · <�ð � 2ª;å

R Z � � ����gÏ�ë! + ��Ð�Pa� 4 R � asfollows:

�
* + !��?ñ4 *Dx�� § � Ñw� n < and �¡* + ��Ð�Pî�?ñ4 Ó < ,
andfor all � 7 � ! + ��Ð�P�� + · <�ð � is obtainedby linear interpolationbetweenthe two
abovepoint assignments.

Similarly, For any * 7 ª;å R Z � � ��� , definethefunction · <�ð ]�2 ªHå R Z � � ����gÏ�ò��Ð�P + �.� 4
11
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Fig. 5. IntersectingW in PreciselyOnePoint

R � asfollows:

�¡* + ��Ð�Pî�?ñ4 Ó < , and �
* + �&��ñ4 *�x�� § x Ñ=� n <
andfor all � 7 � �&Ð�P + ��� + · <�ð ] is obtainedby linear interpolationbetweenthe two
abovepoint assignments.

Thendefinethefunction Be2 R �£gê�ë! + �.� 4 R � by

B �¡* + � �?�
óôôôôôõ ôôôôôö
* if * 7 R � � � � ��� +L÷ � 7ê�ë! + �.� +· <�ð � �
* + � � + if * 7 ªHå R Z � � ��� + � 7ê�Þ! + ��ÐîPa� +· <�ð ] �
* + � � + if * 7 ªHå R Z � � ��� + � 7ê�ò��Ð�P + �.� �

Notethat thepiecewisedefinitionof B agreeson í^� � ��� . It is obviousthat B is a
homotopy suchthat B �¡* + !��D� * +±÷ * 7 R � and B � O + ���D�ø� . To completethe
proof that B is an ambientisotopy, it sufficesto show that if B � -£+ � � is a home-
omorphismfor all � 7¸�Þ! + �.� . However, sincefor each � 7¸�Þ! + �.� , the continuous
function B � -£+ � � is the identity outsidethecompactset ª;å R Z � � ��� (andis alsothe
identity along the boundaryof ª;å R Z � � ��� ), it only remainsto show that B � -£+ � �
is 1-1 for all * 7 ªHå R Z � � ��� . But, this follows easily, sincefor all * +w¥ 7ù� � ��� ,
with * �� ¥ , we have,by hypothesis,that therelevant linearsegmentsaredisjoint,
namely,

� *�x�� § � Ñw� n < + *Dx@� § x Ñ=� n < ��ïÏ� ¥ x�� § � Ñw� n © +w¥ x�� § x Ñ=� n ©H�^�@ú �
Theboundgivenon thedistancebetweenO and � followsdirectly from thecon-
tainmentof O within � � ��� .
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Thiscompletestheproofof ademonstrationof aparticularambientisotopy, where
theproof presentedis similar to classicalarguments[18, Chapter5], with thead-
ditional informationprovidedhereof a specificboundon thesizeof theneighbor-
hoodcontainingtheambientisotopicimages,in contrastto theclassicalarguments
merelyproving theexistenceof someneighborhood.

Corollary 11 Let � + � beasin Theorem10.Thenfor every § such that !�Ú}§DÚÜ� ,� ��� §î� is ambientisotopicto � and ÂsÃ � � + � �&� §î�n��ÚÜ� .
Theaboveresultsprovideanabundanceof surfacesO ambientisotopicto � . Note
that any such O is insidethe tubular neighborhood� � ��� andwithin tolerance�
from � . Existingmethods[7] produceonePL approximant,whereasCorollary11
providesfor theexistenceof infinitely many ambientisotopicapproximants,each
with boundeddeviation from � . Thenew methodspresentedheremaybevaluable
for applicationsin reverseengineering,wherethe final desiredoutput is often a
CAGD B-rep modelwith splineboundarysurfacesratherthanjust a PL approxi-
mantandthedatato compute� maybeavailablewithin theengineeringspecifica-
tion [26].

5 Application to Inter val Solids

Let � beour surface,asgiven in Theorem10. It is intuitively obvious that if one
generatesanothersurfacebycontinuouslocalperturbationsof � , whichneithercre-
atenew self-intersectionsnor remove any existing self-intersection,theperturbed
surfacewill beambientisotopicto � . In this application,we will make useof this
ideaandapproximate� by anothersurfacewhich is generatedby local perturba-
tions of � . This constructionyields a PL approximationandis motivatedby the
recentwork of Sakkaliset al, [28], in which theconceptof an interval solid is de-
finedandsomeof its fundamentaltopologicalandgeometricpropertiesareproved.

Throughoutthis section,a box is a rectangular, closedparellelpipedin R � with
positive volume,whoseedgesareparallelto theco-ordinateaxes.Suchboxesare
usedto create“interval solids”,asdefinedanddiscussedin [28]. Somecritical sup-
portingmaterialfrom [28] will besummarizedhere,to keepthepaperreasonably
self-contained.

Let � be our surface,andassumethat � is connected.Then the JordanSurface
SeparationTheoremassertsthatthecomplementof � in R � haspreciselytwo con-
nectedcomponents,�pû + �pü ; we may assumethat �pû is boundedand �ýü is un-
bounded.Let also þW�ùja½±ÿ +�� 7�� r bea finite collectionof boxesthatsatisfiesthe
following conditions:
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C3. j æsç �;� ½±ÿ.� +�� 7�� r is acoverof � .
C4. Eachmember½ of þ intersects� generically;that is, ½�ïÕ� is a non-empty

closeddisk thatseparates½ into two (closed)balls, ���� and � �� , with �	�� + � � �� �
lying in ��û�
 � ( �ýü�
Í� ), respectively.

C5. For any ½ � + ½±ÿ¹7qþ , let ½ � ÿU��½ � ï ½Lÿ . If
æsç �;� ½ � �/ï æsç �;� ½±ÿ.� ���ú , then ½ � ÿ is alsoa

boxwhichsatisfiesC4.

In [28], conditionsC3 - C5 wereassumed.NoticethatconditionC4 indicatesthat
every ½�7qþ intersects� in anaturalway. SeeFigure6.

Bb
+

Bb
−

b  ij

b  j

b  i

F

F

F
b  

Condition C4 Condition C5

b  

Fig. 6. 2D Versionsof ConditionsC4 andC5

Thefollowing resultsummarizesseveralpreviouslyappearingresults.

Theorem 12 [28, Corollary2.1,p. 165] If � is connectedand þ satisfiesC3 - C5,
then �

�� ÿ Ç�� ½±ÿ is a solid.

To this end,we will show that whenever � is a connectedsurfacesatisfyingthe
hypothesesof Theorem10,then � isambientisotopicto theboundaryof aninterval
solidconstructedfrom � , asdescribedin Theorem12.To doso,weintroducesome
well known resultsfrom theliterature.

Definition 13 [11,p.214]Aclosedsubset� of a PL 3-manifold-with-boundary¿
is tameif there is a homeomorphism· 2�¿ 4 ¿ such that · ��� � is a polyhedron.

Definition 14 [20, p. 371] Let ¿ be a manifold with boundary, under the Eu-
clideanmetric Â . Denoteby � � ¿V� thesetof all homeomorphismsof ¿ ontoitself.
Definea function ' of � g � into the real extendednumbersystemas follows:' � ) + S®�?�@Ë�\�� <�Ç ÃÛÂ � ) �
* � + S �¡* �n� . Then,if Ñ£~Ü! , ) and S are Ñ -isotopicif there is an
isotopy B�� such that B����@) , B � �fS andif � �H+ � ]£7ê�ë! + �.� , then ' � B�� Y + B�� G ��ÚfÑ .
Thefollowing Theorem15haspreviouslyappearedasacorollary[20] to abroader
resultwhich wedonot needin this paper.

Theorem 15 [20,Corollary2, p. 372] If � is a tamecompact2-manifoldin any3-
manifold ¿ and ÑU~Ü! , thereis a ²¯~Ü! sothatif · is anyhomeomorphismof � into¿ moving no point more than ² andif · �v� � is tame, thenthere is an Ñ -isotopyof¿ taking · ��� � onto � pointwiseandmovingno pointoutsidean Ñ -neighborhood

14



of � .

Wearenow in apositionto presentour mainresultof this section.

Theorem 16 Let � be tameand connected.For each Ñ¨~º! , there exists � , with!3µ���µ}� sothat whenever a family of boxesþ satisfiesconditionsC3 - C5, and
for each ½ of þ , ½ is a propersubsetof � � � � (SeeFigure7) then,for ã8����
q�pû
and ã��Ü�Rã�
�� ÿ Ç�� ½±ÿ , thesets� and í^ã�� are Ñ -isotopicwith compactsupport.
Hence, they arealsoambientisotopic.

2γ

Fig. 7. 2D Versionof ProperSubsetCondition

Proof: It haspreviously beenshown [28] that � and í^ã�� arehomeomorphicby
constructionof anexplicit homeomorphism.It hasalsobeenshown that ¿ ��ã �
is acompact3-manifoldwith boundary[28]. Furthermore,it is clearthat ¿ is PL.
Considernow � �¸í^ã�� . Since � is alreadya polyhedron,� is tameunderthe
identity mapon ¿ and � is alsoa compact2-manifoldwithin ¿ . For thegivenÑ , let ² beasgivenin Theorem15.Furthermore,thehomeomorphism·52 � 4 �
created[28] suchthat · �v� �¹�ù� reliedupona projectionfrom theboundariesof
theboxesonto � , whereall of theboxeslay within � � ��� . Hence,no point canbe
movedby · morethanthemaximaldistanceof theboundaryof any box from � .
Let now � ���¨A ç j�� + ² r . Then · satisfiesthedistanceconstraintof Theorem15and· ��� �Û�¸� , where � is tame.Since ¿ is compact,the Ñ -neighborhoodprovided
by Theorem15impliesthatthe Ñ -isotopy hascompactsupport.Hence� and � are
ambientisotopic.

6 Global VersusLocal Methods

With an offset surface,thereis a fixed valuefor the offset, resultingin a normal
tubularneighborhoodwherethepointsgeneratedasimagesof theendpointmapare
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all thesamedistancefrom themanifold.However, ambientisotopicapproximations
can be createdwherethesedistancesneednot all be equal [7], but are defined
subjectto local surfacecharacteristics.

In Figure8, a cross-sectionalview is shown to illustrateanambientisotopy based
uponlocal information,wherethesolid curve indicatesacross-sectionof theorig-
inal surface� andthedashedcurverepresentsthecross-sectionof asurfacewhich
is ambientisotopicsurfaceto � .

Fig. 8. View of GeneralizedAmbientIsotopies

Theproofsgivenin thepresentpaperrely uponcreationof anormaltubularneigh-
borhoodabout � . While this is a sufficient condition it is not necessarythat the
original surfacebeentirely containedwithin anopenneighborhood.In particular,
therecanbefixedpointsfor anambientisotopy [7].

Therearetwoprimaryadvantagestousingoffsetsversusexistingwork [2,7] relying
uponthemedialaxis [7] to constructa piecewise-linearambientisotopicapproxi-
mationof amanifold:

(1) approximatingthemedialaxis is a difficult task[5] whereasthemethodpre-
sentedhererequiresnosuchcomputationand

(2) the ambientisotopicapproximantspresentedhereneednot be PL, and this
maybevaluablein engineeringproblemswheretheprimarydatarepresenta-
tionsarefree-formsurfaces.

Theprimarydis-advantageto usingtheoffsetmethodspresentedhereis that they
rely uponglobalbounds,whichmaybemorerestrictive thanlocalbounds.

Example: Let u beany non-degenerate,non-circularellipse,which, without loss
of generality, is assumedto be symmetricabout the origin in the usual * � ¥
plane.Thereexists a minimal valueof �}~ ! suchthat the internaloffset u by� is self-intersecting,anddesignatethis offsetby u ���L� ��� . Now, considerany non-
degeneratecircle � centeredabouttheorigin sothat � is inside u ���L� ��� . Thereex-
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istsanambientisotopy from u to � , whichcaneasilybeconstructedbyparametriz-
ing � and u by Ë�7ê�Þ! + PaÔ/� sothatthemappingof pointswith thesameparametric
valuesis � � � , asdepictedin Figure9. Theobviousgeneralizationscanbemade
in threedimensions,leadingto theconclusionthat if oneonly wishesto generate
anambientisotopicapproximation,that theboundspreviously givenin this paper
aswell asin previouswork [2,7,21]canbeoverly restrictive.

� � � � � � �� � � � � � �� � � � � � �� � � � � � �
! ! ! ! ! ! !! ! ! ! ! ! !! ! ! ! ! ! !! ! ! ! ! ! !

" " " " " " "" " " " " " "" " " " " " "" " " " " " "
# # # # # # ## # # # # # ## # # # # # ## # # # # # #

$ $ $ $ $ $ $ $$ $ $ $ $ $ $ $$ $ $ $ $ $ $ $$ $ $ $ $ $ $ $
% % % % % % % %% % % % % % % %% % % % % % % %% % % % % % % %

& & & & & & & && & & & & & & && & & & & & & && & & & & & & &
' ' ' ' ' ' ' '' ' ' ' ' ' ' '' ' ' ' ' ' ' '' ' ' ' ' ' ' '

Fig. 9. AmbientIsotopy by ParameterMatching

7 Comparisonsof Normals

Thispaperhas,sofar, emphasizedtwo criteriafor surfaceapproximations

(1) an upperboundon the distancebetweenthe approximatingsurfaceandthe
original surface,and

(2) sufficientconditionsfor theapproximantto betopologicallyequivalentto the
original,via thestrongcriterionof ambientisotopy.

Otheraspects,however, of a piecewise linear approximationarealsoof practical
interest.In particular, one may wish to determinehow far the normalsof a PL
approximantdiffer from thenormalsof theoriginal, especiallyfor applicationsin
graphics.Note, that a PL surfacereconstructionis guaranteed[7] to be ambient
isotopicto theoriginal surfaceundertheconditionof having a samplingdensityat
eachpoint � 7q� thatis boundedby

§)( Â � � + ¿�ä � ��� + with § �@! � !+* + (5)

where ¿�ä � ��� denotesthemedialaxisof � .

Previoussurfacereconstruction[2] work hasinvestigatedtheapproximationof true
surfacenormalsby the normalsof the reconstructedsurface,but with an upper
boundof ��Ð+, onthevalueof § definedin Equation5.Sincetheambientapproxima-
tionspresentedherearenotconstrainedby thevaluesof § presentedin Equation5,
it remainsof interestto examineerrorboundson theseapproximatingnormals,as
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will bedemonstratedby adaptingpublishedcomparisontechniques[25] to anillus-
trative example.We furthernotethat theapproachpresentedherefor comparison
of normalsmayalsoextendto practicalsurfacereconstructionproblems,because,
in practice,it hasbeenfound thata factorof § in Equation5 ashigh as ! �.- often
producesacceptablealgorithmicoutput[1].

We provide an exampleto illustratethe computationof error boundson approxi-
matingnormals.Boththispaperandourguidingreference[25] sharethefollowing
aspectsin theconstructionof aPL approximation¿ of theoriginalsurface� . For
eachpoint � 7 ¿ , thereexistsa uniquenearestpoint Ô � � � 7ê� . Thenonecon-
sidersthe normal to ¿ at � , denotedhereas ß Ã% andthe normal to � at Ô � � � ,
denotedhereas ß0/132 %54 . Then,after identifying the points � and Ô � � � , the angle
betweenß Ã% and ß 1 � � � / canbe measuredfor each � . Thenthe upperboundis
thesupremumof theseangulardifferences,takenoverall points � in ¿ .

First we createdaNURBScurve � thatis a trefoil knot (SeeFigure10.)Then,we
createda knottedsurface � by sweepinga circle of radius ! � !®� alongthe curve� (SeeFigure11.) This surface � wasspecificallycreatedso that thedistanceat
eachknotcrossingwasgreaterthan ! � ! � , sothatanonsingularopennormaltubular
neighborhoodabout � could be createdat any distancelessthan ! � !®� . Note that
this distanceexceedsthedistanceconstraintimposedin Equation5.

Fig. 10.Trefoil Curve

Figure12 shows a triangulatedversionof � andthis is usefulto understandhow
we employed the paper[MT] to boundthe normaldeviations.The [MT] analysis
is critically dependantuponthelengthof thelongestsideof any trianglecreatedin
thetriangulation.To havecontrolof thetrianglesgeneratedon thesurface,wefirst
triangulatedtheparametricdomain.Thetrianglescreatedin theparametricdomain
wereall right triangles.For theparticularexamplecreated,this led to correspond-
ing trianglesapproximating� sothateachsuchtrianglewasobservedto benearly
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Fig. 11.KnottedSurface

aright triangle.Thisassumptionthatthetrianglesareapproximatelyright triangles
simplifiesour computations.In particular, the upperbound[25, Theorem1] for-
mula depends,for eachtriangle � in the triangulation,uponthe variable Ë � § � �{� ,
which is known asthestraightnessof � , andwhile we do not repeatthedetailsof
thatdefinition,here,wenotethatourassumptionaboutright trianglespermitsusto
approximateË � § � �{� by theconstantvalueof � , for all triangles� .

An expressionfor anupperboundon theerrorof theapproximatingnormals[25,
Theorem1] is presentedin our notationas

6 «�¬£' % [ < Ú �n��7 �&!�Ð � P)(UË � § � ¿V�`�n� x �&� � Ô / � ¿V�`�nÐ � � �98 / � ¿V�`� + (6)

Wefirst notethatwith theassumptionsmadeaboutright triangles,thefactor

�n� 7 �&!�Ð � P)(�Ë � § � ¿@�n�n� x ���
immediatelysimplifies to the constant �`� 7 ��!�Ð�P��`� x ��� . Then,similar to our re-
marksaboutstraightness,thereaderis referredto thereference[25] for thedetailed
definition of Ô / � ¿V� , known asthe relativeheightof M to F. For our estimateofÔ / � ¿@� , we use

Ô / � ¿V�;:V�9(=<0> + (7)

where <?> is themaximumcurvatureof theoriginal surfaceand � is the lengthof
thelongestsideof any trianglecreatedin thetriangulation.

Thefactor 8 / � ¿V�`� is givenby
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Fig. 12.TriangulatedApproximationof KnottedSurface

While thereareobviousperformanceanddatavolumeadvantagesto having fewer
samplingpoints,thereareintuitively obvious tradeoffs amongseveral criteria for
the approximatingsurface.For instance,if oneconsidersthe following threeap-
proximationcriteria

(1) nearnessto surfacebeingapproximated,
(2) preservationof topologicalform, and
(3) errorboundson approximatingnormals.

then, fewer samplingpoints typically provided worseapproximationsrelative to
Items1 and3, above, even in the presenceof ambientisotopy. The analysesand
numericalresultspresentedhereexplicatethoseinterrelationshipsin orderto pro-
vide someguidanceto thepractitionertowardsmakingoptimally practicalchoices
regardingthesamplingset.This requiresa judiciousbalancingamongstthecriteria
articulated,above,aswell aspossiblysomeothers(surfacearea,volumeenclosed,
centerof mass,etc.,. . . ). Theapproachpresentedhereshouldoffer guidanceto for
otheranalysesto beextensibleto includeadditionalcriteriafor optimality.

In Table3, thenotation § representsthevariousvaluesof themultiplicative factor
usedin Equation5. Theassociatedcolumnsindicatethecorrespondingvaluesof �
(asin Equation7, beinglength � of thelongestsideof any trianglecreatedin

� Theselengthswerecreatedby usingTaylor’s Theoremto computea relatedsamplingin
parameterspaceto mapto thesepointsin modelspace.
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C D E % [ <$�FÞ#HG
I�J $�FÞ#HGKIML N�#+FÞ#3O
P FÞ#�QRGKI�J P FÞ#�QRGSITL $&$�F P
JRFÞ#HG
I�J JRFÞ#HGKIML JUNVF.W
X FÞ#HG
I P X FÞ#HGKI¨$ JUQVF.Q
JRFÞ#HG
I P JRFÞ#HGKI¨$ JRF.N
QVFÞ#HG
IMQ QVFÞ#HGKIMQ #+F.NHQ

Table1
UpperBoundon Errorof ApproximatingNormal

thetriangulation)andrepresentingthemodel-spacesampledistance,and ' % [ < the
upperboundof deviation betweenthenormalsof verticeson themeshandpoints
on thesurface(in degrees).

8 Concluding Remarks

In this paperwe focusedon a methodfor establishingsurfaceswhich canapprox-
imatea givennonsingularcompactmanifold � without boundarysothateachap-
proximantis ambientisotopicto � . Theapproximantsneednotbepiecewiselinear
andthesenon-PLapproximationsmaybeparticularlyusefulin engineeringappli-
cationswheresplinegeometrydominates.Themethodsdescribedarealsodirectly
applicableto creatingapproximantsfor graphicsandanimation,wheretheunder-
lying surfacesalreadyhavesomespecificmathematicaldescriptionstoredin some
standardformat.They offer further theoreticalinsight into surfacereconstruction
problems,but at theexpenseof relianceupondatathatis nottypically presentwhen
only point clouddatais given.However, specificallyfor surfacereconstructionsin
reverseengineering,the requiredlocal dataof maximumcurvatureandtheglobal
datafor creationof nonsingulartubularoffsetneighborhoodsmaybeavailable.

Theresultspresentedherestartfrom considerationsof curvature.While local val-
uesof curvatureandthemedialaxisarecloselyrelated,examplesaregivento show
that this primary attentionto curvatureaffordsadvantagesover previousmethods
which relieduponthemedialaxis,evenwhentheobjective is to createPL approx-
imants.A specificapplicationis the demonstrationof sufficient conditionsfor an
interval solid to beambientisotopicto thesolid it is approximating.

Theresultspresentedarerestrictedto smoothsurfaces,evenwhile realengineering
partsoftenareonly piecewisesmooth,possiblyhaving sharpfeatureswheresurface
derivativesareundefined.Considerationof suchsharpdiscontinuitiesin developing
ambientisotopiesover multi-patchspline surfaceshasappearedin the literature
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[10], but it is beyond thescopeof the presentinvestigationto integratethesetwo
ideas.The theorypresentedhereis offeredasan importantfirst stepto the more
challengingfuture extensionsto real engineeringparts,which thepresentauthors
areinvestigatingin anongoingproject.

Acknowledgments

Partial fundingfor T. Sakkaliswasobtainedfrom NSFgrantsDMS-0138098,CCR
0231511,CCR0226504andfrom theKawasakichairendowmentat MIT. Partial
fundingfor T.J.PetersandJ.Bisceglio wasfrom NSFgrantsDMS-9985802,DMS-
0138098andCCR0226504.All statementsin thispublicationaretheresponsibility
of theauthors,notof thesefundingsources.Theauthorsexpresstheirappreciation
for this funding andwould further like to thankProfessorsK. Abe, N. Amenta,
N. M. Patrikalakis,J. A. Roulier andA. C. Russellfor variousdiscussionswhich
helpedto stimulateour collaborationon this manuscript.

References

[1] N. Amenta,personalcommunication.May 15,2003.

[2] N. AmentaandM. Bern. Surfacereconstructionby voronoi filtering. Discreteand
ComputationalGeometry, 22:481–504,1999.

[3] N. Amenta, M. Bern, and M. Kamvysselis. A new voronoi-basedsurface
reconstructionalgorithm.In Proc.ACM SIGGRAPH, pages415– 421.ACM, 1998.

[4] N. Amenta,S. Choi, T. Dey, andN. Leekha. A simplealgorithmfor homeomorphic
surfacereconstruction.In ACM Symposiumon ComputationalGeometry, pages213–
222,2000.

[5] N. Amenta,S.Choi,andR.Kolluri. Thepowercrust,unionof ballsandthemedialaxis
transform.ComputationalGeometry:TheoryandApplications, 19:127–173,2001.

[6] N. Amentaetal. Emergingchallengesin computationaltopology. In WorkshopReport
on ComputationalTopology. NSF, June1999.

[7] N. Amenta,T. J.Peters,andA. C. Russell.Computationaltopology:ambientisotopic
approximationof 2-manifolds.Theoretical ComputerScience, 2003.

[8] L.-E. Andersson,S. M. Dorney, T. J. Peters,and N. F. Stewart. Polyhedral
perturbationsthat preserve topological form. ComputerAided GeometricDesign,
12:785–799,1995.

22



[9] L.-E. Andersson,T. J.Peters,andN. F. Stewart. Selfintersectionof compositecurves
andsurfaces.ComputerAidedGeometricDesign, 15(5):507–527,1998.

[10] L.-E. Andersson,T. J.Peters,andN. F. Stewart. Equivalenceof topologicalform for
curvilineargeometricobjects.InternationalJournal of ComputationalGeometryand
Applications, 10(6):609–622,2000.

[11] R.H. Bing. TheGeometricTopologyof 3-Manifolds. AmericanMathematicalSociety,
Providence,RI, 1983.

[12] M. Boyer andN. F. Stewart. Modeling spacesfor tolerancedobjects. International
Journal of RoboticsResearch, 10(5):570–582,1991.

[13] M. BoyerandN. F. Stewart. Imperfectform tolerancingonmanifoldobjects:ametric
approach.InternationalJournalof RoboticsResearch, 11(5):482–490,1992.

[14] J.Cohenet al. Simplificationenvelopes.In ProceedingsACM SIGGRAPH96, pages
119–128.ACM, 1996.

[15] T. K. Dey, H. Edelsbrunner, andS. Guha. Computationaltopology. In Advancesin
DiscreteandComputationalGeometry(Contemporary Mathematics223, pages109–
143.AmericanMathematicalSociety, 1999.
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A TopologyDefinitions

Definition 17 A function ) on spacesÀ and Á is a homeomorphismif ) is bi-
continuous,1-1 andonto.

Definition 18 A function ) from À onto itself hascompactsupportif there exists
a compactset äkQFÀ such that ) is theidentityexceptpossiblyon ä .

Definition 19 Two functions ) and S from a space À into a space Á is called
homotopicif there existsa continuousfunction �¸2bÀ g8�ë! + �.� 4 Á such that for
each point * 7ÍÀ ,

� �¡* + !��¢�@) �
* � and � �
* + ���?�}S �
* � �
Definition 20 Two functions ) and S from a space À into a space Á is called
isotopicif they arehomotopicvia a function � such that for each � 7 �Þ! + �.� , � � -�+ � �
is a homeomorphism.

If theoriginal functions) and S arebothonto Á , thenwewill interchangeablyrefer
to thefunctionsbeingisotopic,aswell asthespacesÀ and Á beingisotopic.It is
this latterusagethatis adoptedwithin themainbodyof this paperin thedefinition
of ambientisotopygivenin Definition9.
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