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Abstract— Underwater acoustic localization usually relies on estimators for the whole network setup have been developed,
time of arrival (ToA) measurements, which are then convertd \hose performance can be accurately characterized in wirms
into range estimates. However, the water medium is inho- he Cramér-Rao lower bound (CRLB). Since air can be well
mogeneous and the sound speed varies depending on severaﬁ . "
parameters, e.g., the temperature, pressure and salinityAs a approxmated as a homogeneous med_la, ToA mgasurements
result, sound waves do not necessarily travel in straight ies. C€an be linearly converted to range estimates, which are the
Ignoring this stratification effect could lead to considerdle bias basic building blocks for localization in sensor networks.
in the range estimates. We propose a depth-based approachthe context of underwater autonomous networks and deep
to compensate the stratification effect for improved undervater sea exploration, underwater localization is an importasky
ranging. We assume that the sound velocity profile (SVP) is dn ' . . "o
vertically stratified, the position of the sender is known, ad the see _e'g'_' [3] and referenc_es thereln. To accomplish precise
receiver has a noisy depth estimate via a depth sensor. We fird l0calization based on ranging via the measurement of sound
numerically simple range estimator, based on reconstructig the wave ToA, the inhomogeneity of water as a medium should
slanted path using Fermat’s Principle and calculus of varigions. pe considered.

This estimator removes the bias and is asymptotically effieint. The effects of inhomogeneous media on wave propagation

We compare our solution to the simplistic linear estimator hat are characterized by the correspondin hvsical diffeaknt
assumes straight-line propagation in a shallow-water exaple y P g phy

where the sound speed decreases monotonically with depth.ew €guations, Wh_iCh are well understood_, e.g, in COmPUtaﬁona
find that the bias of the linear estimator increases with rang ocean acoustics [4]. Both matched field processing (MFP)

and is non-negligible when the ToA measurements have a §mal| and ocean acoustic tomography (OAT) (see [5], [6], [7] and
‘Ig(')a?o‘il‘va'er""g‘c')'ﬁnzurcsgll_UB“O” is bias-free and meets the Cra®r- references therein) solve for the complete wave-field as a
( ): function of space and time. Solutions are determined by
Index Terms— Localization, ranging, sensor networks, under- measurements and necessary boundary conditions, like char
water acoustic communication, stratification effect. acterization of the ocean floor or the sound velocity profile
(SVP). Also, the measurements are usually assumed naiseles
. INTRODUCTION as they are averaged over a time period, and require a \ertica
NDERWATER communications are mostly based oRensor array of a minimum sensor density to avoi(_:i “spatial
acoustic transmission, due to the high absorption 8#'6‘5'”9"- The_se methods e_stlmate the wh_ole wave-_fleldyThe
radio waves in water. Acoustic waves in water have an abdtif _computatlonally mte_:nsn_/e and not suited for simple, bu
five times higher propagation speed than in air, but aboldl?b'ase.d range estimation in underwater sensor netwqus.
five orders of magnitudes slower than the propagation speedn this writeup, We propose a dept-h-based solution to
of radio waves. Additionally, water is an inhomogeneoucsompe_nsa‘te t_he stratification effect for |mpr_oved undeswat
medium, featuring water layers with different temperaﬂ;ureacousuc ranging. We adopt several assumptions: 1) thedsoun

increasing pressure with depth and location-dependénttgal velocity is onl_y d_epth depgnde_nt, and the profile is_ I_<nown (an
All these factors lead to sound speed variations in water. example profile is shown in Fig. 1.(a)); 2) the position of the

Localization using time of arrival (TOA) measurements iﬁender is fixed and known; 3) the receiver has a noisy depth

terrestrial sensor networks has been studied extensively”i]easuremem via a depth sensor. Using Fermat's Principle an

the signal processing literature [1], [2]; unbiased anctieffit _calculus of yarlatlons, we apply the ra_y-based _solut|orw\k|no
in computational acoustics, to determine the distance dostw
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(a) Sound velocity profile (SVP) (b) Sound wave propagation paths

Fig. 1. (a) Example of a sound velocity profile in shallow wai{®) Propagation of sound waves in an inhomogeneous medialid lines are the actual
paths.

and simple solution based on a single acoustic sens&?) The receiver is able to pick up the first arrival to measure
an additional depth sensor and a known SVP. the ToA even in the presence of dense multipath via some
2) In the presence of noisy ToA and depth measurements advanced synchronization algorithins

with Gaussian measurement noise, our solution is de-| et 7(p,, p,,v) denote the true travel time of the direct
rived from the maximum likelihood (ML) criterion, lead- path from the sender to the receiver, which is parametrized b

ing to an unbiased and asymptotically efficient estimatahe SVPv. The noisy TOA measurement is
3) We supply complete performance characterization of the

suggested setup by developing the Cramér-Rao lower T = T(ps,pr,v) + 1 (1)

bound (CRLB). where we assume that the measurement noigezero-mean
In a simple shallow-water example, where the sound spegdussian with variance?.
decreases monotonically with depth, we show that it is nec-Now we convert the ToA estimaté to a range estimate
essary to deal with the bias associated with the straight: The conventional approach ignores the stratificationceffe
line propagation assumption, even when the sound velocBy assuming that the sound travels on a straight line from the

profile is known. For a fixed depth we find increasing biasender to the receiver, it amounts to a linear estimator as
for larger range as the path becomes more slanted. Numerical . .
results show that our proposed approach achieves bias-free R=cT 2
range estimation, and meets thg CRLB on the estimatiQiere ¢ is a nominal sound speed. Such an estimator intro-
performance for any unbiased estimator. duces a bias

This paper has the following structure. We describe the p=c¢T —R 3)
problem in Section Il and propose our solution in Section Il ’
We then calculate the CRLB in Section IV and presernd the estimation variance is
numerical results in Section V. We conclude in Section VI. A 5 9

var(R) = c“o7. 4)

The mean square error (MSE) of the estimator is
Il. PROBLEM DESCRIPTION

sol o .
We consider ranging in an underwater system based on ToA E ['R - B } = p” +var(R). ®)

measurements of acoustic transmission between two nodgsie that the variance depends only on the measurement
We use cylindrical coordinategy, ¢, z), but due to the axis- 4ecyracy and the nominal speed used in the conversion, but
symmetric assumption of the medium physical parametg{§i on the location, andp,.. On the contrary, the bias term
(equivalent to depth-dependent), it is sufficient to coesid «,is location dependent, sin@ has a non-linear relationship

two-dimensional plane that includes both the sender and (g, respect tgp, andp,. which is affected by the sound speed
receiver. Suppose that the sender is at position= (ys, 2s) profile.

and the receiver is at positign. = (y,, z,-). We assume that:

Al) There is a direct propagation path between the sender anﬂ'his assumption is justified as ranging in dense multipattoan radio

h . in th f ial d It vironments has been studied extensively; see synchtmmizalgorithms
the receiver In the presence ot potential dense mu tlpq t localize the “first arrival” in the presence of dense tipath in e.g., [8],

which is typical for underwater acoustic channels; and[9], [2] and references therein.
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For precise ranging where the measurement noise is smBll, Ray Solution in Vertically Stratified Media
the bias term will dominate the MSE. The question is then:

We now solve (10), but for convenience with notation
how to remove the estimation bias due to the strat|f|cat|0n .
offect? changed tdl'(y,, z»,v) = T, wherez, andT are observed in

noise andy, is the unknown to be resolved. The solution to this
problem can be found, using what is known in computational
acoustics as the ray-based approach [4, pp. 177-179] or in
similar form in seismic wave propagation [10, pp. 16-20]. We
We propose a depth-based approach for stratification effedll rederive the solution for the reader, to this end we will
compensation. For presentation convenience, we assurhe gathrough the following steps:
the sender position is known a prifiriand its coordinate is , Using Fermat's Principle that sound waves travel along
(0,25). The receiver has a depth sensor that gives a noisy the fastest path, we find the correct path by minimizing

Ill. PROPOSEDSOLUTION

depth estimate as the travel time over all possible paths.
do = 2z +w, (6) « We express all possible paths as a function of defgth
and solve for this function using a variational approach
where we assume the measurement nais&aussian dis- to find an analytic solution for each candidate range.
tributed with zero mean and variane@. We next derive an e« Last we have to use a simple bisectional search to match
unbiased range estimate based/bandd,, and the knowledge the measured travel time to the right candidate range.
of the sound velocity profile. Fermat’s Principle states that the travel time for a ray jigth

stationary [11]. This can be interpreted as (locally) miizing
the travel time over different ray paths. We calculate theet

A. Maximum Likelihood Formulation time of a ray fromp, to p, as
In addition to A1), A2), and the Gaussian assumptiorifon 1
anddg, we further assume: T= /S o(s) ds (11)

A3) The water field of interest is a vertically stratified madi . . . . .
) W ! ! IS a vertically med med ereS is a line curve which depicts a possible path between

e, the sound velocity is only depth dependent, and tt e given end points andis the velocity which can be varying

SVP v is knowr?. ) ) .
) _ ) along the paths. Assuming a two-dimensional problem, we
Sincep; is known, we denote the travel tim&(ps, p-,v) have

by T(y,, z-,v). Assuming the Gaussian measurement noises
are uncorrelated, the likelihood function is [dz2 + dy? = /1 + dz (12)

~ 2
Ayr, zr) = [T —T(yr, zr,v)] ) Now by definingy = f(z) to describe the propagation path,

and assuming that’(z) = dy/dz is well defined, we have

1 1
Varor ¥ <‘E
1 (JO - Zr)2
e P\ T ) O ds = 1+ /(22 dz (13)

and accordingly

/ VHf' / L(f [, 2) dz.  (14)

The ML solution of (y., z,-) is then defined as

(Yrs 2r) = argr(nw;A(y, z). 8
y,Z

Since the measurement errorsdp and 7' are uncorrelated, Each possible line curveis defined via a candidate function
the ML solution (.., 2,) will satisfy f. According to Fermat's Principle, we find the true travelpat

of the sound wave by minimizin@’ with respect tof, which
, (9) can be accomplished using calculus of variations. To saive f
(10) the functionalf(z), we use the Euler-Lagrange equation [12],

>

2y

T(y% d()a 1)) = Tv

I
o

0 d 0
if a solution to (10) exists. If it does, then the exponents in ot T mart T 0. (15)
(7) are zero and neither. or o2 matter.
We next solve (10) to determing.. Based ong, and 2, As stated before, we assume the velocity of sound only
we can find the range estimafe= /32 + (2, — z5)>. changes with depth. This simplifies this most general formu-

lation, as thez-axis is the depth. We get(f(2), z) = v(z),

2This is reasonable, for example, the sender could be belowed hip

or a surface buoy equipped with GPS. On the other hand, thesioo of 4This formulation does not allow for bottom-reflected or aeted rays,
uncertainty in the sender position can be done similarlynotationally more since thenf’ would not be well defined. In this case we would have to
cumbersome. integrate along the--axis in separate parts, i.e., forwards and backwards in

3In practice, the SVP needs to be obtained by measurements. an alternating fashion.
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which makesL independent off (z). We find the following

relationship T psM

d (iw/l—i—f’(z)?)

~dz \af v(2)
_ 4 f'(2) _
=-— <v(z) Hf,(z)g) =0. (16) 2
Integrating both sides this leads to
f'(2)

— "=, a7)
v(z)y/1+ f'(2)

whereC' is an integration constant. Hence, we obtain L
Cv(z)

V1= I[Cu(z)]?
Fig. 2. lllustration of the relationship betweép;, z,) and (R, ¢)

where we defined(z) := arctan [dy/dz| as the angle of the
ray path at depth, c.f. . = 6(z,) in Fig 2. Inserting (18)

f(z) = = tan[6(z)] (18) Yr

back into (17) we obtain Since only the mean of the likelihood function(C, z,) is
tan 6 sin[0(2)] dependent on the parameters, we simplify (22) to:
C = BN )]: ) (19) L[ oor -
vz an z ==
. o Jl(O,Zr)——Q[g_%}[g—g g—§}+{0 _2]. (23)
Therefore, the constart is a generalization of the constant o7 L 9z, 94

defined by Snell’s Law, when assuming an arbitrary SVP i . —— or
formed by infinitely many thin homogeneous layers in thlelz%e necessary partial denvauvé% and 3z are

limit, or e 1 1

Substituting (18) into (14), we find the minimum travel time 3C :/ )20 ( 2) dz
associated with one path E 1—[Cu(z)]

Zpr O

T /ZT 1 1 b — zZr o q 1 p :/ &23 d27 (24)

S () V1T [Cu(2))? T .. v(2)cos[f(z)] = = (1=[Cv(z)]?*)

(20) oT _ 1 1 (25)

With z, known, and the measurddandz,., we can determine 0zr  v(2r) /1= [Cv(z)]?

C numerically. For a positivey within the valid range) <
C < min,(1/v(z)), T is a monotonically increasing function
with respect taC. Thus efficient numerical search can be use

The Fisher information matrix with respect to estimating
and z- can be calculated as [13]

After finding C, we will have I35y, ) = HTITH(C, 2,)H, (26)
yr = flzr) = /ZT f(z) dz = T COule) dz. where the matrixH is the Jacobian of the variable transform
Zs Zs 1- [CU(Z)]Q (Ca Zr) i (ya Zr)
(21)
In addition, by lettingz,. in (21) vary, we can determine the H— OYr,2r) [ - gz: ] 27)
full geometry of the slanted patli(z) that the sound wave a(C, z) 0 1|
has traveled along. . . . o
The second row is simply a row of the identity matrix, since
] in this mappingz, is only a function of itself. The derivatives
IV. CRAMER-RAO BOUND FORRANGE ESTIMATION %LC and g% are
We now explore the theoretical lower bound on the range .
estimation accuracy for any unbiased estimator. With the Oyr — / "9 [ Culx) dz
ray solution in Section IlI-B, we will first derive the Fisher oc  Jo oC 1 —[Cv(z)]?
information matrix of estimating” and z,.. Then the Fisher Zr v(2)
information ofy,. andz, (and finally R) can be calculated as = /0 m dz
for functions of parameters [13]. 1 aT

ReplacingT (y.., 2z, v) by T(C, z,.,v) in (7), we obtain the = _— (28)
Fisher information matrix as [14] ¢ oC
oy _ Cv(zy) . (29)

3.(C,2) = E [VlogA(C’,z,‘)][VlogA(C,zr)]T} (22) 9z, /T [Co(an)]?
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After straightforward manipulation, we obtain: 4) Geometric meanc = 9,. Since travel time is inversely
) proportional to the sound speed, the geometric mean
ng(yr,zr) = o2 ( oz 0 ) could be another reasonable choice when the SVP and
0 0 the depth are available:
, (1—C[cvg]2) _ \/1;[Cvr]2 _ Zr — Zs
+ Od _ \/[1—6?07’07]2 1 ' ' (30) o sz: v(lz) dz

We consider ranging between a buoy at the surfage<(
0 m) and an underwater vehicle or sensor at a depth-
150 m and a horizontal range gf. betweerd m and3, 500 m.
Fig. 3.(a) depicts the location-dependent bjasdefined
in (3) for the linear estimator with different nominal sound
sin ¢ } speed values. Using the two local sound speeds, the distance

where we abbreviate, := v(z,.).

Applying a variable change frorfy,., z,.) to (R, ¢) satisfy-
ing y» = Rsing andz, — z; = Rcos ¢, as depicted in Fig. 2,
we obtain the CRLB on the range estimate as

Jg_l(R,gb) = [ sing cos¢ ]J;l(yr,zr) {

cos ¢ is systematically over- or under-estimated, respectiviigen
) 9 5 2 both the SVP and the depth are available, the linear estimato
_ o2 (Sln¢> + o2 [ sing 1-[Cu]? s with the arithmetic or geometric mean of sound speed is rathe
C Co, accurate untily,. ~ 750 m, which corresponds to the situation
L o [ sind 2 . sing  coso 2 when the rays are only s_hghtly slan_ted (c.f. Fig. 1._(b)).
i ey + o cos” 0, pry a7 Afterwards the bias steadily increaseg/asncreases, meaning

. ) . 5 that even if the precise SVP is available the assumption of
= o202 (Sln¢) + o2 (Sln[¢ - 9r]) 31) straight line propagation leads to non-negligible bias.

"\ siné, sin 6, The root mean square error (RMSE) of our proposed
approach with noisyl’ and dy is shown in Fig. 3, where
oq = 10 m andor = 10 ms. As comparison we also plot the
CRLB and the RMSE performance for the linear estimator.
We observe that the RMSE performance of the proposed
approach meets the CRLB. The variance of the linear estimato

. ) introduced by the noisy TOA measurements:dg- ~ 15 m.
Remark 1 The CRLB in (31) clearly isolates the effects fronbomparing Fig. 3.(b) to Fig. 3.(a), we see that the RMSE

the ToA measurement accuracy and the depth mea_surer’r}ﬁr}he linear estimator is dominated by the bias once it rises
accuracy. Whenrv, ando, are on the same order, the impactp ;. e the variance

of oq is much smaller than that afru;, as|sin(¢ —6,)| is According to (31), the variance introduced by the noisy ToA
usually smaller thansin(¢)|. This is encouraging in that the . aasurement is the dominant part in the CRLB. |Ai(¢ —
depth sensor does not need to be highly accurate to redglcﬂ/|sin(¢)| does not exceed.2 in this scenariog, would

the stratification effect. See also numerical results witfsy have to be about five times o to make a similar impact
depth estimates. '

wheref,. := 6(z,.) is abbreviated similar to,. (c.f. Fig. 2), and
we have used (19) to substituté For any unbiased estimator,
we have

var(R) > J; (R, ¢). (32)

VI. CONCLUSION

We analyzed the bias in underwater acoustic ranging when
We use the sound velocity profile in Fig. 1.(a) for numericglonverting ToA measurements to range estimates based on
testing. For the linear estimator, the nominal sound speed straight-line propagation assumption. To remove this,bia
could take different values, for example: we used Fermat's Principle (minimum-time path) to trace
1) Sender local speed: = v(z,). The speed is measuredhe slanted path associated with the shortest travel tihig, t
locally at the sender (surface) and assumed constafibws us to determine the exact distance between the sender
throughout the propagation path. Due to the SVP iand the receiver if the sound velocity profile (SVP) and
Fig. 1.(a), the sound speed is over-estimated, leaditige depth are available. Assuming that the ToA and depth
to a distance estimate systematically larger than the trestimates are noisy, we presented our solution starting fro
distance. a maximume-likelihood criterion and derived the CraméeRa
2) Receiver local speed: = v(z,.). Measuring the sound performance bound. For an example shallow water SVP, we
speed at the receiver (underwater) leads to a too smialnd that the bias of the linear estimator is non-neglaibl
sound speed in this scenario, therefore under-estimatiioy ToA measurements with low measurement noise, while

V. NUMERICAL RESULTS

the distance. our approach is bias free and meets the performance bound.
3) Arithmetic mean speec: = ©,. If the SVP and the
depth are available, one could use the mean sound speed, ACKNOWLEDGEMENT
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