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Abstract— We consider finite-rate channel-direction feedback
in a system with multiple transmit-antennas and single receive-
antenna. We address how the symbol error rate performance
improves as afunction of the amount of feedback. We conclude
that when the number of feedback directions is equal to or larger
than the number of transmit antennas, transmit beamforming is
optimal even with limited feedback. On the other hand, when
the number of feedback directions is smaller than the number
of transmit antennas, the antennas are divided into two groups,

where antenna selection is used in the first group to choose the
strongest channel and equal power allocation is used in the second

group. At high SNR, the optimal power allocation between these
two antenna groups is proportional to the number of antennas in

a codebook with 27 entries. The receiver picks the quantized
channel direction from the codebook, and communicates the
codeword index to the transmitter via the B feedback bits. For
such a practical setup, interesting questions include:

1. With finite-rate direction feedback, what is the optimal
transmission in terms of uncoded error performance?

2. How much performance gain is achieved with a given
number of feedback bits?

We in this paper aim to address these two questions. Assuming
that channel coefficients are independent and identicaly dis-
tributed (i.i.d.) according to a complex Gaussian distribution,

each group. Based on high SNR analysis, we fully characterize ywe derive a tight lower-bound on the symbol error rate (SER).

the power gain of each feedback bit.

. INTRODUCTION

Multi-antenna communication has attracted alot of attention
lately because of its promise of high transmission rate and
much improved performance in fading channels. We in this
paper consider amulti-input single-output (M1SO) system with
N; transmit-antennas and one receive-antenna.

When the transmitter does not have any channel state
information (CSl), a low-rate repetition transmission achieves
the optimal error performance, where the information symbol
is transmitted IV, times with one antenna at a time [15]. Here,
the optimality refers to uncoded error performance, i.e., the
system performance without channel coding. On the other
hand, if the transmitter has complete channel knowledge, the
optimal transmission (without power control) is beamform-
ing, where the information symbol is weighted by a beam-
steering vector matched to the channel and transmitted from
N; antennas. Compared with the repetition transmission with
no CSl, transmit beamforming with perfect CSl achieves an
N,-fold increase on the received signa-to-noise-ratio (SNR).
Intuitively spesaking, transmit beamforming concentrates all
transmission power to the channel direction, while repetition
transmission spreads the transmission power to N, orthogonal
directions due to lack of channel knowledge. This N,-fold
power advantage is often termed as array gain in the literature.

In practical wireless systems, however, the feedback link is
often rate-limited. For example, the feedback link can only
convey a finite number of bits (say B bits). The channel
direction, then, has to be quantized at the receiver side using
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We then optimize the SER lower-bound based on the amount
of feedback. We conclude that

» when B > log,(N;), transmit beamforming is optimal in
terms of minimizing the tight SER lower-bound.

o« When B < log,(Ny), the antennas are divided into
two groups, where antenna selection is used in the first
group of N = 2B antennas to choose the strongest
channel, and equal power allocation is used in the second
group of N; — N antennas. At high SNR, the optimal
power alocation between these two antenna groups is
proportiona to the number of antennas in each group.

o Based on high SNR analysis, we quantify the power
gain of direction feedback relative to the benchmark
with no feedback. When B < log,(N;) each additional
bit brings more incremental feedback gain, while when
B > log,(N:), the “diminishing returns’ effect shows
up. The log, (N;)-th bit provides the most feedback gain.

There are severa existing works relevant to this paper:

« Orthogona space time block coding (OSTBC) achieves
the same performance as single-symbol repetition trans-
mission [14] [15]. Our development in this paper thus
applies to the precoded OSTBC setting. Precoded OS-
TBC has been considered based on statistical CSl in the
forms of channel mean feedback [2], [14], and channel
covariance feedback [15]. It has aso been investigated
based on limited direction feedback in [4], [5], [7].

o The works in [6], [8], [16] have focused on transmit-
beamforming, and investigated how the average SNR, the
outage probability and the SER performance change as a
function of the number of feedback bits.

o The conditions on when beamforming is optima are



specified in [3] from the ergodic capacity point of view.
In particular, it is proved that beamforming is optimal
with channel direction feedback if B = log,(Ny).
Notation: Bold upper and lower letters denote matrices
and column vectors, respectively; (-)7, (-)*, and (-)* denote
transpose, conjugate, and Hermitian transpose, respectively;
|| - || is the vector norm; Iy is the N x N identity matrix;
CN () stands for complex Gaussian distribution.

Il. SYSTEM MODEL

We consider a MISO system with N, transmit-antennas and
single receive-antenna. The channel coefficients are collected
inan N; x 1 channel vector h := [hq,..., hy,]T. We assume
that h,’'s are independent and identically distributed (i.i.d.)
according to a complex Gaussian distribution with zero mean
and unit variance, i.e.,

A. Space-time spreading and precoded OSTBC

We define a space time spreading (STS) matrix T of size
N; x N;. With X = T's transmitted from N; antennas, the
receiver obtains

y' =hTTs 4+ v7, (2

where v is the additive white Gaussian noise with each entry
having zero-mean and variance N. The instantaneous SNR at
the maximum-ratio-combiner (MRC) output is

E,
= [[hTT|? ==
7= TS ®

where E; is the average symbol energy.

Precoded OSTBC achieves the same performance as STS
thus improving the transmission rate with no cost [14], [15].
Let Oy, denote the OSTBC for NV, transmit-antennas. For
example, when N; = 2 and N, = 4, the OSTBCs are,
respectively [1], [10]:

S1 0 —s5 s3

O, = 51 —S5 O, = 0 s1 —s3 —so @)
sy st |’ S5  s3  8] 0
—s3 s3 0 57

The transmitted space-time code-matrix corresponding to pre-
coded OSTBC is
X =TOy,, (5)

where T now serves the role of precoder. The received vector
corresponding to the transmitted X is

yl =hTX + vl = hTT(’)N‘ +v7T. (6)

Linear processing on y leads to separate decoding on each
information symbol, and the SNR per symbol is given in (3).

Note that STS transmits only one symbol in N, time slots,
thus the transmission rate is extremely low. However, STS
provides an error-performance bound for any linear space time
block coding, where multiple symbols are multiplexed for
transmission [14], [15]. Studying STS, or equivaently pre-
coded OSTBC, serves our purpose of transmitter optimization
with error performance as the criterion.

B. Finite-rate direction feedback

Due to the feedback bandwidth constraint, perfect knowl-
edge of h at the transmitter sideis not available. Asin [6], [8],
[16], we consider finite-rate direction feedback. Suppose that
the feedback link can support B feedback bits. The receiver
can quantize the channel direction, which is the normalized
channel h = h/||h||, into one out of N = 2% possible choices
from a pre-defined codebook:

W = [Wl,...,WN]. (7)
The quantization is based on
opt __ Hy,
w argvr&%)é |w'"hl. (8

Codebook design of W has been addressed in [6], [8],
[13], which a@ims to minimize the maximum cross-correlation
between any two vectors

MiN oy WHENE prax := max [witw;|. (9)
w i#j

Let us specify the optimal codebook for some special cases.

« When N = N,, the optimal codebook is W = Iy,
which leads to p,.x = 0. Direction feedback amounts
to antenna selection that specifies the strongest channel
from N, antennas [6], [13].

e« When N < N, the optimal codebook can be taken
as first N columns of Iy, with pmax = 0 [6], [13].
Direction feedback amounts to specifying the strongest
channel from the first V antennas.

« When N > N, optimal codebook based on (9) is usualy
pursued by numerical search [6], [8], [13].

C. Precoding based on direction feedback

Based on the feedback direction w°Pt, the transmitter re-
sponds with a precoder T. We now specify the design of T.
Represent T by its singular value decomposition (SVD) as

T = UA2VH, (10)

where U and 1V contalin left and right singular vectors, and
A7 = diag(d7,...,0%,) contains singular values of T. We
impose a power constraint as

tr(A) = 1. (11
The instantaneous SNR in (3) reduces to
7= [n"UARV, (12)

where we define ¥ = £= for notational brevity. The matrices

U, A, and V shdl be chosen adaptively based on the direction
feedback. We observe that:

o V does not affect the SNR, thus the system performance.
Hence, we set V =1y,.

« With only one direction w°Pt available at the transmitter,
we will set the first column of U to be w°Pt, and the
remaining columns to be orthogonal to w°Pt. This is




consistent with [14] based on channel mean feedback.
In other words, we have

U = [w" uy,...,uy,], (13
where us,...,uy, are orthogona to each other, and
orthogonal to wept,

e When N > N, the optima codebook W has full rank,
thus the channel coefficients from all NV; antennas affect
the direction quantization. As only the first direction in
U is distinct from the remaining columns, the power

alocation among directions should be

762)5

because the last N; — 1 directions have to be treated
equally (note that the last N; — 1 directions can be
arbitrarily chosen). This agrees with the power loading
solution derived in [14] with channel mean feedback.

« When N < N, the antennas are divided into two groups,
with the first N antennas in the first group and and
the last N; — N antennas in the second group. The
direction feedback is only relevant to first N antennas,
while independent of the last N, — N antennas. The
first group should follow the power allocation in (14).
On the second antenna group, power should be equally
distributed due to lack of channel information. Therefore,
the power allocation among directions should be

Azdiﬂ((sl,ég,... (14)

A = di@((sl,ég,...,62,(53,...,63).
—_———— ——

N N{—N

(15)

In summary, corresponding to N = 27 different directions
w;, we have N precoding matrices as
T, =U;A%, i=1,...,N, (16)
where the quantized direction feedback affects U;. We will
optimize power alocation A in later sections. Notice that:

o When §; = 1, the system reduces to transmit beamform-
ing studied in [6], [8], [16].
e When 6; = é2 = d3 = 1/N,, the system reduces to the
plain OSTBC system [1], [10]; the SNR in (12) becomes
v = ||| E; /No, which is independent of U.
With this general formulation, we would like to address the
following issues:

o What is the system performance for any finite feedback,
where B =0,1,...,00?

« How do we optimize the system performance by judicious
power alocation?

o Under what conditions, transmit beamforming (6, = 1)
is optimal ?

I1l. PERFORMANCE ANALYSISWITH N > N,

We first consider the case N > N,;, where A takes the
form of (14). For exposition simplicity, we consider M-PSK

congtellation, where M is the constellation size. We under-
score that similar analysis applies to any two-dimensional
constellation [16]. The instantaneous SER is
(M—1)=w
1 [
ser() = - [ exp(—gﬁ%l)da (17
T Jo sin” 6
where gpsk = sin? (w/M) is a constellation-dependent con-
stant [9]. With random h, the average SER is expressed as:

SER = Eu{SER(7)}. (18)

We want to find either exact or (tight) approximate expressions
for SER. 3

Define the normalized channel vector as. h = ”—‘ﬁ” Substi-
tuting (13) and (14) into (12), we obtain:
2

h
+ 42

[Im]]

H
w; -

v=7|h|? [(51 — 02) max

(19)
=7 )2 { (61 = 62) [1 = mind®(w;, B)]| + 65}

where d(-) is the chordal distance define as d(w,h) =
1 — |w™h|2. To simplify notation, we define:

= [BI% 2= mind®(w;, ), (20)

such that
7= %7[(51 —02)(1 = Z) + 2.

We infer from (1) that ~; is Chi-square distributed with
2N, degrees of freedom,; its probability density function (pdf)
is p(yn) = T~ 1Nyt~ te=", where I'(-) is the Gamma
function [9]. Let p(z) and Fz(z) denote the pdf and cdf
(cumulative distribution function) of Z. Due to the i.i.d.
assumption in (1), v, is independent of h; thus, v, and Z
are independent. We first average (18) over ~; to obtain (see
similar derivation in [16])

(21)

(M—1)7

R 1 M 1
st [
™ Jo 0

_ — Ny
{1  IBsKT [(51 —8)(1—2Z) + 52}} dFz(z)df.

(22)

sin? 0
An upper bound on F'z(z) is shown in [16] as:

NzNeml 0 <z < (1/N)V/(NemD)

Fy(2) < Fz(z) = {17 2> (1/N)/Ne

As shown in Appendix A of [16], replacing F'z(z) by Fz(z)

in (22) will lead to a tight lower bound on SER as:

(M—1)7

1 M ~\ 1
SERy, = —/ (1 + 51%) :
0

™ S11

81— (61 — 6) (%) N]

In carrying out the integration, we have used a variable change
of t =1/z. Eq. (23) reduces to eq. (32) of [16] when §; = 1,

1+

_q1-N
gPSK7Y
df. (23
sin29] (23)




thus including transmit-beamforming as a special case. On the
other hand, it reduces to plain OSTBC when 61 = d, = +

o e) 1 gPSKY
SERj, = — 14+ =——
by /0 ( N, sin” 0

where each diversity branch has SNR 7/N;. Our numerical
results show that SERy;, in (23) is extremely tight for the
entire SNR range.

Based on the SERy;, of (23), we now look for optimal power
allocation ¢; and d2. We have the following result:

(M—Dx
M

— N,
) 49, (24

Proposition 1 In an MISO system with finite-rate direction
feedback, transmit beamforming minimizes a tight SER lower
bound as long as the number of feedback bits B satisfies N =
2B > N,.

Proof: Due to the power constraint (11), we have
do = (1 = 61)/(Ny — 1). For notational brevity, we define
B = gpsk7/ sin? . The integrand in (23) is

1 [1\%T
=(1 -1 —
F01) =1 +08)7" |1+ 57— (N) B+
N 1 Nl 1—N,
t ¢!
[1—Nt_1 <N> ]515] . (25)
We verify that N, > [N;/(N; — 1)]V ™! for any N, > 2. With

our assumption N > Nt, we have N > [N /(N; — 1)),
which leads to P = (%) N1 > 0. Therefore, the
integrand f(d1) is always adecreasmg function of ¢, for any
N, and 8 (thus 6). This reveas that SER,;, is a decreasing
function of §,. Hence the SER optima ¢, isd; = 1. |

Proposition 1 reveals that transmit beamforming achieves
the optimal performance, as soon as the feedback enables full
diversity. In a MISO system, there is no need for precoded
OSTBC when N > N;.

IV. PERFORMANCE ANALYSISWITH N < Ny

When N < N, we divide the antennas into two groups,
with the first group containing the first N antennas and the
second group containing the remaining N; — N antennas. The
power loading matrix follows the form in (15). The direction
feedback specifies the strongest channel within the first group
of N antennas. Based on Proposition 1, we concludethat 6, =
0, i.e., beamforming (or antenna selection in this case) should
be implemented in the first group of antennas. Whatever power
is assigned to the first group of antennas, the power should be
concentrated to the strongest channel within the group.

We now look for optimal power allocation between the two

sets of antennas, with power constraint 61 + (N; — N)d3 = 1.
The instantaneous SNR based on feedback is
N,
=7 (51 12355\[%“24-53 Z |hj|2). (26)

j=N+1

Applying the bounding technique on the first group of anten-
nas, and carrying out the expectation on the second group of
antennas, we obtain the SER lower bound for N < N, as.

1 _(Nt_N)
SER,, = _/ ( s QPSK’Y) .
T Jo sin“ 0
gPSKYY 1\~
<1+51 9) {1+[1 (N) }51

We now optimize §; to minimize the SERy, in (27).

« At extreme low SNR with 7 <« 1, one can easily verify
that the integrand in (27) is a decreasing function of § 1,
by using (1 + )" ~ 1 — Nz for z < 1. Hence,
beamforming (61 = 1) is optimal at low SNR.

« At high SNR, we obtain:

(M-~
M

_q1-N
wedl .
sin“ 0

(27)

(M—Dm=

1 g -V
)]
T Jo sin“ 0

SER]b ~

1 1 q1=-N
—(Nt=N)¢—N Nt __N,
1-(= (2
57N, [ (%) ] TV @
Therefore, our objective becomes
minimize 637(N‘7N)61_N where 61+ (N;—N)ds = 1.
(29)
The optimal solution is easily found as
N 1
51*@’ 537@ (30)

The optimal power splitting at high SNR is based on the
ratio of the number of antennas in each group.

o For ageneral SNR, we resort to numerical search for 4.
The optimal §; depends on N, N, 7 and gpsk.

We summarize the results in this section as:

Proposition 2 Consider an MISO system with finite-rate di-
rection feedback. When N = 28 < N, transmit beamforming
is optimal only at extreme low SNR. At high SNR, the optimal
power loading matrix is

N
A:dlag(m,o,...,o, (31)

1 1 )
NN )
N————’

N;—N
With no feedback, each antenna gets power alocation 1/N;.
With feedback, the first NV antennas focuses al energy into the
strongest channel at high SNR, and the power alocation in the
remaining N; — N antennas remains unchanged.
V. HIGH SNR POWER GAIN QUANTIFICATION

One can approximate system performance at high SNR as
SER ~ (G, -7) %4, (32)

where G4 is termed as the diversity gain, and G is referred
to as the coding gain. Eq. (32) implies that the SER versus



average SNR curve in fading channels is well approximated
by a straight line at high SNR, when plotted on alog-log scale.
The diversity gain GG ; determines the slope of the curve, while
G, (in decibels) determines the shift of the curve in SNR
relative to a benchmark SER curve of 7~ %<, Based on the
SER lower-bound in Section Il and in Section 1V, we have

Gd = Nta (33)

which means the full diversity is always achieved. Define a
constellation-specific constant as

1
Co = gprsk [—/
™ Jo

From (23), (24), and (28), we infer the coding gains for
different N as:

1
(M-~ — N

(sin §)*Ve d9] (34)

N =1 (no CSl)

N-—1

N> N;

C() N =00
(35

We define power gain (PG) as the ratio of the coding gain
with a particular IV relative to that with no feedback (IV = 1).
Feedback improves the effective SNR from 7 to PG - 7. We
obtain PG from (35) as
NR (1o (L ﬁlN_‘ L 1<N<N,

[ (N)1 - t (36)
Ny [1_(%)ﬁ} ", N>N,

We proceed to determine the power gain per feedback hit.
The power gain due to the Bth hit is the ratio of the power
gains with B-bit and (B — 1)-bit feedback. From (36), we
obtain the power gain for the B-th bit (denoted as G(B)) as

PG =

B S IOgQ(Nt)

(37)
We verify that the power gain per bit is an increasing function
when B < log,(NN), while it becomes a decreasing function
when B > log,(V;). Therefore, when B < log,(N;) each
additional bit brings more incremental feedback gain, while
when B > log,(N:), we have “diminishing returns’. The
log, (N¢)-th bit yields the most feedback gain.

V1. NUMERICAL RESULTS

In al test cases, we use QPSK constellation (M = 4).

Test Case 1) optimal versus suboptimal power allocation.
We compare the SER lower bound (27) with optimal power

N T B > logy(Ny).

o
@

o
o

power loading factor 61

o
IS
I

0.2 U -

Es/NO (dB)

Fig. 1. Optimal versus suboptimal power loading (V; = 8, B = 1,2, 3)
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Fig. 2. The SER lower bound with optimal and suboptimal power loadings

allocation and that with the high-SNR power alocation of (30).
The optimal power allocation is obtained by numerical search,
which is SNR dependent. With N, =8 and B = 1,2, 3, Fig. 1
shows that the optimal §; changes with respect to SNR when
B < log,y(N:), and the optimal §; becomes §; = 1 when
B = log,(Ny). Fig. 2 shows that the SER lower bound with
high-SNR ¢, in (30) is extremely close to that with the optimal
power loading. Therefore, in practice, we can use high-SNR
power loading with negligible performance loss.

Test Case 2) the accuracy of SER lower bound. In Fig. 3,
we compare the SER lower bound in (27) with the exact SER
obtained by Monte-Carlo simulation, where N, =8 and B =
0,1,2,3,00. We conclude that the SER lower bound is very
tight, thus one can rely on the lower bound to approximate
the exact SER.

Test Case 3) power gain with respect to the number of
feedback bits. With N; = 2,4,8,16, we plot in Fig. 4 the
power gain (in decibels) due to direction feedback relative to
the no feedback case. Figs. 4 specifies how the SER curves
shift when the number of feedback bits changes. In Fig. 5,
we plot the power gain corresponding to each bit. When
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Fig. 4. The power gain due to finite-rate direction feedback

B < log,(Ny), each additional bit brings more feedback gain,
while when B > log,(N;), we see “diminishing returns’.
The log,(V;)-th bit gives the most feedback gain. These
observations agree with theoretical analysis.

VIlI. CONCLUSIONS

In this paper, we quantized the performance gain with
finite-rate channel-direction feedback in a MISO system. We
observed that when the number of feedback directions is
larger than the number of antennas, transmit beamforming is
optimal in minimizing a tight SER lower bound. On the other
hand, when the number of feedback directions is less than
the number of transmit-antennas, a judicious power alocation
is needed between two groups of antennas, with antenna
selection in one group and uniform power allocation in another
group. We quantized the power gain corresponding to each
feedback hit.

The resultsin this paper are only applicable to a MISO sys-
tem in the absence of feedback error. The extension to systems
with multiple receive antennas (e.g., [7]), and systems with
feedback errors (e.g., [5], [12]) warrants further investigation.
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