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Abstract — Transmit beamforming achieves optimal perfor-
mance in systems with multiple transmit- and single receive- an-
tennas, when perfect channel knowledge isavailable at thetrans-
mitter. In practical systems where the feedback link can only
convey a finite number of bits, the beamformer design has been
extensively investigated from both the outage probability and the
average signal to noise ratio (SNR) perspectives. In this paper,
we study the symbol error rate (SER) for transmit beamforming
with finite-rate feedback. Wederivea SER lower bound, whichis
tight for good beamformer designs. Comparing this bound with
the SER of the ideal case, we quantify the power loss dueto the
finiterate constraint, across the whole SNR range.

|. INTRODUCTION

Multi-antenna diversity has by now been well established
as an effective fading counter measure for wireless communi-
cations. In certain application scenarios, e.g., cellular down-
link, the number of receive antennas at the mobile is limited
due to size and cost constraints, which endeavors transmit-
diversity systems. Our attention in this paper is thereby fo-
cused on downlink application scenarios dealing with single
receive- but multiple transmit- antennas.

To further improve the system performance, the receiver
can feed channd state information (CSl) back to the trans-
mitter. With perfect CSI, transmit-beamforming achieves the
optimal performance in the multi-input single-output (M1SO)
setting [8]. However, in practical wireless systems, the feed-
back channel may only be able to communicate afinite number
of feedback bits per block [1,3,5-8]. With finite rate feedback,
power control is investigated in [1] to reduce the outage prob-
ability that the mutual information falls below a certain rate;
while transmit beamforming has been investigated based on
the average signal to noise ratio (SNR) criterion [6, 8], and
on the outage probability criterion [7], respectively. The ex-
tension to spatial multiplexing systems with finite-rate unitary
precoding is available in [5]. Subject to finite-rate feedback,
optimal transmission is aso pursued in [3] to maximize the
average channel capacity, while adaptive modulation together
with transmit beamforming has been pursed in [12] to enhance
the transmission rate.

We now elaborate on the results of [7] and [6] on transmit-
beamforming with finite-rate feedback. A universal lower
bound on the outage probability, that is applicableto all beam-
formers, is derived in [7]. Good beamformers are then con-
structed to minimizethe outage probability. On the other hand,
the beamforming vector codebook is designed in [6] to mini-
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mize the reduction on the average SNR due to finite-rate feed-
back. Albeit starting from different perspectives, the beam-
former design criteriain [7] and [6] are equivalent, that the
maximum correlation between any pair of beamforming vec-
tors should be minimized. Interestingly, the beamformer de-
sign is linked to the line packing problem in Grassmannian
manifold, where the minimum chordal distance between any
pair of straight lines passing through the origin should be max-
imized [2].

Distinct from [7] and [6], we in this paper investigate the
symbol error rate (SER) performance of transmit beamform-
ing with finite rate feedback. We derive a SER lower bound,
that is applicable to any beamformer design. This bound is
tight for the good beamformers constructed in [6, 7], thus
serves as agood performanceindicator. Furthermore, compar-
ing the lower bound with the SER corresponding to the perfect
CSl case enables us to quantify the power loss due to the fi-
nite rate constraint. Our result is valid across the whole SNR
range.

The rest of this paper is organized as follows. We present
the system model in Section |1, derive the SER lower boundin
Section |11, and quantify the power lossin Section IV. Wethen
collect numerica results in Section V, and draw concluding
remarksin V1.

Notation: Bold upper and lower case letters denote ma-
trices and column vectors, respectively; || - || denotes vector
norm; (-)*, (-)7, and (-)* stand for conjugate, transpose, and
Hermitian transpose, respectively; E{-} denotes expectation;
Iy stands for an identity matrix of size NV, and 0, «n for
an M x N all zero matrix; C™V stands for the N-dimensional
complex vector space; CN (b, X) denotes the complex Gaus-
sian distribution with mean b and covariance 3.

Il. SYSTEM MODEL

Fig. 1 depictsthe considered multi-input single-output (M1SO)
system with N, transmit- and single receive- antennas. Let /.,
denote the channel coefficient between the u-th transmit an-
tenna and the receive antenna, and collect % ,’s into the chan-
nel vector h := [hy,...,hx,]T. Asin[6,7], we assume that
h,,’'s are independently and identically distributed (i.i.d.) with
acomplex Gaussian distribution with zero mean and unit vari-
ance; i.e,

The extension to correlated channels need further investiga-
tion, and is out of this paper’s scope.

The adopted transmission scheme is transmit-beamforming
(without temporary power control) [6, 7]. Specifically, thein-
formation symbol s is multiplied by abeamforming vector w *,
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Figure 1: The system model

wherew := [wy, ws, ..., wy,]T hasunit norm ||w|| = 1. The
N, entriesfrom the vector sw* aretransmitted simultaneously
from NV, antennas, which leads to the received signal y as:

y = w'hs +1, )

where 7 is the additive complex Gaussian noise with zero
mean and variance Ny. With E, denoting the average sym-
bol energy, the instantaneous SNR in (2) is

Y= |WHh|2Es/NO- 3

Asin [6,7], we consider the system where the receiver is
able to feedback a finite number (say B) of bits back to the
transmitter. We assume that the feedback link is error-free and
delay-free. The feedback bits will be used to select the beam-
forming vector. With B bits, the transmitter has N = 258
choices on the beamforming vectors. Let us define these vec-
tors as wy, wo, ..., wy, and collect them into a matrix (the
codebook of beamforming vectors):

W:[W17W2a"'awN]' (4)

The beamforming vector is selected as follows. The re-
ceiver is assumed to have perfect knowledge of h, and chooses
the beamforming vector to maximize the instantaneous SNR
as.

Wopt = arg r{nax |wh|?. (5)
we{wi L,
Theindex of w,; iscoded into B feedback bits. After receiv-
ing the B feedback bits, the transmitter switchesto the optimal
beamforming vector wopt.

With the selection processin (5), the instantaneous SNR in

(3) becomes

— H1, (12
v = max {[w;"h["} E,/No, (6)
which indicates that system performance depends critically on
the design of the beamforming vectors {w;} ¥ ;.

A. Goob BEAMFORMERS

The codebook optimization on {w;}¥ ; has been throughly
investigated in[7] and [6], where[7] relies on the outage prob-
ability as the figure of merit, and [6] on the average SNR, re-
spectively. Albeit starting from different perspectives, these

two papers arrive at the same beamformer design. Specifi-
cally, with i.i.d. channelsin (1), a good beamformer should
minimize the maximum correlation between any pair of beam-
forming vectors; i.e.,

Wopt =

min max  |wltw;|. (7)
WeCNxN 1<i<j<N

In [6], the beamformer design problem is explicitly linked
to the Grassmannian line packing problem [2]. Specifically,
w; can be viewed as coordinates of a point on the surface of
a hypersphere with unit radius centered around origin. This
point dictates a straight line in a complex space CVt, that
passes through the origin. The two lines generated by w; and
w; have adistance defined as:

d(w;,wj) =sin(0; ;) = /1 — |[wlw,|?, (8)

where §; ; denotes the angle between these two lines, and the
distance d(w;, w;) istermed as“ chordal distance” [2]. So the
beamformer designin (7) is equivalent to:

Wopt =

max min
WeCNt XN 1<i<j<N

The beamformer designis challenging only when N > N.
When N < N;, W can be chosen as N columns of an ar-
bitrary N; x N; unitary matrix, which leads to the minimal
chordal distanceto besin(90°) = 1. Theresulting beamform-
ing system hasidentical performanceas a selection combining
system with NV diversity branches|[6,7].

Examplecodesfrom [6]: For theillustration purpose, we here
give the code design examplesin [6].
1) Ny =2and N = 4. Thematrix W is constructed as.

—0.1612 — 0.7348;

—0.0787 — 0.3192;

—0.2399 + 0.5985
—0.9541

—0.5135 — 0.4128;

—0.2506 4 0.9106;

—0.7641 — 0.0212;
0.2996

w’ = . (10)

With this beamformer codebook, the maximum correlation is

maxi<;<;j<n |wltw;| = 0.57735, and the minimum chordal

distanceismin; <;«j<n d(w;, w;) = v/0.6713 = sin(55°).
2) Ny =2and N = 8. Thematrix W is.

[ 0.8393 — 0.2939;
—0.3427 + 0.91615
—0.2065 + 0.3371;
0.3478 — 0.3351;
0.1049 + 0.6820;
0.0347 — 0.27165
—0.7457 + 0.1181j

| —0.7983 + 0.3232;

—0.1677 + 0.42567 |
0.0498 + 0.2019;
0.9166 + 0.0600;
0.2584 + 0.8366
0.6537 + 0.3106;
0.0935 — 0.9572;

—0.4533 — 0.4719j
0.5000 + 0.0906; |

w7 =

With this beamformer codebook, the maximum correlation is
maxi<;<;j<n |wtw;| = 0.84152, and the minimum chordal
distanceiSminngjSN d(W“ Wj) =+v0.2918 = Sin(320).

I1l. PERFORMANCE ANALYSIS



Our objective in this paper is to evaluate the average perfor-
mance for the beamformed transmission with finite-rate feed-
back. Towards this objective, we assume that s is drawn from
aPSK constellation; similar derivations can be carried out for
other constellations. Conditioned on theinstantaneous SNR +,
the symbol error rate (SER) is[9]:

1 (M—1)=w
M
- / exp <—91,°S§”> a9, (1)
T Jo sin” 6
where M is the constellation size and gpsk := sin?(w/M) is

a constellation-dependent constant. With h a random vector,
the average SER is expressed as:

SER(7) =

SER = Eun{SER(7)}. (12)

We want to find exact, or approximate, expressions for SER.

A. SER FORMULATION
We define anormalized channel vector as:

. h
b= Tap 13)

such that h = ||h|| - h and ||h|| = 1. We then decompose the
SNRin (6) as:

2

WH h

v—lth T

max
i
(14)
- ||h|\2E [1 — mind?(w; fl)}
NO 7 v ’

To simplify notation, we definethe averagetransmit SNR 7 :=
E, /Ny, and two random variables:

Th = ||hH2a

Z := mind?(w;, h),

(15)
(16)
such that v = v,(1 — Z)7. Based on (1), 7, is Gamma dis-

tributed with parameter NV, and mean E{|h||?} = N;; hence,
its probability density function (pdf) is[9]:

(17)

On the other hand, Z is random variable within the interval
Z € [0,1]. Denote p(z) and Fz(z) as the pdf and cdf (cu-
mulative distribution function) of Z. Due to the assumptionin
(1), v, isindependent of h [7], thus~;, and Z areindependent.
With the definitions of {~;,, Z, 7}, we simplify (12) to

0o 1
SER = /
’Y}L=0 2=0

Substituting (11) and (17) into (18), and utilizing the fact that
the moment generating function of ~,, is E{e*""} = (1 —
5)~Ne [9], we obtain:

(M 1)7\'

SER - L / / [ gPSK'Vl 2)

SER(v(1=2)%)p(v)p(2)dyndz. (18)

—N,
dFy(z)do.

(19)

Notice that Fz(z) depends on the particular beamformer
design W. To obtain the exact SER in (19), one hasto find the
exact Fz(z) for each particular beamformer. Unfortunately,
this task is difficult to accomplish. We next develop a SER
lower bound, that is applicable to all beamformers. Our ap-
proach here is analogous to [ 7], where a lower bound on the
outage probability is derived.

B. SER LOWER BOUND
To find a SER lower bound, we look for a cdf function Fz(z),

such that:
Fz(z) < Fz(2), (20)

Replacing Fz(z) in (19) by F(z), we define a SER lower

bound as:
1 (1%;{1)7\' 1 _
SERy, := _/ / {1 + SV g dF(2)do.
T Jo 0 sin“ 6
(21)
Theinequaity SER — SERy;, > 0 can be easily verified using
integration by part on the variable z.
We next derivesuch afunction F; (z) under the geometrical
framework presented in [7]. Around each beam-vector w ;, we
define a spherical cap on the surface of the hypersphere,

SZ(Z) = {fl : dQ(WHB) < Z}a

0<2z<1.

— Ny

where 0 < z < 1. Define A{S;(z)} as the area of the cap
Si(z). Then A{S;(1)} is the whole surface area of the unit
hypersphere. According to [7, Lemma 2], the surface area of
the spherical cap S;(z2) is:

2 Ve z Ne =l

A{Si(2)} = = (22)

Noticethat Fz(z) = Pr(min; d?(w;, h) < z) equals

Fz(z) = Pr(d*(wy,h) < z, or d*(wa,h) < z,

,ord?(wy,,h) < z), (23)

which can be interpreted as the probability that h falls in
the union of the regions {5;(z)}Y, (denoted by UL, S;(2)).
Based on the key observation that h is uniformly distributed
on the surface of the unit hypersphere, when h isi.i.d. [7], we
canfind Fz(z) as.

_ A{Uij\iys’i(z)}
Due to the union operation, it is true that: A{UN | S;(2)} <

Zf;l A{S;(z)}. Based on the area computation of (22), we
obtain:

il AfSi(2)}
A{Si(1)}
Taking into account that F'z(z) < 1, we definean upper bound

Fz(z) as

- NNemlo 0 <2 < (1/N)V/(Nem D)
FZ(Z):{ <2< (1/N)

Fz(z) < = NzNe— 1, (25)

1 2 > (/N 29



Substituting (26) into (21), we obtain the SER lower bound as:

(M _ — N,
1+ QPSK'Y(l _ z)]

-7 1 ﬁ
1 M (W) t
SER, = —/ / )
™ Jo 0 sin” 6

;1‘ /
0

—\ —1
gPSK?Y
1+
( sin29)
1w
e :
()"

where the integration of z can be simply carried out by defin-
inganew variablet = 1/z.

Noticethat thelower bound isindependent of any particular
beamformer design. A good beamformer shall try to come as
close as possible to the lower bound. This confirms the design
guidelinesin (7) and (9), asfollows.

Denote z, asthe critical value where al the spherical caps
S1(20), S2(20)y --.,SNn(20) do not overlap. For a given
beamformer matrix W, the value of z, is available by re-
interpreting the result of [7, Lemmab] as:

(M-~
M

X

q1-N,
1+ QPSK'Y‘| o,

sin? 0

(27)

14+ max |WZ—1W]'| 1 - max |WZ—1W]'|
1<i<j<N, 1<i<j<N;
Zo=1— 5 = .
(28)

For z < z,, since al the spherical caps do not overlap, we
have

Fz(z) = Fz(z) = N2V 1, z < 2. (29)

Hence, Fz(z) # Fz(z) only when z > z,. To minimize the
difference between F;(z) and Fz(z), agood beamformer de-
sign tries to maximize z,, as much as possible. If z, reaches
the maximum of (1/N)'/(N¢=1) the true SER in (19) would
coincide with the SER lower bound of (27). Therefore, the
maximum correlation max; <;< <, |[w.tw;| should be mini-
mized, agreeing with (7) that was obtained based on either the
outage probability, or the average SNR, criterion.

Numerical results show that the universal lower bound in
(27) is tight for good beamformer designs. This is consistent
with [7], where the lower bound on outage probability is tight.

IV. QUANTIFICATION OF POWER LOSs DUE TO
FINITE-RATE FEEDBACK

When N goes to infinity, the performance of beamformed
transmission with finite-rate feedback should approach the
ideal case with perfect channel knowledge at the transmitter.
With perfect CSl, thus Z = 0 in (19), one can derive the SER
for PSK as:

(M—Dx
M

—\ —N;
(1+91,°S§;> 6. (30)

— 1
SERperfect CSI — —
T Jo sin

Therefore, the lower bound in (27) is tight with respect to IV,
sinceit coincides with (30) when N = co.

Comparing (27) of afinite N with (30) of N = oo, we
are now able to quantify the power loss due to the finite-rate

congtraint. Towards this objective, we assume that the SER
lower bound can be approximately achieved by some good
beamformer designs. The performance of such beamform-
ers will depend on N;, N, and 7; hence we explicitly ex-
press the SER as SERy,(Ny, N,7). On the other hand, the
SER with perfect CSl depends only on N, and 7, denoted as
SER perfect cs1(Ne, 7). Dueto the finite-rate constraint,

SER]b(Nt, N, 7) 2 SERlb(Nt, 00,7)

_ (31)
= SERperfect CSI (Nt7 7)'

To compensate for this performance loss, one has to increase
the transmission power. Suppose when we increase the aver-
age SNR from 7 to 7,,,,, We arrive:

SERlb (Nt7 N7 Tnew) = SERlb(Nt7 0077) (32)
We definethe difference between 7 ., and 7y asthe power loss
(in decibels) due to the finite-rate constraint as:

L(Nt7N7 7) = 101Og10 Vnew - 101Og10 7 (33)
Noticethat the power lossin (33) isafunction of 7, thusvaries
within the whole SNR range.

The power loss at high SNR (7 > 1) can be easily found.
At high SNR, we simplify (27) as:

SER(Ni, N,7) ~ (G -7) "%, (34)
where G, = N, istermed as the diversity gain and
1 (M—1)=w —NLt
GC = gPSK [—/ (Sin 9)2Nfd6‘|
T Jo
1\~ ™

is referred to as the coding gain(see e.g., [10, 11]). Eq. (34)
implies that the SER versus the average SNR curve in fad-
ing channels is well approximated by a straight line at high
SNR, when plotted on alog-log scale. The diversity gain G 4
determines the slope of the curve, while G . (in decibels) de-
termines the shift of the curvein SNR relative to a benchmark
SER curve of (7~ %¢). Substituting (34) into (32), we obtain:

1 Ntl—l Ny

For the power loss at arbitrary SNR, we provein Appendix:

L(N;, N,7) < L(Ny, N, c0). (37)
Therefore, the power loss across the whole SNR range is
bounded to be less than or equal to L(N:, N,c0). In
other words, the distance (or, the horizonta shift), between
mperfect CSI(NMW) and mlb(NtaNaV) is no Iarger
than L(Ny, N,c0) decibels. The maximum power loss



L(Nt, N, c0) isthusvalid across the wholeSNR range. When
N = 2B islarge, weuseIn(1 + z) ~ x for small z to have:

10 1 B
1—— ]2 M1,
In10 ( Nt) (38)

Hence, the power loss in decibels due to the finite-rate con-
straint decays exponentially with the number of feedback bits
B for sufficiently large B.

On the other hand, if a system requires the power loss to
be within L, decibels relative to the perfect CSI case, we can
easily identify how many beamforming vectors are needed as:

L(Ny, N, 00) ~

Lo Ny N —(Ne—=1)
N> (1 - 10?1%)

(39)
Notice that only high SNR analysis is carried out in [7]
based on the outage probability. M oreover, the distortion mea-
sure defined in [7, eg. (52)] does not trandlate into the power
loss. For a given reduction on the average capacity, or, the av-
erage SNR, theminimum N isalso calculated in[6]. However,
the calculation in [6] relies on aloosebound on the minimum
chordal distance in line packing; thusit is only approximate.

V. NUMERICAL RESULTS

In this section, we collect some numerical results.

Case 1): We compute the power loss in (36) for various
cases and list theresultsin Table 1, where we areinterested in
non-trivial configurationswith N > N,. On the other hand,

Table 1: The power loss (dB) dueto the finite-rate constraint

N=2| N=4| N=8|N=16 | N =64
Ny =2 1.51 0.62 0.29 0.14 0.03
Ny =3 - 2.01 1.26 0.83 0.39
Ny =4 - 3.24 2.26 1.65 0.94
N, =6 - - 3.90 3.09 2.07
Ny =38 - - 5.16 4.25 3.05

Table2: The minimum codebook size N for power loss < 1dB

N, 234 5 | 6 7 8
N> |3 |12 |55 256 | 1220 | 5851 | 28170
Mog, N1 |2 4 | 6| 8 | 11 | 13 | 15

if we want to limit the power loss to be within 1dB relative to
the perfect CSl case, the minimum number of beamforming
vectors N can be computed from (39); theresults arelisted in
Table 2. We clearly see that as NV, increases, the needed num-
ber of beamforming vectorsincreases considerably in order to
have performance close to the optimum.

Case 2): We now compare the SER lower bound in (27)
withtheactual SER of (12), whichisobtained viaMonte Carlo
simulations. We use the QPSK constellation in al cases. Fig.
2 depictstheresultswith N, = 2. The beamformer codebooks
for N = 4,8 arelisted in Section 11-A. The codebook with
N = 2isW = I,, which corresponds to the selection diver-
sity. Asshownin Fig. 2, the SER lower bound for the N; = 2
caseisamost identical to the actual SER, even with small N.

T
N=2, actual SER
N=2, lower bound

— N=4, actual SER
N=4, lower bound
N=

—x- N=8, actual SER
—6- N=8, lower bound
—#- Perfect CSI, actual SER
—&- Perfect CSl, lower bound

Symbol Error Rate

10°

107

8 10 12 14
Es/NO (dB)

Figure 2: The actual SER versus the lower bound (IV; = 2)

Case 3):We now compare the SER lower bound with the
actual SER for N; = 3. We use the beamformerslisted in [4]
with N = 4,8,16. Asshown in Fig. 3, the bound is tight
for the given beamformers, although the difference between
the bound and the actual SER increasesrelativetothe N; = 2
case.

Case 4):We now compare the SER lower bound with the
actual SER for the N; = 4 case. We use the beamformers
listed in [4] with N = 16,64. The codebook with N = 4
isW = 1, corresponding to the selection combining. As
shown in Fig. 4, the bound is aso tight for the given beam-
formers, with the difference between the bound and the actual
SER larger than those corresponding to N, = 2,3. Thein-
creasing difference could be dueto either of the following two
reasons, or both: i) the bound becomes less tight for large V4;
ii) the beamformer currently found for large N, isnot as close
to the optimumasin the vV, = 2 case.

Figs. 2, 3, and 4 show that the distance between the SER
lower bound and the SER with perfect CSI only dlightly in-
creases as the average SNR increases, yet always bounded by
the maximum power losslisted in Table 1. This confirms (37),
and more importantly, shows that high SNR analysis is often
accurate even in the low and medium SNR range [11].

V1. CONCLUSIONS

In this paper, we developed a symbal error rate (SER) lower
bound for transmit-beamforming systemswith finite-rate feed-
back. This bound applies to all beamformer designs, and
is tight for well-constructed beamformers. Comparing this
bound with the SER corresponding to the ideal case with per-
fect channel knowledge, we quantified the power loss due to
thefinite rate constraint, across the whole SNR range.

Performance analysis in this paper will facilitate future
work on adaptive modulation in beamformed transmissions
with finite-rate feedback. Especially interesting is the applica
bility of these resultsto low or medium SNRs, since the target
error rate for an uncoded adaptive system is usually not very
low, and the selected transmission mode will not operatein a
high SNR scenario.
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Figure 3: The actual SER versusthe lower bound (V; = 3)

APPENDIX: PROOF OF (37)

Define (N, N, ) = Fyew/7, such that L(N, N,7) =
101logy &(N¢, N, 7). Eq. (32) implies that:

SERperfect CSI(NMW) = SERlb(Nt; Na7 : g(Ntv Na 7))

Noticethat SER;, isadecreasing function of the average SNR
7. Inorder to prove{(N¢, N,7) < £(Ny, N, 00), we need:

SERperfect CSI(Nt;V) > SERlb(Nt7 N77 : E(Nta N; OO))
(40)
Denote 8 = gpsk/sin”f and a = [1 — (1/N)V/Ne=1)] for
notational convenience. Substituting (30), (27), and (36) into
(40), we need to prove that:

1\ -1 1 \1-N:
(L4877 > (14 870% ") (14 57077
(41)
for each . Taking logarithm on (41), we shall prove:

Nt—l L
N, In (1—1—570[1\%) .
(42)
We verify that thefunction f(z) = In(1+37e® ™) isconvex,
since f”(x) > 0 regardless of the values of (3, «, and 7. Eq.
(42) holdstruedueto f(0) < 7 f(—2=1) + H=L £(5-).

1 N,
In(1+47) < - In (1+57a11v7 )+
t
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