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Abstract

In this paper we show the power of sampling tech-
niques in designing efficient distributed algorithms. In
particular, we show that using sampling techniques,
on some networks, selection can be done in such a
way that the message complexity is independent of
the cardinality of the set (file), provided the file size
is polynomial in the network size. For example, given
a file F of size n and an integer k(1 < k < n), on a
p-processor de Bruijn network, our deterministic selec-
tion algorithm can find the kth smallest key from F
using O(p 10g3 p) messages and with a communication
delay of O(log® p), and that our randomized selection
algorithm can finish the same task using only O(p)
messages and a communication delay of O(logp) with
high probability, provided the file size is polynomial in
network size. Our randomized selection outperforms
the existing approaches in terms of both message com-
plexity and communication delay. The property that
the number of messages needed and the communica-
tion delay are independent of the size of the file makes
our distributed selection schemes extremely attractive
in such domains as very large database systems. Mak-
ing use of our selection algorithms to select pivot el-
ement(s), we also develop a near optimal quicksort-
based sorting scheme and a nearly optimal enumera-
tion sorting scheme for sorting large distributed files
on the hypercube and de Bruijn networks. Our algo-
rithms are fully distributed without any a priori cen-
tral control.

1 Introduction

Numerous computing applications call for sorting very
large files. Often these large files are distributed over a
number of computing sites of an interconnection net-
work (ICN) to gain speed of data retrieval or data
manipulation. Due to the fact that the cost for pass-
ing a message from one site to an adjacent one is much
higher than a singular local computation, distributed
algorithms are always designed in such a way that the
number of messages needed for synchronizing or en-
cooperationing the computations is minimized, while
keeping the communication delay as small as possible
[16]. In this paper, we consider the problems of se-
lection and sorting in a distributed system. The com-
putational model of the distributed system we adopt

is a set of computing sites connected together via a
sparse network of communication links. Each comput-
ing site is an autonomous processor (We will use the
term “processor” in the rest of the paper). These pro-
cessors operate asynchronously and communicate with
each other completely by passing messages. The inter-
connection networks we consider are the de Bruijn net-
work and the hypercube. We assume that the network
size and the diameter are known to each processor?
of the network. This assumption has been justified in
numerous previous works (see e.g. [1] [16]). We also
assume that each link in the network can be used to
carry data in both directions. The network is sup-
posed to be fault-free, i.e. during the entire course of
computation, no processor or link will become faulty.
As such, each message is guaranteed to pass through
a link within an arbitrary but finite delay. We let 7
be the maximum transmission delay on a link. We
leave the problems involving fault-tolerant computing
for further research. Throughout the paper a message
means a key or a record or a number with a constant
number of bytes.

Both selection and sorting problems have attracted
considerable attention within the distributed comput-
ing community. In [15], Shrira et al. present a selec-
tion algorithm based on a CSP-like synchronous mes-
sage passing model. Their algorithm can find k(1 <
k < n)th key from a file of size n in O(pn®2!) mes-
sages using p processors. Using sampling techniques,
Frederickson [4] designed three selection algorithms for
networks of asynchronous message passing models. On
a ring of p processors, his selection algorithm can find
kth key of a file of size n in O(p'*¢logn) messages with
O(T%) communication delay, or in O(plog® plogn)
messages with O(7plogn) communication delay. On
a mesh of size \/p x ,/p, his algorithm can select
kth key from a file of size n in O(pl"'%%

1/2logn
log p

) mes-

sages with O(7p ) communication delay, or in

O(p log'/? plogn) messages with O(rp*/?logn) com-

munication delay. And on a p-processor binary tree
network, his algorithm can perform a selection using
O(plogn) messages, with O(rlog® plogn) communi-
cation delay. The sampling technique that [4] adopts is
a variant of [7]. In this paper we use a different version
which is a variant of [2]. On both de Bruijn network
and hypercube of size p, our selection algorithm can
find the kth key from a file of size n in O(plog? plogn)

1We also assume that each processor knows its own unique
identity.



messages, with O(7 log2 plogn) communication delay.
When n = f(p), e.g. n = O(pF) or n = 202 hoth
message complexity and communication delay of our
algorithms and those of [4] are independent of the file
size. This demonstrates that sampling techniques (see
e.g [12][13]) are very useful tools for designing efficient
algorithms for processing very large distributed files.
We also use a randomized sampling technique which
is a variant of [3, 10] to design a much more efficient
randomized selection algorithm. Given a file of size n
and a p-processor de Bruijn network or hypercube, n is
polynomial in p, our algorithm can perform a selection
using only O(p) messages and delay O(7logp) with
high probability. Our randomized algorithm beats a
deterministic lower bound given in [4]. Furthermore,
we also use our selection algorithms to develop effi-
cient sorting schemes for sorting large files. Sorting is
of vital importance in very large database systems in
that a sorted distributed file can provide much faster
data retrieval or other data manipulation operations.
In [17], Wegner presents a distributed sorting algo-
rithm which sorts a file of size n in O(np) messages
using p processors, in the worst case, and uses an ex-
pected O(nlogn) messages on an average. Making use
of our selection algorithms to select pivot element(s),
we develop a quicksort-based sorting scheme which in
the worst case can sort a distributed file of size n on
a p-processor hypercube in O(n log? p) messages. Us-
ing our selection algorithms, we also develop both de-
terministic and randomized enumeration sorting algo-
rithms which can sort a distributed file of size n on a p-
processor hypercube or de Bruijn network in O(n log p)
messages, which is optimal in the sense of the message
complexity. Our distributed sorting scheme is fully
distributed whereas [17]’s is with central control.

The rest of this paper is organized as follows. Sec-
tion 2 defines the computation models and gives some
preliminary facts that will be helpful throughout. Sec-
tion 3 presents deterministic selection algorithms. The
more efficient randomized selection is presented in Sec-
tion 4. Section 5 presents several sorting algorithms.

2 Preliminaries

2.1 Models Definition

Though our selection algorithms are applicable on a
variety of networks, we will employ the de Bruijn net-
work and the hypercube as examples.

2This is a practical assumption since for a moderate size net-
work, the size of a very large file which might exist in the world
can always be expressed as a polynomial function of p with a
small degree, or be expressed as a function of p, which grows
slower than 20®),

De Bruijn Networks

A d-ary directed de Bruijn network DB(d,n) has
p = d™ processors. A processor v can be labelled as
dnd,_1...d; where each d; is a d-ary digit. Processor
v = d,dy,_1...d; is connected to the processors labelled
dp—1...dadyr, denoted by SH(v,r), where r is an arbi-
trary d-ary digit. One can easily see that any processor
in the network is reachable from any other processor
in exactly n steps although there might exist a shorter
path.

Hypercube

A hypercube of dimension n, denoted by H,, con-
sists of p = 2™ processors. Each processor is labelled
with an n-bit binary string, b,b,_1---b2b;. For any
processor u, there is a bidirectional link connecting u
to processor v if and only if addresses of u and v differ
in exactly one bit. It is easy to see that the diameter of
the network is n. A H,, can be recursively partitioned
into 2% subhypercubes of H,,_;,1 < k < n.

Bermond and Konig [1] have developed a decen-
tralized general consensus protocol on the de Bruijn
network. This algorithm can be used to perform data
broadcasting, prefix computation, etc., which will be
repeatedly invoked by our selection and sorting algo-
rithms. This algorithm can achieve a consensus or fin-
ish a computation on a binary de Bruijn network using
O(plog p) messages with O(7 log p) communication de-
lay. We show that by introducing randomization and
modifying the algorithm slightly, the number of mes-
sages needed can be reduced to be O(p). We also apply
the algorithm to the hypercube:

Lemma 2.1 Prefix computation can be done decen-
tralizedly on a p-processor de Bruijn or hypercube net-
work using O(plogp) messages with O(7logp) com-
munication delay.

3 The Deterministic Selection
Algorithm

Our selection algorithm makes use of the following
Lemma:

Lemma 3.1 The sorting of p keys on a p-processor
de Bruyn network, one key per processor, can be
performed distributedly in O(plong) messages with
O(r log? p) communication delay.

Proof : The algorithm can be viewed as a distributed
version of bitonic sort. There are logp stages, each
of which has logp phases. The i(1 < i < logp)th
stage is to sort each of 2°8P~% bitonic sequences of
length 2% into a sorted one such that each odd-even



pair of sorted sequences forms a bitonic sequence of
length 2!, Since bitonic sorting guarantees that the
right data will be compared at the right processors, we
only need to prove that the right data are compared
at the right time (phases)®. To do so, we want to
prove that each phase does the right job by induction
on the timing (phases). More details can be found
in [14]. The algorithm can also be tailored for the
hypercube with the same performance and we thus
have the following lemma.

Lemma 3.2 The sorting of p keys on a p-processor
hypercube, one key per processor, can be performed
distributedly in O(plog® p) messages with O(t log? p)
communication delay.

We employ deterministic sampling in our selection
algorithm. The sampling technique we employ is a
variant of [2, 11]. A summary follows: (1) To group
the numbers into groups with [ elements in each group
(for an appropriate 1); (2) Sort each group indepen-
dently; (3) Collect each gth element from each group
(for some ¢). This collection serves as a “sample” for
the original input. For example, the median of this
sample can be shown to be an approximate median
for the input. However, we adopt a different approach.
Initially, there are £ keys (or records) at each proces-
sor. As the algorithms proceeds, keys get dropped
from future consideration. We don’t perform any load
balancing. The remaining keys from each processor
will form the groups. Instead of picking the median of
these medians as the element for partition, we choose
a weighted median of these medians. Each group me-
dian is weighted with the number of remaining keys in
that processor.

We now give a high-level description of our algo-
rithm. Each processor P; individually performs the
algorithm shown below, assuming that the algorithm
is for finding kth key from a file of size n. The algo-
rithm can be implemented on both de Bruijn network
and hypercube, as the building blocks, namely con-
sensus protocol (distributed prefix computation) and
distributed sorting, have been developed for both mod-
els.

Deterministic Selection

0. Contribute the size of local file to the prefix com-
putation and trigger a prefix computation to obtain
the size n of the entire file. To begin with, each key in
each local memory is alive. N = n.

3There are totally logp x logp = log? p phases.

repeat

1. Find the median of alive keys in local
memory. Let M; be the median and N; be
the number of remaining alive keys.

2. Contribute M; to the sorting and trigger
the distributed permutation sorting. M, is
carrying with V;. Let M/ be the key received
after sorting.

3. Contribute N/ to the prefix computation
and trigger a prefix sum computation. The
value w obtained by P; will be ! | N/ . If
wis < %, then notify P;1; Otherwise, notify
Pifl.

4. If the obtained value w is > % and P;
receives a notification from P,_1, then M/ is
weighted median M and a prefix computa-

tion is triggered to broadcast M.

5. Count the number of alive keys (in lo-
cal memory) which are smaller than M and
contribute the number to the prefix compu-
tation. Trigger a prefix computation to com-
pute the total number of alive keys which are
smaller than M. This is to count the rank of
M out of all the remaining alive keys.

6. if £ < rjs then mark those alive keys (in
the local memory) that are > M as dead else
mark those alive keys that are < M as dead.

7. Let E; be the number of dead keys. Con-
tribute F; and trigger a prefix computation
to compute F, the total number of dead keys
(keys eliminated).

8. ifk>ry thenk=k—E;, N=N—FE.

until N < ¢, ¢ being a constant.
9. Trigger a prefix computation to elect a leader, e.g.
the processor with maximum identity, and route the
surviving keys to the leader.
10. If P; is elected, perform a local sorting on the
surviving keys. Report the kth key out of the surviving
keys.
Analysis

Steps 1, 6, and 8 need only local computations. Step
0 uses O(plogp) messages and needs O(7 logp) com-
munication delay according to Lemma 2.1. Likewise,
Steps 3, 4, 5, and 7 can be done in O(plog p) messages
with O(7logp) communication delay. In Step 2, we
sort the medians and thereby compute the weighted

median. Let Mj, Mj,---, M, be the sorted order of
the medians, we identify j such that 7 | N/ > %
and an_zll NI < % Such a 7 can be computed with

an additional prefix computation. Thus the weighted



median, M, can be identified in O(plog® p) messages
with O(r log? p) communication delay according to
Lemma 3.1 or Lemma 3.2. Therefore, each run of
the repeat loop uses O(p log? p) messages and suffers
O(7 log® p) communication delay.

The way we identify the weighted median guaran-
tees that at least % keys are dropped out in each run
of the repeat loop. Assume that k > rj; in a given
run. (The other case can be proved similarly.) The
number of keys dropped out is at least > 7 _; (%
which is > %. Consequently, the repeat loop will
be executed for O(logn) times. Besides, Step 9 also
needs O(plogp) messages and O(7logp) communica-
tion delay. And Step 10 needs only local computations.
In summary, the algorithm uses O(p log? plog n) mes-
sages to finish the selection with O(7 log? plogn) com-
munication delay. We thus get the following theorem.

Theorem 3.1 Selection on a file of size n can be de-
centralizedly performed on a p-processor de Bruijn net-
work or hypercube in O(p log? plog n) messages with
communication delay O(rlog? plogn).

This theorem also leads to the following corollaries.

Corollary 3.1 Selection on a file of size n can be de-
centralizedly performed on a p-processor de Bruijn net-
work or hypercube in O(p log® p) messages with com-
munication delay O(t log® p) provided file size is poly-
nomaial in network size.

Corollary 3.2 Selection on a file of size n can be de-
centralizedly performed on a p-processor de Bruijn net-
work or hypercube in O(p? log? p) messages with com-
munication delay O(p log? p) provided file size is ex-
ponential in network size.

4 The Randomized Selection
Algorithm

By introducing randomization, the number of mes-
sages needed to achieve a consensus or finish a dis-
tributed prefix computation can be reduced to be only
O(p) with high probability. This randomized consen-
sus protocol (distributed prefix computation), will be
used as a building block of our randomized selection
algorithm. Proof of the following Lemma can be found
in [14].

Lemma 4.1 A prefix computation can be realized de-
centralizedly in a p-processor de Bruijn network or hy-
percube using O(p) messages with O(7logp) commu-
nication delay with probability > (1 — p~%), for some
constant o.

Sorting will be still used as a building block of our
randomized selection, Our randomized selection algo-
rithm uses a distributed sparse enumeration sort.

Lemma 4.2 For any fized e < 1

5, a set of p¢ keys
distributed in a p-node hypercube H, or a p-node de
Bruijn network (n = logp) with no more than one
keys per node can be sorted in O(p) messages with

O(tlogp) communication delay.

The selection algorithm is designed based on ran-
dom sampling. The basic idea of the random sampling
is as follows: (1) Sample a set S of o(n) keys at ran-
dom from the collection N of surviving keys (To begin
with, N is the given file). (2) Identify two keys a and
b in S such that, with high probability, the key to be
selected is in between a and b. Also if S’ is all the
input keys in between a and b, then |S’| should not be
very large so that we can directly process S’.

We prove the following theorem [14]:

Theorem 4.1 Selection on a file F' can be distribut-
edly performed on a p-processor de Bruijn network or
hypercube in O(p) messages with communication delay
O(7 log p) with probability 1 — p~* provided file size is
polynomial in network size.

We can also trade off message complexity and run-
ning time for the failure probability. This leads to the
following corollary.

Corollary 4.1 Selection on a file of size n = O(p?)
can be distributedly performed on a p-processor de
Brugjn network or hypercube in t - O(p) = O(p)
messages with communication delay t - O(7logp) =
O(7 log p) with probability 1 — n=*, a > 1.

5 Sorting

Sorting is important in the applications of very large
database systems because a sorted distributed file pro-
vides much faster data retrieval or other data manipu-

lation operations. We have shown the following results
[14]:

Theorem 5.1 Sorting of a distributed file of size n
can be distributedly performed on a p-processor hyper-
cube in O(n log? p) messages and with communication
delay O(T% log? p) provided n is polynomial in p and

n = Q(plog®p).

Theorem 5.2 Sorting of a distributed file of size n
can be distributedly performed on a p-processor de
Bruijn network in O(nlogp) messages and with com-
munication delay O(tn) provided n is polynomial in p
and n = Q(p?log® p), which is nearly optimal.



Theorem 5.3 Sorting of a distributed file of size n
can be distributedly performed on a p-processor de
Brugjn network in O(nlogp) messages and with com-
munication delay O(mn) provided n is polynomial in p
and n = Q(%) with high probability, which is nearly
optimal.

Theorem 5.4 Sorting of a distributed file of size n
can be distributedly performed on a p-processor hy-
percube in O(nlogp) messages and with communica-
tion delay O(tn) provided n is polynomial in p and
n = Q(p? 10g2 p), which is nearly optimal.

Theorem 5.5 Sorting of a distributed file of size n
can be distributedly performed on a p-processor hy-
percube in O(nlogp) messages and with communica-
tion delay O(tn) provided n is polynomial in p and
n= Q(%) with high probability, which is nearly op-
timal.
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