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ABSTRACT In practice such “sparse” channels are encountered, but

Wireless multipath channels can often be characterized 44 do not know the delays of each path. Still, this prob-
sparse, i.e., the number of significant paths is small eveanwh 18m can be exactly formulated by representing the received
the channel delay spread is large. This can be taken adantagfaveform using an over-complete dictionary, where each en-
of when estimating the unknown channel frequency respondgy corresponds to a possible delay. By additionally enfac
using pilot assisted modulation. Other work has largely fo2 SParsity constraint, we try to explain the observed wave-
cused on the greedy orthogonal matching pursuit (OMP) afform with as few entries of the dllc_tu.)nary as possible. We
gorithm, using a dictionary based on an equivalent finite imfocus on orthogonal frequency division multiplex (OFDM),
pulse response filter to model the channel. This is not nece8S the channel effect can be represented in the most conve-
sarily realistic, as the physical nature of the channel is-co Niént form, but our results can be easily generalized tolsing
tinuous in time, while the equivalent filter taps are based o¥arfler scenarios.
baseband sampling. In this paper, we consider sparse dhanne This formulation has been used in other work, see e.qg.
estimation using a continuous time path-based channelimodé3—6], but other work has largely focused on the greedy or-
This can be linked to the direction finding problem from thethogonal matching pursuit (OMP) algorithm to take advan-
array processing literature and solved using the well-kmowtage of the sparse channel nature. The time resolution is de-
root-MUSIC and ESPRIT algorithms, which have no formaltermined by the equivalent FIR channel model and results are
time resolution. In addition, we show that a dictionary with Supported mostly only by computer simulations. The ques-
finer time resolution considerably improves the perforneanction of practical feasibility is open so far.

of OMP and the related Basis Pursuit (BP) algorithm. To approach the problems outlined above, we do the fol-
lowing: i) we adopt a continuous time path-based channel
1. INTRODUCTION model, to take better advantage of the sparse multipatheyatu

i) we link this formulation to the direction finding probleim

Wireless transmission is typically characterized by rpaith ~ the array processing literature and apply root-MUSIC and ES
propagation, leading to fading (narrowband) or inter symboPRIT to solve it; iii) this prompts us to include overcomplet
interference (wideband) at the receiver. The effect of mult dictionaries for channel estimation based on a finer delsy re
path can completely be characterized by an equivalent finitglution; iv) we also include basis pursuit (BP), which hasie
impulse response (FIR) filter model, where it is advantageod©P0rted as better at handling not exactly sparse problems;
to know the average delay spread to choose an approprizﬁ@d v) we apply all algonthms to _exp_enmental data recorded
number of channel taps. for underwater acoustic communication.

With the advent of compressed sensing or sparse estima- We find in simulation studies, where the underlying path
tion [1, 2]’ focus has come to the sparse nature of physicgelays are generated from a continuous time dIStI’Ibuthﬁ‘t,t
wireless multipath, as it can be leveraged to improve chiann&oth array processing algorithms outperform the previousl
estimation to either work with less pilot symbols or achievestudied OMP approach when the dictionary is based on an
better noise suppression. In a nutshell, in a simple leasE!R filter model using only baseband sampling. In contrast,
squares (LS) formulation the noise in the channel estimaté§hen using a higher time resolution dictionary, both OMP and
depends on the ratio of unknown channel taps versus the nurBP can match and even outperformroot-MUSIC and ESPRIT.
ber of observations. If there are fewer physical paths thafll four algorithms significantly outperform the LS estiroat
channel taps and we would know the correct delays of eacthat does not account for channel sparsity.
path, the least squares problem could be reformulatedito est  In experimental results for underwater acoustic commu-
mate a smaller number of unknowns. nications, where the data was recorded at the SPACE 2008
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resentative, and root-MUSIC and ESPRIT degrade in perfor-
mance. Both BP and OMP perform uniformly well in both 0.6
cases, but the performance gain over the LS esimator is more é oal
pronounced in the former case. g
The rest of this paper is organized as follows. Section2  © o2}
introduces the OFDM system model, Section 3 explains how X M { | ﬂ 11,
the problem can be reformulated as direction finding, Sec- % = 0 15 2
tion 4 gives a short explanation of sparse channel estimatio delay [ms]
using OMP or BP, in Section 5 we present numerical and ex- (a) physical multipath
perimental results, and we conclude in Section 6.
0.6
2. SYSTEM MODEL 8
£ 04
For data transmission, we use zero-padded (ZP) orthogonal § 02
frequency division multiplexing (OFDM). LET’ denote the ' M i
OFDM symbol duration and, the guard interval for the ZP. o : " = ~

The total OFDM block duration i’ = T' + T, and the sub-
carrier spacing ig /T. Thekth subcarrier is at frequency

delay [ms]

(b) equivalent baseband

Jo=Jet /T, k=-K/2.. Kf2=1, (1) Fig. 1. Even if physical multipath is sparse, conversion
wheref, is the carrier frequency anll subcarriers are used to equivalent baseband channel taps leads to a significantly
so that the bandwidth i = K/T. Let s[k] denote the in- larger number of non-zero components.
formation symbol to be transmitted on thih subcarrier. The
non-overlapping sets of active subcarri€gsand null subcar-
riersSy satisfySa USy = {—K/2,...,K/2—1}; the null
subcarriers are used to facilitate Doppler compensatitimeat
receiver [7]. The transmitted signal is given by

wheren(t) is an additive Gaussian noise process of power
Ny. We purposely neglect carrier frequency offset (CFO) at
this point, as it can be removed independently. The receiver
applies an overlap-and-add (OLA) Fourier transform, as

~ _ jomt G2 fet . :l T/zte_j%%tdt 6
i(t) =Re{ | D s[kle” T 'q(t)| e : m=7 | =0 (6)

keSa
te[0,T+T,], (2 = Hp,s[m] + ny, 7)

: . L wheren,, is the noise component and
whereq(t) describes the zero-padding operation, i.e., T P

Np

1 telo,T], Hpy o= Ape /2™, (8)

q(t) = : ©) —
0 otherwise p

Taking the inverse Fourier transform, we get the equivalent

A stationary multipath channel can be described by FIR baseband model
Ny K/2—1
e(r) =Y A (=) @) =) Hpe %, )
p=1 m=—K/2

The numberN,, describes the dominant physical multipath Np
components and not the resultant number of baseband channel = Z Apemd2mfeTy
taps. As has been pointed out before even one physical multi- p=1
path component can lead to many non-zero baseband chan
taps, due to filter effects and the continuous time dejay

The received signal, after down conversion, is then

sin (l - TT/—”K)
sin (%)
Wé notice that due to the finite bandwidth of the signal, the

discrete physical multipath components have been low-pass
filtered. An example can be seen in Fig. 1; we notice that the

(10)

Ny number of non-zero equivalent baseband taps is much larger
2(t) = Z S[k]eﬂ'%%t Z Ape 2T (£ — 7)) + n(t), than the_number of physical m_ul_tipath components. _
kESA =1 As discussed, due to the finite bandwidth, the resolution

(5) to estimate the, is finite as well. On the other hand we only



need to estimate them in a sufficient accuracy to reconstruct 4. COMPRESSED SENSING

H,, for equalization. Without loss of generality we will as-

sume that a quarter of the symbols are used as pilots, spac&d formulate the compressed sensing problem, we need to
evenly, denoted aSp, where obvioushySp C S4. This will use a large, but finite, dictionary. Accordingly we cover the
introduce an ambiguity in the time domain, but it can usuallyinterval of assumed channel delay spréadr,| with a set

be assumed that the length of an OFDM symbol is larger tha@f uniformly spaced delays, where the spacing is determined
the delay spread, in this cage~ 4T},. using a multiple of the baseband symbol r&tas,

Writing (7) in vector form, we have 1 9
Tp € {O Tg} , (14)

z=D.h+n, (11) aB aB

. o which will lead to a dictionary ofV = T, /(aB) + 1 entries.
wherez, s, h, andn are column vectors containing the,,  wjith this we construct a partial DFT matrix as
s[m], Hy,, andn,, for all m in Sp; Dy is a diagonal matrix
with the elements of vectaron its main diagonal. We rewrite W = [W 0) w (%) e W (Tg)] , (15)
the vector as,

2

and rewrite (12) as

Apw (1), (12) h=Wa, (16)
1 wherea contains theV possibleA,, corresponding to the dic-
tionary columns.
We now have arrived at the standard compressed sensing
ébroblem formulation,

=
|

S
I

where the vectofw (7,)],, = e 72™/m"» can be interpreted
as either a column of a discrete Fourier transform matrix or
steering vector of a uniform linear array (ULA).

z = (DsW)a+n, a7)

3. MUSIC AND ESPRIT which is linear in the set of unknownsand uses an over-
complete dictionarfDs W to explain the observations The
As mentioned before, the observations can be denoted as a syparsity will be enforced oa to make the solution well de-
perposition of steering vectors, see (12). This makes this f fined.
mulation amenable to subspace based approaches, typically Possible algorithms to solve this problem formulation are
employed in array processing, see e.g. [9]. If we choose therthogonal matching pursuit (OMP), see [3-6], or basis pur-
pilots from a unit-amplitude constellation, we can easdy r suit (BP). While OMP iteratively picks elements afand
formulate our observations to solves a constrained least-squares problem to optimathyfit
observations, BP uses thenorm to regularize the problem,
h=D"z=h+n, (13)
main |z — (DsW) a|2 + Aal;. (18)
wheren is still white Gaussian. Subspace based approaches
have been used before in OFDM [10], but have usually asSince generally we have to consider complex values for the
sumed that many OFDM symbols are available to approxielements o, thel;-norm is defined as,
mate a covariance matriR = E{hh”}. Instead we will

: . C N
employ spatial smoothing (see [9]), which divides a large ar lal, = Z \/|Re(An)|2 +[Im (A% (19)
n=1

ray into multiple observations of an equivalent smalleagrr

A tradeoff has to be found between array size — therefore res-

olution — and the number of observations availble to approxiAn efficient implementation for the complex valued version

mateR. of BP has been suggested in the appendix of [8]. For the
Since we chose uniform]y Spaced pi|0ts, Specia”zed SO|UOMP implementation we terminate the algorithm if the resid-

tions for ULASs like root-MUSIC and ESPRIT can be used toual fitting error or its improvement drops below a threshold

find closed-form estimates for thg. We choose to imple- based on the noise variance.

ment the unitary versions of root-MUIC and ESPRIT (see [9]

for details). Our implementation uses overlapping eqeal 5. RESULTS

arrays of lengthV,, where each observations is shifted by

one pilot symbol. When determining the signal subspace, win this section we will present results based on numerioa si

choose all eigen-values &t that are at least twice the noise ulation and recorded experimental data. Both cases use the

variancelVy. Once ther,’s are estimated, we formulate a re- same OFDM system with the following specifications: car-

duced size least-squares problem to determinelthe rier frequencyf. = 13 kHz, K = 1024 subcarriers, symbol
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Fig. 2. The ESPRIT and root-MUSIC algorithms outperformFig. 3. Both OMP and BP improve significantly when work-
the OMP implementation that uses an equivalent FIR channaig with a finer delay resolution dictionaryr (= 2 for BP,
model based on baseband sampling rate=(1). a = 4 for OMP).

durationT = 104.86 ms, and the guard time &, = 24.6 ms.  and OMP benefit from the larger dictionaries, outperforming

It follows that the bandwidth i$8 = 9.7656 kHz. There are root-MUSIC and ESPRIT.

K /4 = 256 pilot tones and 96 null subcarriers for edge pro-

tection and_D(_)ppIer estimation, Ieaving 672 data su_bcrarrie 5.2. Experimental Data

The data within each OFDM symbol is encoded using a rate

1/2 LDPC code, see [11], and 16-QAM, leading to 1344 bitsThe experimental data was recorded as part of the SPACE'08

perT + T, = 129.4 ms or about 10.4 kbit/s. As a bottom line experiment off the coast of Martha's Vineyard, MA, from

comparison, we will compare the sparse channel estimatofgct. 14 to Nov. 1, 2008. The water depth was about 15 me-

against a common least-squares (LS) scheme using two FR&rs leading to significant multipath. There are three ciife

operations to interpolate the pilots (see [7] for details). receivers, S1, S3, and S5, at 60 m, 200 m, and 1,000 m re-

spectively. We focus on results recorded on Julian date 297.
We first note that the observed channels vary significantly

with the receiver distance, see Fig. 4; while at a short dis-

For the simulation scenario we generafg = 15 discrete tance there are well distinguishable paths, at the farttiest

tance the delay spread is reduced and most multipath is dif-

paths, the inter-arrival times are exponentially distietol ,
with 1 ms mean (same parameters as in Fig. 1). The ammf_use. At the shortest distance the performance matches the

tudes of each path are Rayleigh distributed, with decrgasirsimulation results well, although root-MUSIC is now ahead

mean with increasing delay. As each OFDM symbol is enOf ESPRIT and BP outperforms OMP more clearly. At the

coded separately, we will use block-error-rate (BLER) aé)therreceiver_s, the performance of root-MUSIC and ESPRIT
figure of merit. For each OFDM symbol, the channel isdegrades, while for BP and OMP the gain over LS becomes

estimated based on the pilot tones. Each OFDM symbgimaller.
experiences an independently generated channel.

We plot a comparison between the continuous resolution 6. CONCLUSION
direction finding formulation and the LS and OMP algorithms
based on the baseband sampling rate FIR channel model iin this paper, we compared sparse channel estimation algo-
Fig. 2. We see that all sparse channel estimation schemes siithms for OFDM. On the one hand Basis Pursuit and Or-
nificantly outperform the simple LS estimator, but that OMPthogonal Matching Pursuit as implementations of compiksse
is trailing root-MUSIC and ESPRIT. As reference we also in-sensing, relying on over-complete, but finite, dictionsyrien
clude the performance based on full channel state infoonati the other hand subspace based super-resolution in form of
(CSI), only affected by the fading and additive noise. Wetnexroot-MUSIC and ESPRIT. We find in simulation results — the
include BP, and use higher delay resolution dictionaries fochannel is generated from sparse multipath components —tha
both BP and OMP. The results in Fig. 3 show that both BRall algorithms outperform the commonly used least-squares

5.1. Simulation Study
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Fig. 4. Example channel impulse responses and BLER performantiedf&PACE’'08 experiment; we see that on truly sparse
channels root-MUSIC and ESPRIT outperform the common LScgah, while BP and OMP are uniformly superior.

approach that does not take advantage of the sparse nature sparse channels,EEE J. Ocean. Eng., vol. 32, no. 4, pp. 927—
of the channel. To achieve this, both Basis Pursuit and Or-
thogonal Matching Pursuit need to choose dictionaries with [5]
a higher time resolution than the baseband rate, while root-

MUSIC and ESPRIT do this naturally. When using exper-
imentally recorded data, we find that root-MUSIC and ES-

939, Oct. 2007.

M. Sharp and A. Scaglione, “Application of sparse sigrel
vocery to pilot-assisted channel estimation,”Rroc. of Intl.

Conf. on Acoustics, Speech and Sgnal Proc., Las Vegas, NV,
Apr. 2008.

PRIT outperform the LS estimator only on truly sparse chan- [6] T. Kang and R. A. lltis, “Iterative carrier frequency et and
nels, while BP and OMP are uniformly superior.
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