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accomplishpreciselocalizationbasedonrangingviathemeasurement

ofsoundwaveToA,theinhomogeneityofwaterasamediumshould

beconsidered.

Theeffectsofinhomogeneousmediaonwavepropagationarechar-

acterizedbythecorrespondingphysicaldifferentialequations,which

arewellunderstood,e.g.,incomputationaloceanacoustics[4].Both

matchedÞeldprocessing(MFP)andoceanacoustictomography(OAT)

(see[5]Ð[7]andreferencestherein)solveforthecompletewave-Þeld

asafunctionofspaceandtime.Solutionsaredeterminedbymeasure-

mentsandnecessaryboundaryconditions,likecharacterizationofthe

oceanßoororthesoundvelocityproÞle(SVP).Also,themeasurements

areusuallyassumednoiseless,astheyareaveragedoveratimeperiod,

andrequireaverticalsensorarrayofaminimumsensordensitytoavoid

Òspatialaliasing.ÓThesemethodsestimatethewholewave-Þeld.They

arecomputationallyintensiveandnotsuitedforsimple,butunbiased

rangeestimationinunderwatersensornetworks.

Inthiswrite-up,weproposeadepth-basedsolutiontocompensate

andsignalprocessingtoÞndanovelandsimplesolutionbasedon

asingleacousticsensor,anadditionaldepthsensorandaknown

SVP.

2)InthepresenceofnoisyToAanddepthmeasurementswith

Gaussianmeasurementnoise,oursolutionisderivedfromthe

maximum-likelihood(ML)criterion,leadingtoanunbiasedand

asymptoticallyefÞcientestimator.

3)Wesupplycompleteperformancecharacterizationofthesug-

gestedsetupbydevelopingtheCRLB.

Inasimpleshallow-waterexample,wherethesoundspeeddecreases

monotonicallywithdepth,weshowthatitisnecessarytodealwith

thebiasassociatedwiththestraight-linepropagationassumption,even

whenthesoundvelocityproÞleisknown.ForaÞxeddepth,weÞndin-

creasingbiasforlargerrangeasthepathbecomesmoreslanted.Numer-

icalresultsshowthatourproposedapproachachievesbias-freerange

estimationandmeetstheCRLBontheestimationperformanceforany

unbiasedestimator.

Thispaperhasthefollowingstructure.Wedescribetheproblemin

SectionIIandproposeoursolutioninSectionIII.Wethencalculate

theCRLBinSectionIVandpresentnumericalresultsinSectionV.

WeconcludeinSectionVI.

II.P

ROBLEM D ESCRIPTION

WeconsiderranginginanunderwatersystembasedonToAmea-

surementsofacoustictransmissionbetweentwonodes.Weusecylin-

dricalcoordinates (y; '; z) , but due to the axis-symmetric assump-
tion of the medium physical parameters (equivalent to depth-depen-
dent), it is sufficient to consider a two-dimensional plane that includes
both the sender and the receiver. Suppose that the sender is at position
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(a) (b)

Fig. 1. (a) Example of a sound velocity profile in shallow water; (b) propagation of sound waves in an inhomogeneous medium; solid lines are the actual paths.

ps = (ys; zs) and the receiver is at position pr = (yr; zr). We assume
the following:

A1) there is a direct propagation path between the sender and the
receiver in the presence of potential dense multipath which is
typical for underwater acoustic channels;

A2) the receiver is able to pick up the first arrival to measure the
ToA even in the presence of dense multipath via some advanced
synchronization algorithms.1

Let T (ps;pr; v) denote the true travel time of the direct path from
the sender to the receiver, which is parametrized by the SVP v. The
noisy TOA measurement is

T̂ = T (ps;pr; v) + n (1)

where we assume that the measurement noise n is zero-mean Gaussian
with variance �2

T .
Now we convert the ToA estimate T̂ to a range estimate R̂. The

conventional approach ignores the stratification effect. By assuming
that the sound travels on a straight line from the sender to the receiver,
it amounts to a linear estimator as

R̂ = cT̂ (2)

where c is a nominal sound speed. Such an estimator introduces a bias

� = cT �R (3)

and the estimation variance is

var(R̂) = c
2
�
2
T : (4)

The mean-square error (MSE) of the estimator is

E jR� R̂j2 = �
2 + var(R̂): (5)

Note that the variance depends only on the measurement accuracy and
the nominal speed used in the conversion, but not on the locations ps
and pr . On the contrary, the bias term � is location dependent, since T

1This assumption is justified as ranging in dense multipath indoor radio en-
vironments has been studied extensively; see synchronization algorithms that
localize the “first arrival” in the presence of dense multipath in, e.g., [8], [9],
[2], and references therein.

has a nonlinear relationship with respect tops andpr , which is affected
by the sound speed profile.

For precise ranging where the measurement noise is small, the bias
term will dominate the MSE. The issue is then how to remove the esti-
mation bias due to the stratification effect.

III. PROPOSED SOLUTION

We propose a depth-based approach for stratification effect compen-
sation. For presentation convenience, we assume that the sender posi-
tion is known a priori,2 and its coordinate is (0; zs). The receiver has
a depth sensor that gives a noisy depth estimate as

d̂0 = zr + w (6)

where we assume the measurement noise w Gaussian distributed with
zero mean and variance �2

d . We next derive an unbiased range estimate
based on T̂ and d̂0, and the knowledge of the sound velocity profile.

A. Maximum-Likelihood Formulation

In addition to A1), A2), and the Gaussian assumption on T̂ and d̂0,
we further assume the following:

A3) the water field of interest is a vertically stratified media, i.e.,
the sound velocity is only depth dependent, and the SVP v is
known.3

Since ps is known, we denote the travel time T (ps;pr; v) by
T (yr; zr; v). Assuming the Gaussian measurement noises are uncor-
related, the likelihood function is

�(yr; zr) =
1p
2��T

exp � 1

2�2
T

T̂ � T (yr; zr; v)
2

� 1p
2��d

exp � (d̂0 � zr)
2

2�2
d

: (7)

The ML solution of (yr; zr) is then defined as

(ŷr; ẑr) = argmax
(y;z)

�(y; z): (8)

2This is reasonable, for example, the sender could be below a fixed ship or a
surface buoy equipped with GPS. On the other hand, the inclusion of uncertainty
in the sender position can be done similarly, but notationally more cumbersome.

3In practice, the SVP needs to be obtained by measurements.
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The necessary partial derivatives @T=@C and @T=@zr are

@T

@C
=

z

z

1

v(z)

@

@C

1

1� [Cv(z)]2
dz

=
z

z

Cv(z)

(1� [Cv(z)]2)3=2
dz (24)

@T

@zr
=

1

v(zr)

1

1� [Cv(zr)]2
: (25)

The Fisher information matrix with respect to estimating yr and zr
can be calculated as [13]

J�1
2 (yr; zr) = H T J�1

1 (C; zr)H (26)

where the matrix H is the Jacobian of the variable transform (C; zr)!
(y; zr)

H =
@(yr; zr)

@(C; zr)
=

@y
@C

@y
@z

0 1
: (27)

The second row is simply a row of the identity matrix, since in this
mapping zr is only a function of itself. The derivatives @yr=@C and
@yr=@zr are

@yr
@C

=
z

0

@

@C

Cv(z)

1� [Cv(z)]2
dz

=
z

0

v(z)

(1� [Cv(z)]2)3=2
dz

=
1

C

@T

@C
(28)

@y

@zr
=

Cv(zr)

1� [Cv(zr)]2
: (29)

After straightforward manipulation, we obtain

J�1
2 (yr; zr)=�2

T

1
C

0

0 0
+�2

d

(1�[Cv ] )

[Cv ]
�
p

1�[Cv ]

Cv

�
p

1�[Cv ]

Cv
1

(30)

where we abbreviate vr := v(zr).
Applying a variable change from (yr; zr) to (R; �) satisfying yr =

R sin� and zr � zs = R cos�, as depicted in Fig. 2, we obtain the
CRLB on the range estimate as

J�1
3 (R;�) = [ sin� cos� ] J�1

2 (yr; zr)
sin�

cos�

=�2
T

sin�

C

2

+�2
d sin�

1� [Cvr]2

Cvr
�cos�

2

=�2
T v

2
r

sin�

sin �r

2

+�2
d cos

2 �r
sin�

sin �r
� cos�

cos �r

2

=�2
T v

2
r

sin�

sin �r

2

+ �2
d

sin[�� �r]

sin �r

2

(31)

where �r := �(zr) is abbreviated similar to vr (cf. Fig. 2), and we have
used (19) to substitute C . For any unbiased estimator, we have

var(R̂) � J�1
3 (R; �): (32)

Remark 1: The CRLB in (31) clearly isolates the effects from the
ToA measurement accuracy and the depth measurement accuracy.
When �T vr and �d are on the same order, the impact of �d is much
smaller than that of �T vr , as j sin(� � �r)j is usually smaller than
j sin(�)j. This is encouraging in that the depth sensor does not need
to be highly accurate to reduce the stratification effect. See also
numerical results with noisy depth estimates.

Fig. 2. Illustration of the relationship between (y ; z ) and (R; �) .

V. NUMERICAL RESULTS

We use the sound velocity profile in Fig. 1(a) for numerical testing.
For the linear estimator, the nominal sound speed c could take different
values, such as the following examples.

1) Sender local speed: c = v(zs). The speed is measured locally at
the sender (surface) and assumed constant throughout the propa-
gation path. Due to the SVP in Fig. 1(a), the sound speed is overes-
timated, leading to a distance estimate systematically larger than
the true distance.

2) Receiver local speed: c = v(zr). Measuring the sound speed at
the receiver (underwater) leads to a too small sound speed in this
scenario, therefore underestimating the distance.

3) Arithmetic mean speed: c = �va. If the SVP and the depth are
available, one could use the mean sound speed, averaged over the
depth, for range estimation

�va =
1

zr � zs

z

z

v(z)dz:

4) Geometric mean:c = �vg . Since travel time is inversely propor-
tional to the sound speed, the geometric mean could be another
reasonable choice when the SVP and the depth are available

�vg =
zr � zs
z

z
1

v(z)
dz

:

We consider ranging between a buoy at the surface (zs = 0 m) and
an underwater vehicle or sensor at a depth zr = 150 m and a horizontal
range of yr between 0 m and 3,500 m.

Fig. 3(a) depicts the location-dependent bias � defined in (3) for the
linear estimator with different nominal sound speed values. Using the
two local sound speeds, the distance is systematically over- or underes-
timated, respectively. When both the SVP and the depth are available,
the linear estimator with the arithmetic or geometric mean of sound
speed is rather accurate until yr � 750 m, which corresponds to the
situation when the rays are only slightly slanted [cf. Fig. 1(b)]. After-
wards the bias steadily increases as yr increases, meaning that even if
the precise SVP is available the assumption of straight line propagation
leads to non-negligible bias.

The root mean-square error (RMSE) of our proposed approach with
noisy T̂ and d̂0 is shown in Fig. 3, where �d = 10 m and �T = 10 ms.
As comparison we also plot the CRLB and the RMSE performance
for the linear estimator. We observe that the RMSE performance of
the proposed approach meets the CRLB. The variance of the linear
estimator introduced by the noisy ToA measurements is c�T � 15 m.
Comparing Fig. 3(b) to (a), we see that the RMSE of the linear estimator
is dominated by the bias once it rises above the variance.

According to (31), the variance introduced by the noisy ToA mea-
surement is the dominant part in the CRLB. As j sin(���1)j=j sin(�)j
does not exceed 0.2 in this scenario, �d would have to be about five
times of c�T to make a similar impact.
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Fig. 3. (a) Bias � for the linear estimator with four different nominal sound speeds. (b) RMSE performance of different schemes together with the CRLB. The
depth uncertainty � = 10 m and the ToA uncertainty � = 10 ms.

VI. CONCLUSION

We analyzed the bias in underwater acoustic ranging when con-
verting ToA measurements to range estimates based on a straight-line
propagation assumption. To remove this bias, we used Fermat’s
Principle (minimum-time path) to trace the slanted path associated
with the shortest travel time, this allows us to determine the exact
distance between the sender and the receiver if the sound velocity
profile (SVP) and the depth are available. Assuming that the ToA and
depth estimates are noisy, we presented our solution starting from a
maximum-likelihood criterion and derived the Cramér–Rao perfor-
mance bound. For an example shallow water SVP, we found that the
bias of the linear estimator is non-negligible for ToA measurements
with low measurement noise, while our approach is bias free and
meets the performance bound.
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