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Abstract 

Researchers have defined Tree Adjoining Grammars with tags (TAG
2
) [12][20] as an 

extension to Tree Adjoining Grammars (TAG) [9]. They have used their model to 

represent RNA secondary structures with crossing dependencies. In this paper, we 

define a subclass of TAG
2
, Linked Single Adjoining-Tree Adjoining Grammars with 

tag (LSA-TAG
2
).  We have developed an inference algorithm that can identify the 

defined subclass from positive structural examples. The algorithm uses an oracle that 

can answer subset and equivalence queries. LSA-TAG
2
s are capable of modeling RNA 

structures with crossing dependencies. 
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1. Introduction 
 Grammatical inference is the problem of learning or identifying the grammar of an unknown 

language given a finite sample of this language. We consider the problem of learning a subclass of Tree 

Adjoining Languages (TALs) with links from examples and queries. Tree Adjoining Grammars (TAGs) 

were introduced by Joshi et. al. [9] for use in the field of natural language processing. In TAGs with links 

[8], the elementary trees, which are the building blocks for a TAG, can have links that capture 

dependencies between nodes. Kobayashi and Yokomori [12] defined TAG
2
 as an extension of TAG 

where some internal nodes can be tagged with the symbol ‘*’. Adjoining, which is the main composition 

operation in TAGs, can only occur at tagged nodes. They defined a generic grammar TAG
2

RNA to model 

RNA sequences in [12] and in a follow up paper by Uemura et. al [20]. TALs are a superset of Context 

Free (CF) languages and a subset of Context Sensitive (CS) languages. Other works in field of learning 

languages higher that CF includes [3] and [4]. 

 One of the oldest established models for grammatical inference is Gold’s identification in the limit[7]. 

In his model, the learning algorithm accepts an infinite sample of the unknown language, 'L , one example 

at a time. At every point in time, the algorithm makes a guess of the grammar of the unknown language. 

A class of languages is identifiable in the limit if there exists an algorithm which, for every language 'L  

in this class, will converge in a finite time to a grammar G such that L(G) = 'L . The sample can either be 

a positive sample S
+
 or a complete sample (S

+
,S

-
), where S

+
 ⊆ 'L  and S

-
 ⊆  'L .In [17], Sakakibara made 

use of the structure of the input examples to learn CF languages.  
 Another model of inference is learning through queries. This model was introduced by Angluin who 

studied different types of queries and their application in algorithmic learning [1]. Subset and equivalence 

queries are two types of queries she defined. A subset query accepts a grammar G. It  returns true if L(G) 

⊆ 'L and false otherwise. An equivalence query accepts a grammar G. It returns true if L(G) = 'L  and 

false otherwise.  Other types of queries include membership and superset queries. Angluin used 

membership and equivalence queries in learning regular grammars in [2]. As an extension to her work, 

Sakakibara [18][15] used structural membership and equivalence queries in learning context free 

grammars. Queries were also used in the identification of pattern languages [11]. A good survey of the 

different inference models and the current research under each model can be found in[17]. 

 In this paper, we define a subclass of TAG
2
 called Linked Single Adjoining (LSA)-TAG

2
, and we 

present an algorithm that identifies the defined subclass given a positive sample of derived tree skeletons 

with links for the unknown grammar. Our algorithm differs from Gold’s model in that it has to process 

the whole input sample before inferring any grammar. A skeleton is a derived tree whose internal nodes 

are not labeled. The skeletons are used to provide information about the structure of the input examples. 

The algorithm also makes use of an oracle that can answer subset and equivalence queries.  

 The algorithm decomposes the input skeletons into a set of elementary trees that will accept the input 

sample. The generated grammar is then generalized by reducing trees with matching skeletons under 

certain restrictions. The reduction process is similar in essence to what Fu and Booth [6] described for 

deriving regular grammars from canonical definite grammars by partitioning their set of non-terminals. 

The same idea was modified and used in [14] to identify regular languages in the limit. Our motivation 

for developing a grammatical inference algorithm for this class of languages lies in their capability to deal 

with crossing dependencies and consequently model pseudoknotted RNA structures. 

 We start this paper by defining the grammar model we are dealing with in section 2. Section 3 

introduces some preliminaries and basic definitions that will be used throughout the paper. Section 4 

presents the algorithm in detail. The identification proof and the complexity analysis are presented in 

sections 5 and 6, respectively. Finally, we conclude in section 7 by summarizing the results and providing 

a list of open problems and future research directions. 

 



 2 

2. Model Definition  
 A Tree Adjoining Grammar (TAG), as defined in [8], is a 5-tuple (T, N, I, A, S), where T, N, and S 

are: the set of terminals, the set of non-terminals, and the starting symbol respectively. I and A are defined 

as follows: 

I (initial trees): A finite set of finite trees with the internal nodes’ labels belonging to N, the leaves’ 

labels belonging to T, and the root being labeled with S. 

A (auxiliary trees): A finite set of finite trees with the internal nodes’ labels belonging to N, and the 

leaves’ labels belonging to T except one leaf node which is labeled by the same non-terminal as 

the root. This special leaf node is called a foot node. 

We will refer to leaves with terminal labels as terminal nodes, and we will refer to internal nodes and the 

foot node as non-terminal nodes. 

 Trees belonging to I ∪ A are called elementary trees. A tree derived by composing two other trees is 

called a derived tree. Trees can be composed together using the adjoining operation
1
. The adjoining 

operation composes an auxiliary tree α with a foot node labeled X with any other tree β that has some 

internal node with the same label X. The operation works as follows: we start with the tree β and we 

extract the sub-tree rooted at the internal node labeled with X (let that sub-tree be γ), and replace it with  

α. Then at the foot node of α, we reinsert γ. The adjoining operation is illustrated in Figure 1. Let T  = { t 

: ∃ i∈ I s.t. t can be derived from i}, then L(TAG) would consist of the yield of all the trees in T. In TAG 

with links, dependencies between elementary tree nodes are defined through links. These links get 

stretched during derivation to maintain such dependencies. Figure 2 depicts links in an auxiliary tree and 

how they get stretched in a derived tree. 

                  
 Figure 1 The adjoining operation   Figure 2 TAG with links 
 

 In [12], TAG
2
 is defined to be an extension of TAG where some internal nodes can be tagged with the 

symbol ‘*’. Adjoining can only occur at tagged nodes. Their extension is similar to TAG with null 

adjoining (NA) constraint, as defined in [10], applied to all the internal nodes except those tagged with 

the special symbol ‘*’. In addition, a set of final symbols F ⊆ N is defined. The language defined by 

TAG
2
 consists of the yield of all derived trees where the labels of tagged non-terminal nodes are in F. 

 

Definition: An LSA-TAG
2
 is a TAG

2
 with links and the following additional restrictions: 

1) Initial trees have only two levels: root (which is the adjoining node), and leaves 

2) All internal nodes in auxiliary trees appear only on the backbone of the tree. The backbone is the path 

between the root and the foot node 

3) Exactly one node per tree is tagged (labeled) for adjoining; thus the prefix Single Adjoining. 

4) All terminal leaves in an elementary tree are linked together 

5) No unnecessary nodes: This means every internal node must have terminal node children except 

under one of two conditions. A node can have only one child which is a non-terminal node only if:  

                                                      
1
 There is another definition of TAG [9][10]where initial trees can have non-terminals in the leaves and auxiliary 

trees can have more than one non-terminal in the leaves. In that model there is another composition operation called 

substitution. 
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a. The first is the root and the second is tagged for adjoining and has a different non-terminal label 

than the root. 

b. The first is tagged for adjoining and the second is the foot node and they have different non-

terminal labels. 

In all the other cases, the two nodes can be collapsed into one without affecting the language 

represented by the grammar. 

 

 The main two limiting restrictions of the above are restrictions (2) and (3). A detailed study of the 

properties of LSA-TAG
2
 will be the focus of a future publication. It suffices to say for now that TYPE1-

TYPE4 trees of TAG
2

RNA  [12], can be represented with slight modifications under LSA-TAG
2
. However, 

the model does not cover TYPE5 trees. 

 From this point forward, we will refer to an LSA-TAG
2
 with the list of trees that defines it. To 

differentiate between terminals and non-terminals we will use upper case to denote a non-terminal and 

lower case to denote a terminal. The starting symbol is always S. 

 

3. Preliminaries: 

 A tree T is defined as a set of nodes. Each node, d, is a 5–tuple (p, ch, lnks, lb, tag), where p is the 

parent node of d, ch is a set of children nodes of d, lnks is defined for terminal nodes and it is the set of 

leaf nodes linked to d as defined in TAGs with links [8] (Figure 2 illustrates links), lb is the terminal or 

non-terminal label of the node, and tag, defined for non-terminal nodes, is a Boolean specifying whether 

the node is tagged for adjoining or not. Define mappings root(T), footnode(T), adjoining_node(T) 

which map a tree, T, to its root, foot node or the adjoining node, respectively, if there is one. For a node d, 

we define label(d), links(d), tag(d), parent(d), and children(d) which return the corresponding data for 

the node as indicated by the mapping name.  We also define level(T,d) which returns the depth of a node 

d in a tree T. 

 Define a skeleton to be a tree where all non-terminal nodes have label = undefined. Define an 

incomplete tree to be a tree where the labels for non-terminal nodes ∈ NT ∪ { undefined }. The rank of a 

non-terminal, rank(nt), is defined to be the order in which it was first used in the inference process 

relative to other non-terminals. skeleton(T) is a mapping from a tree or an incomplete tree, T, to its 

skeleton. tagged_skeleton(T) is a mapping from a tree or an incomplete tree, T, to its skeleton while 

preserving the tag on the adjoining node .We will be loosely using the term tree to refer to incomplete 

trees. Given a set of trees T = {T1, T2, … Tn,}, SK(T) = {skeleton(T1), skeleton(T2), … 

skeleton(Tn)}.TSK is similarly defined for tagged_skeleton. A primitive tree is defined to be a tree where 

all the terminal nodes are linked together.  

 The following three tree operations are defined. Extract(T,A,B) extracts from T the tree section 

bound by internal nodes A and B. Extract(T,A,B) =  {d: d ∈ T and level(T,A) < level(T,d) ≤ level(T,B) 

and d ≠ B} ∪ {(NULL, ch, lnks, tag, lb) : A = (parent, ch, lnks, tag, lb)} ∪ {(p, ∅, lnks, tag, lb) : B = (p, 

ch, lnks, tag, lb)}.The second operation is the subtraction operation ‘–‘. It is used to calculate the resulting 

tree after extracting a T2 from T1. T1 – T2 = {d = (p, ch, lnks, tag, lb): d ∈ T1 and (d ∉ T2 or root(T2) ≠ 

(NULL, ch, lnks, tag, lb))}. The resulting tree, T, will have a broken link. This means there exist two nodes 

A and B in T such that A has a child C where C ∉ T and parent(B) ∉ T. Therefore, we define the third 

operation AdjustBrokenLinks(T). AdjustBrokenLinks removes C from children(A) and adds B instead. 

It also sets parent(B) to be equal to A.    

 A structurally complete sample for a TAG is a sample in which each possible adjoining operation is 

represented in the sample. 

 

4. The Inference Algorithm 

 Our inference algorithm accepts as an input a set of positive derived trees’ skeletons with links. The 

algorithm is a decompose/reduce/verify algorithm. It makes use of subset and equivalence queries during 

its various phases. The decompose phase generates one or more grammars. Each one is a definite 
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grammar which only accepts the set of positive examples. Among the generated grammars, there is at 

least one solution G where SK(G) = SK( 'G ); assuming the unknown language 'L  = L( 'G ). After the 

decomposition is done, each generated definite grammar is reduced/generalized to the smallest/most 

general set of trees that accepts the positive examples and at the same time does not accept any string in 

'L . This is ensured by executing a subset query after every reduction step. At the third phase of the 

algorithm, we use equivalence queries to pick a correct solution. As presented here, the algorithm does 

not generate the set of final non-terminals F. However, this can be handled with slight modifications.  
 Before explaining our decomposition logic, let us first study the possible adjoining options allowed in 

LSA-TAG
2
s. An auxiliary tree can have one adjoining node. This adjoining node can either be the root, 

the foot node, or an internal node. If the adjoining node has no terrminal children, then we know it is the 

child of the root or the parent of the foot node. Otherwise, it is considered an unnecessary node which is 

not allowed in LSA-TAG
2
. Figure 3 shows the results of adjoining the shaded tree, at the adjoining node, 

tagged with ‘*’, for all possible positions of the adjoining node. Type d and type e represent the two 

special cases of an adjoining node having no terminal node children. 

 

 
Figure 3 Adjoining nodes options 

 

4.1 The Decompose Phase 

 The decompose phase accepts one positive example at a time. The decomposition process starts by 

detaching the initial tree from the bottom of the input skeleton (Figure 4 (b)). In LSA-TAG
2
s, initial trees 

have only two levels: the root, which is the adjoining node, and the leaves. Thus, the set of lowest linked 

nodes and their parent can be extracted from the skeleton. The starting symbol S is used to label the 

parent node, and the extracted tree is added to the set of inferred trees. Once the initial tree is inferred, it is 

subtracted from the skeleton, and the starting symbol is used to label root and foot node of the resulting 

tree after adjusting its broken links. If the resulting tree is primitive, it will be added to the set of inferred 

trees. Otherwise, it undergoes a recursive decomposition process that leads to inferring two or more 

auxiliary trees. 

 The decomposition process breaks down a complex tree into two simpler trees by applying the 

opposite of one of the adjoining options. For each of the auxiliary tree types illustrated in Figure 3  there 

is a corresponding decomposition function: Outer (type a), High (type b), Low (type c), ExtendedHigh 

(type d), and ExendedLow (type e). Each of the five decomposition functions is responsible for 

performing the following tasks: breaking down the tree into  two simpler trees, determining the adjoining 

node that resulted in this composition and tagging it, and labeling the root and foot node of both trees and 

the node tagged for adjoining. The decomposition process can result in either two primitive trees or a 

primitive tree and a complex tree. A resulting complex tree is recursively sent to the decomposition 

function. A resulting primitive tree is added to the set of inferred trees unless it does not comply with the 

model. First, we will discuss how the decomposition and tagging tasks are performed. Then, we will 

discuss the node labeling. 
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Figure 4 Decomposition Example 

 

4.1.1. Decomposition and Tagging 
 Choosing a decomposition function depends on evaluating the eight inference conditions in Table 1. 

Let dh and dl be the highest and lowest terminal nodes in a tree T respectively. The root is always at level 

0. That makes dh the terminal node with the lowest level and dl the terminal node with the highest level. 

Let i be the level of dh and j be the highest level of any terminal node linked to dh. Let q be the level of dl 

and p be the lowest level of any terminal node linked to dl. The depth of T = n +1. Table 2 lists the 

possible combination values of the inference conditions and the corresponding inference function choice. 

As obvious in the table, there are conflicts between decomposition functions High and ExtendedHigh, 

High and Low, and Low and ExtendedLow. In such cases, the decomposition path branches into two 

paths maintaining two sets of inferred elementary trees. At any point in the inference process, a 

decomposition path can fail and terminate. A decomposition path fails if it leads to inferring an auxiliary 

tree that does not comply with the model constraints. 

 
Condition 

Number 

Condition 

ic1 i = 1 

ic2 j = n 

ic3 p = 1 

ic4 q = n 

ic5 |children(root(T))| = 1 

ic6 |children(parent(footnode(T)))| = 1 

ic7 Tree in between levels i-1and j inclusive of both is primitive 

ic8 Tree in between levels p-1 and q inclusive of both is primitive 

Table 1 Inference Conditions' Codes 

 

4.1.1.1 Outer Decomposition 

 Outer decomposition is chosen when the highest and lowest terminal leaves are linked together. 

Because we are inside a decomposition function, we know that T is not a primitive tree. Consequently, 

there are some terminal nodes that are not a part of this chain of links. This means that if we look at the 

levels of terminal nodes in this chain, these levels will not cover all the levels in the tree. We refer to each 

maximal set of consecutive levels not covered by the chain as a gap. In the complex tree shown in Figure 

4(b), n = 7, dh is labeled ‘c’, dl is labeled ‘g’, i = p = 1, j = q = n, and {2, 3, 4, 5, 6} is a gap. According to 

LSA-TAG
2
 definition, there can only be one adjoining node per elementary tree. Therefore, there can 
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only be one such gap in T. Let {a, a+1,…b} be the gap in T. The decomposition process, depicted in Box 

1, extracts the tree section, TI, rooted at level a -1 and ending at level b. In the example shown in Figure 

4, that would be the tree rooted at level 1 and ending at level 6. The tree, TO, resulting from subtracting 

TI form T is a primitive tree. We tag for adjoining the node in TO corresponding to where the extraction 

occurred in T. Figure 4 (c) illustrates the result of applying outer decomposition on the complex tree 

shown in Figure 4 (b). 

 
Decomposition  

Function / 

Auxiliary Tree 

Type 

ic1 ic2 ic3 ic4 ic5 Ic6 ic7 ic8 

Outer / a T* T* T T F F F F 

High / b T* F* F DC F* DC T* DC 

Ext. High / d T* F* F F F T* T* DC 

Low / c DC F F* T* DC F* DC T* 

Ext. Low / e F F F* T* T* F DC T* 

Table 2 Inference Condition Values and Corresponding Decomposition Functions 
DC : Don’t Care condition; * : sufficient conditions 

 

4.1.1.2 High Decomposition 

 In high decomposition, we start from the tree top. First, we identify the highest terminal node, dh, in T 

and the set of leaves in lnks(dh). In the complex tree shown in Figure 4 (c), dh is labeled ‘a’, i = j = 1. Note 

that: (1) T is not a primitive tree because we are in a decomposition function; (2) the tree in between 

levels i-1and j inclusive of both is primitive because ic7 is a necessary condition for High Decomposition.  

Thus, we know that there are terminal nodes lower than the nodes in lnks(dh). In our example, those are 

the three nodes labeled ‘c’, ‘c’, and ‘g’. We decompose T into two trees. The upper, TU, has all the leaves 

in lnks(dh). The lower tree, TL, has all the leaves that are lower than the lowest leaf in lnks(dh). Due to the 

fact that ic7 is true, we know that TU is a primitive tree. The foot node of TU is tagged for adjoining. Box 

2 includes the pseudo code for High decomposition. Figure 4 (d) illustrates the result of applying outer 

decomposition on the complex tree shown in Figure 4 (c). 

 

              
 Box 1 Outer Decomposition  Box 2 High Decomposition 

 

 

High(T) 
- let a be the highest terminal node in T, and  

b be the lowest node in lnks(a) 
- let A and B be the parents of a and b respectively 

- let C = non-leaf child of B = <pc, chc, φ, lblc, tagc,>  
- set TU = extract(T,A,C) 
- set TL = T – TL  
- AdjustBrokenLinks(TL) 
- LabelEnds(TU) 
- LabelEnds(TL) 

- let Ctu = <pc φ, φ, lblc, tagc> where Ctu ∈ TU 
- set tag(Ctu) = 1 
- AddAuxiliaryTree (TU) 
- if failure  
- exit; terminate this inference path 
- if TL is primitive 
- AddAuxiliaryTree(TL) 
- if failure 
- exit; terminate this inference path 
- else 
- Decompose(TL) 

Outer(T) 
- let a be the lowest terminal node in T 
- let B = internal node s.t. level (T,B) = i and  

C = <pc, chc, φ, lblc, tagc,>, internal  
node s.t. level (T,C) = j – 1 where  
1,2,…,i,,j,j+1,….n are the levels for  
leaves in links(a) and n+1 is the depth of T 

- TI = Extract(T,B,C) 
- TO = T – TI 

- let Cto = <pto, chc, φ, lblc, tagc,>, Cto ∈ TO 
- set tag(Cto) = 1 
- AdjustBrokenLinks(TO) 
- adjoining_node_label = AddAuxiliaryTree (TO) 
- if failure 
- exit; terminate this inference path 
- set label(root(TI)) = adjoining_node_label 
- set label(footnode(TI)) = adjoining_node_label 
- if TI is primitive 
- AddAuxiliaryTree(TI) 
- if failure  
 - exit; terminate this inference path 
- else 
- Decompose(TI) 
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4.1.1.3 ExtendedHigh Decomposition 
 This kind of decomposition is the same as the previous except that it includes in the resulting upper 

tree TU, the foot node of T. The parent of footnode(TU) is tagged for adjoining. The resulting primitive 

tree will be of type d.  Box 3 includes the pseudo code for ExtendedHigh decomposition. Figure 4 (e) 

illustrates the result of applying outer decomposition on the complex tree shown in Figure 4 (d). 

 The decomposition functions Low and ExtendedLow are mirror images of High and ExtendedHigh. 

These two functions start decomposition from the tree bottom. We will not go into the details of these two 

functions due to space constraints. 

 

4.1.2 Labeling Nodes 
 The main idea of node labeling is to establish a link between the node marked for adjoining during 

the decomposition process and the root and foot node of the other resulting tree. As mentioned before, 

this step generates definite grammar(s). Every time an adjoining node is determined it is labeled with a 

new non-terminal label. Thus, the number of non-terminals and consequently the number of resulting 

distinct trees will be large. It is during the reduction step that the number of primitive tress and non-

terminal labels used are reduced to reflect the actual grammar. Note that for any TAG G, L(G) is 

independent  the label of any non-terminal node d, unless d is the root, foot node, or adjoining node. We 

call these non-critical nodes. Consequently, we will label any non-critical node d with a dummy label ‘L’. 

Define rank(‘L’) to be ∞. 

  Please note that all the decomposition functions call AddAuxiliaryTree. AddAuxiliaryTree(T) is 

responsible for making sure that T does not violate the model constraints, labeling the non-critical nodes 

with the dummy label, labeling the adjoining node with a new non-terminal label if it is not already 

labeled, and adding the tree to the inferred set of trees if it does not already belong to it. 

AddAuxiliaryTree returns the label of the adjoining node to the calling function. 

 Decomposition functions vary in the way they use AddPrimitiveTree. Outer, ExtendedHigh and 

ExtendedLow use it to label and add the tree with the adjoining node to the inferred tree set. Then they 

use the return value to label the root and foot node of the other tree (TI, TL, or TH respectively).  

 In High and Low, on the other hand, once the tree has been broken down into two simpler trees, 

LabelEnds is called to match the labels of the foot node and root of each tree. In this case, 

AddPrimitiveTree does not label the adjoining node because it is already labeled. 

 

4.2 The Reduce and Verify Phases 
 The reduction phase is applied to each of the grammars generated by the decompose phase separately. 

Let Gt be one such grammar. The Reduce function (Box 4) is applied on every pair of trees (Ti,Tj) in Gt 

where tagged_skeleton(Ti) = tagged_skeleton(Tj) or Ti has no adjoining node and skeleton(Ti) = 

skeleton(Tj). Each tree can have a maximum of three distinct non-terminal labels: the root and foot node 

label, the adjoining node label (if different), and the dummy label ‘L’ used for all the non-critical nodes. 

Let X be the label of the root and the foot node of Ti and Y be the label of the root and the foot node Tj, 

and let Z and W be the labels for the adjoining nodes of Ti and Tj respectively. Without loss of generality, 

assume that rank(X) < rank(Y) and rank(Z) < rank(W). Then the Reduce function will replace the 

occurrences of Y in Gt by X. Z and W are treated similarly unless the W is dummy label ‘L’. In this case, 

it is replaced in the tree under consideration only. In the reduction example illustrated in Figure 5, there is 

a match between the non-tagged skeletons of T1 and T3. Assuming that rank(‘R’) < rank (‘Q’), every label 

‘Q’ will be replaced by ‘R’. Also, rank(‘L’) = ∞ > rank(‘P’). Thus, ‘L’ is replaced with ‘P’ in T3. Finally, 

T3 will be eliminated form the grammar.  Let Gt+1
 
be the resulting grammar after performing a reduction 

on Gt, A subset query SUBSET(Gt+1) is performed to check if the executed reduction causes the 

acceptance of any string in 'L . If the query returns false, the reduction is undone. 

 The success or failure of each reduction trial depends on the order in which the reductions are 

performed. Thus, the algorithm first arranges the trees, in the grammar to be reduced, in every possible 

permutation. It then starts comparing and reducing the trees in each of these permutations. Let Gi be a 
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grammar resulting from the decompose phase, Gij be a certain permutation of the trees in Gi, and GijRed be 

the grammar resulting from reducing Gij. Note that Gij = Gik for all possible values of j and k; however, 

GijRed does not necessarily equal GikRed for all possible values of j and k. After performing all possible 

reductions for every Gij, L(GijRed) ⊆ L( 'G ) The verify step uses equivalence queries to check if any of the 

inferred grammars is equivalent to the unknown grammar 'G . The algorithm will output an inferred 

grammar G such that the query EQUIV(G) returns true. 

 

     
 Box 3 ExtendedHigh Decomposition Box 4 The Reduce function 

 

 
Figure 5 Reduction Example 

 

5. Identification Proof 

 In this section, we will show that given a structurally complete sample of 'G , the decompose and 

reduce phases will produce at least one grammar Gred where L(Gred) = L( 'G ).  

 The decompose phase generates a set of definite grammars. Each grammar G in this set satisfies the 

condition: L(G) = S
+
. 

 

Lemma 5.1: 

For every skeleton E ∈ S
+
 such that E = Ainit  adj A1 adj A2 adj … Ak, there exists an inference path that  

generates the set of primitive trees Tinf where TSK(Tinf) = TSK({Ainit ,A1,A2,….Ak-1}) ∪ SK({Ak)}. 

 

Proof: 

Reduce(T1,T2) 
- let root_lbli= label(root(Ti) , i = 1,2  
- let adj_lbli= label(adj_node(Ti) , i = 1,2  
- if rank(root_lbl1) < rank(root_lbl2) 
 - low_root_lbl = root_lbl1 
 - high_root_lbl = root_lbl2 
- else 
 - low_root_lbl = root_lbl2 
 - high_root_lbl = root_lbl1 
- if rank(adj_lbl1) < rank(adj_lbl2) 
 - low_adj_lbl = adj_lbl1 
 - high_adj_lbl = adj_lbl2 
- else 
 - low_adj_lbl = adj_lbl2 
 - high_adj_lbl = adj_lbl1 
- Replace high_root_lbl and high_adj_lbl with 
  high_root_lbl and high_adj_lbl respectively 
  in all inferrd trees and eliminate repetitions  

- if SUBSET(current grammar) = false 
 - undo reduction 

ExtendedHigh(T) 
- let a be the highest terminal node in T, and b be 

 the lowest node in lnks(a) 
- let A and B be the parents of a and b respectively 

- let C = non-leaf child of B = <pc, chc, φ, lblc, tagc,>  
- let E = parent(footnode(T)) = <pE, chE, φ, lblE,  
 tagE> 
- TL = Extract(T,C,E) 
- TU = T – TL  
- AdjustBrokenLinks(TU) 

- let Etu = <pEtu
 chE, φ, lblE, tagE> where Etu ∈ TU 

- set tag(Etu) = 1 
- adjoining_node_label = AddAuxiliaryTree (TU) 
- if failure  
 -  exit; terminate this inference path 
- set label(root(TL)) = adjoining_node_label 
- set label(footnode(TL)) = adjoining_node_label 
- if TL is primitive 
- AddAuxiliaryTree(TL) 
- if failure  

- exit; terminate this inference path 
- else 
 -Decompose(TL) 
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Claim 5.1 can be proved by induction. 

Base case: 

Assume T = Ainit adj A1 adj A2 

The initial tree, Ainit, will always be inferred correctly; see section 4.1. The other two inferred trees, A1’ 

and A2’, will depend on the types of A1 and A2. Notice that A2’ does not have an adjoining node (see the 

last inferred tree in Figure 4 (e)). 

Cases 1-5: A1 is of type a, and A2 is of type b, c, d, or e. The inference condition vector = 

(T,T,T,T,F,F,F,F). The only decomposition option is Outer. A1’ and A2’ will be inferred where 

tagged_skeleton(A1’) = tagged_skeleton(A1) and tagged_skeleton(A2’) = skeleton(A2). 

Cases 6 – 8 and 10: A1 is of Type b and A2 is of type a, b, c, or e. The inference condition vector = 

(T,F,F,T,F,F,T,T). Possible decomposition options are High and Low. In the path where High is executed, 

A1’ and A2’ will be inferred where tagged_skeleton(A1’) = tagged_skeleton(A1) and tagged_skeleton(A2’) 

= skeleton(A2). 

Case 9: A1 is of Type b and A2 is of type d. The inference condition vector = (T,F,F,F,F,T,T,T). Possible 

decomposition options are High and ExtendedHigh. In the path where High is executed, A1’ and A2’ will 

be inferred where tagged_skeleton(A1’) = tagged_skeleton(A1) and tagged_skeleton(A2’) = skeleton(A2). 

Cases 11-15: A1 is of Type c and A2 is of type a, b, c, d, and f. Cases 11-15 are mirror images of cases 6-

10. Here, conflicts will occur between High/Low and Low/ExtendedLow. Similar results can be proven. 

Cases 16-20: A1 is of type d and A2 is of type a, b, c, d, or e. The inference condition vector = 

(T,F,F,F,F,T,T,T). Possible decomposition options are High and ExtendedHigh. In the path where 

ExtendedHigh is executed, A1’ and A2’ will be inferred where tagged_skeleton(A1’) = 

tagged_skeleton(A1) and tagged_skeleton(A2’) = skeleton(A2). 

Cases 21-25: A1 is of type e and A2 is of type a, b, c, d, or e. Cases 21-25 are mirror images of cases 16-

20. Here, conflicts will occur between Low/ExtendedLow. Similar results can be proven. 

 

Induction Hypothesis: Assume that if E = Ainit adj A1 adj A2 …. Adj An, there exists an inference path that 

will generate the set of primitive trees Tinf where TSK(Tinf) = TSK({Ainit ,A1,A2,….An-1}) ∪ SK({An)}  

 

Induction Step: 

Assume that T = Ainit  adj A1 adj A2 …. Adj An adj An+1 

Once again, the initial tree, Ainit, will always be inferred correctly. The next decomposition step will 

depend on the types of A1 and A2. 

 

Cases 1-5 : A1 is of type a and A2 is of type a, b, c, d, or e. The inference condition vector = 

(T,T,T,T,F,F,F,F). The only decomposition option is Outer. The output of the decomposition step will be 

A1’ and Acomp where tagged_skeleton(A1’) = tagged_skeleton(A1) and skeleton(Acomp) = skeleton(A2 adj 

A3…. adj An adj An+1). 

Case 6: A1 is of type b and A2 is of type a. The inference condition vector = (T,F,F,T,F,F,T,F). The only 

decomposition option is High. The output of the decomposition step will be A1’ and Acomp where 

tagged_skeleton(A1’) = tagged_skeleton(A1) and skeleton(Acomp) = skeleton(A2 adj A3…. adj An adj An+1). 

Case 7: A1 is of type b and A2 is of type b. The inference condition vector = (T,F,F,NA,F,NA,T,NA). 

Because some of the inference conditions are not determined by the types of A1 and A2 in this case, we 

can not list the possible decomposition options. However, we know that the sufficient conditions for High 

are satisfied. Thus, one of the inference outputs will be A1’ and Acomp where tagged_skeleton(A1’) = 

tagged_skeleton(A1) and skeleton(Acomp) = skeleton(A2 adj A3…. adj An adj An+1). 

Case 8: A1 is of Type b and A2 is of type c. The inference condition vector = (T,F,F,T,F,F,T,T). Possible 

decomposition options are High and Low. In the path where High is executed, the output of the 

decomposition step will be A1’ and Acomp where tagged_skeleton(A1’) = tagged_skeleton(A1) and 

skeleton(Acomp) = skeleton(A2 adj A3…. adj An adj An+1). 

Case 9: A1 is of Type b and A2 is of type d. The inference condition vector = (T,F,F,F,F,T,T,NA). Even 

with the undetermined values of ic8, the only two possible decomposition options are High and 
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ExtendedHigh. In the inference path where High is executed, the resulting trees are A1’ and Acomp where 

tagged_skeleton(A1’) = tagged_skeleton(A1) and skeleton(Acomp) = skeleton(A2 adj A3…. adj An adj An+1). 

Case 10: A1 is of Type b and A2 is of type e. The inference condition vector = (T,F,F,T,F,F,T,T). Possible 

decomposition options are High and Low. In the path where High is executed, the resulting trees are A1’ 

and Acomp where tagged_skeleton(A1’) = tagged_skeleton(A1) and skeleton(Acomp) = skeleton(A2 adj A3…. 

adj An adj An+1). 

Cases 11-15: A1 is of Type c and A2 is of type a, b, c, d, and f. Cases 11-15 are mirror images of cases 6-

10. It can be similarly shown that Low will always be one of the decomposition options; thus, similar 

results can be proven.  

Cases 16-20: A1 is of type d and A2 is of type a, b, c, d, or e. (T,F,F,F,F,T,T,F/NA/T/NA/T). Irrespective 

of the value of ic8 which changes with the type of A2, in all five cases, the possible decomposition 

options are High and ExtendedHigh. In the inference path where ExtendedHigh is executed, the resulting 

trees are A1’ and Acomp where tagged_skeleton(A1’) = tagged_skeleton(A1) and skeleton(Acomp) = 

skeleton(A2 adj A3…. adj An adj An+1).   

Cases 21-25: A1 is of type e and A2 is of type a, b , c, d ,or e. Cases 21-25 are mirror images of cases 16-

20. It can be similarly shown that ExtendedLow will always be one of the decomposition options; thus, 

similar results can be proven. 

 

 Let us rename the primitive trees A2, A3, … An+1 to A1, A2, .. An. Considering the fact that the 

decomposition process depends only on the skeleton of the tree (no tags or non-terminal labels required), 

and using the induction step, we conclude our claim. � 

 

Note: We will refer to the inference path that follows the decomposition options resulting in a solution 

that satisfies Lemma 5.1 as the correct inference path.  

 

Lemma 5.2 

Let S
+
 be a structurally complete sample of the language L( 'G ). Let G be the set of all grammars resulting 

from the decompose phase of the algorithm given S
+
. There exists at least one inferred solution G = Tinf ∪ 

ETinf ∈ G such that. TSK(Tinf) = TSK( 'G ) and TSK(ETinf) ⊆ SK( 'G ). 

 

Proof: 

Let the set of trees generated by the correct inference path upon receiving positive example Ei = 

skeleton(Ainit  adj A1 adj A2 adj … Ak) be Tinf(i) ∪ ETinf(i) where all the trees in Tinf(i) have an adjoining 

node and ETinf(i) has one tree with no adjoining node. The tree in ETinf(i) matches in skeleton the tree Ak. 

We will refer to Ak as an end tree. Then Tinf = U
+∈SEi

i)(Tinf  and ETinf = U
+∈SEi

i)(ETinf .Using Lemma 6.1, we 

conclude that TSK(Tinf)  ⊆ TSK( 'G ) (1) and  TSK(ETinf) ⊆ SK( 'G ) (2). Since S+ is a structurally 

complete sample, each tree will appear at least in one example as a non end tree. Thus, TSK( 'G ) ⊆ 

TSK(Tinf) (3). From (1), (2), and, (3), we conclude Lemma 5.2 � 

 

Observation 5.1: The reduction phase is a generalization step that introduces recursion into the definite 

grammars generated from the previous phase. This generalization broadens the language accepted by each 

grammar. Because we use subset queries to confirm reductions, we know that after the reduction phase 

each grammar G in the solution set satisfies the condition S
+
 ⊆ L(G) ⊆ L( 'G ). 

 

Lemma 5.3 

Let S
+
 be a structurally complete sample of the language L( 'G ). Let GRed be the set of all grammars 

resulting from the decompose and reduce phases of the algorithm given S
+
. There exists at least one 

inferred solution GRed ∈ GRed such that L(GRed) = L( 'G ).  . 
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Proof: 
From Lemma 5.2 we conclude that given a structurally complete sample , there exists at least one inferred 

solution G ∈ G such that G = Tinf ∪ ETinf where TSK(Tinf) = TSK( 'G ) and TSK(ETinf) ⊆ SK( 'G ). 

Because S
+
 is a structurally complete sample and every tree in 'G  has exactly one adjoining node, every 

tree in 'G  resulted in inferring one or more trees in Tinf … (1). Because of the way G is constructed, as a 

definite grammar for a structurally complete sample and from (1), G can be reduced to Gred where 'G   ⊆ 

Gred if the tree reduction happens in a certain “correct” order. Because we do not know the “correct” 

reduction order that will ensure such result, the algorithm performs the reductions in each possible 

ordering of the trees. Thus, the reduction of G will result in at least one grammar Gred   where 'G  ⊆ Gred. 

This means that L( 'G ) ⊆ L(Gred)… (2). From Fact 5.1 and (2) we conclude that L(Gred) = L( 'G ) �.  

 

6. Time Complexity 

Decompose Phase: Since each primitive tree has a yield of at least one character, the size of each 

generated grammar is O(n) trees. The time required for each decomposition operation to evaluate the 

inference conditions, perform the extract, subtract, and adjust link operations, and check if the resulting 

primitive tree violates the model conditions is a linear function in the maximum size of a grammar tree 

yield which is O(n). Thus, the total time required for the decomposition phase is O(n
2
 M) where M is the 

number of generated grammars. 

 

Reduce Phase: Reduction is performed for each of the M grammars. It is performed on each possible 

permutation or ordering of trees in each of the grammas. The size of each grammar is O(n). Thus, there 

are O(n!) permutations of the trees in each grammar. We will refer to the process of reducing the trees in 

each of these permutations as a reduction process. In each reduction process, O(n
2
) comparisons are 

required to determine the skeleton matches. The time required for each comparison is a linear function of 

the maximum size of a grammar tree yield which is O(n). Each reduction process will perform up to O(n) 

reductions, each of which will require updating labels of up to O(n) trees. Tree updating requires constant 

time. After each reduction one SUBSET query is performed. Thus, the total time for one reduction 

process is O(n
3
 + n

2
), and the total time for the whole phase is O(n

3
 M n!). This is a conservative estimate 

since the equivalence query might come up with the YES answer early on. If many of these grammars are 

the correct answers, then a random grammar has a good probability of yielding the answer YES on an 

equivalence query. Also, the number of permutations of trees in a given grammar could be much less than 

n!. 

 

Verify Phase: The verify phase simply executes an EQUIVALENCE query for each of the reduced 

grammars. The total time for this phase is O(M n!). Thus the total time for the all three phases is O(n
3
 M 

n!). Clearly, this run time is very generous. We would like to emphasize that the main focus of this paper 

is to introduce the new grammatical formalism suitable for RNA structures and demonstrate the feasibility 

of inferring this grammar from samples. 

 

Analyzing M: At any point in time during the decompose phase, there could be at most two 

decomposition options. Thus, very conservatively we can say that the decompose phase will result in 

O(2
n
) solutions in the worst case. However, with further analysis, it might be possible to deduce a tighter 

bound for M. 

 

7. Conclusion 
 In this paper, we have defined a subclass of TAGs, Linked Single Adjoining (LSA)-TAG

2
, which can 

be learned from structural positive examples and queries. We presented an inference algorithm for LSA-

TAG
2
. The algorithm starts by decomposing the skeleton in the sample to a set of elementary trees 

generating a definite grammar that can only accept the sample. At certain points in the decomposition 
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process, more than one decomposition option may seem plausible, so more than one solution is 

maintained. After decomposition is done, a sequence of reductions is performed and subset queries are 

used to validate the reductions. Finally, equivalence queries are used to choose one of the resulting 

grammars after reduction.  

 Recently, there has been a special focus on the use of grammatical inference in bioinformatics 

[5][13][19]. In this direction and driven by our motivation to use this algorithm to build grammars for 

RNA sequences, the following are  three research problems that we are planning to address next. 

• Developing a method to construct the linked skeleton for RNA sequences assuming a generic 

grammar similar to TAG
2

RNA. This will enable us to use the algorithm for data extracted from 

RNA databases. 

• Experimentally studying the number of solutions generated by the decompose phase, and trying 

to enhance the worst-case complexity, possibly by using heuristic methods. 

• Carefully studying the reduction process to reach an understanding of what makes a special order 

of reductions “correct” and consequently reducing the complexity of the reduction phase. 

• Developing a heuristic version of the algorithm that does the inference using only positive data. 

We do not expect this version to be able to do identification in the limit. We plan to study the 

quality of the output it generates experimentally. 

 On the theoretical level, we are currently working on studying the formal linguistic properties of 

LSA-TAG
2
.  

 We would like to conclude with a mention of two open problems.  

• Developing a tighter bound for the number of grammars generated by the decompose phase. 

• Extending the model and the inference algorithm to deal with TYPE5 trees of TAG
2

RNA. 
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