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Abstract

Researchers have defined Tree Adjoining Grammaits tags (TAG) [12][20] as an
extension to Tree Adjoining Grammars (TAG) [9]. Vheave used their model to
represent RNA secondary structures with crossingenéencies. In this paper, we
define a subclass of TAGLinked Single Adjoining-Tree Adjoining Grammarsthw
tag (LSA-TAG). We have developed an inference algorithm tlzet identify the
defined subclass from positive structural examplé® algorithm uses an oracle that
can answer subset and equivalence queries. LSAZ A capable of modeling RNA
structures with crossing dependencies.
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1. Introduction

Grammatical inference is the problem of learningigentifying the grammar of an unknown
language given a finite sample of this language.ddfesider the problem of learning a subclass oéTre
Adjoining Languages (TALs) with links from examplasd queries. Tree Adjoining Grammars (TAGS)
were introduced by Josht. al [9] for use in the field of natural language mssing. In TAGs with links
[8], the elementary trees, which are the buildingcks for a TAG, can have links that capture
dependencies between nodes. Kobayashi and Yokdt@idefined TAG as an extension of TAG
where some internal nodes can be tagged with tmbdaly*’. Adjoining, which is the main composition
operation in TAGs, can only occur at tagged nodiesy defined a generic grammar T2, to model
RNA sequences in [12] and in a follow up paper ®muraet. al [20]. TALs are a superset of Context
Free (CF) languages and a subset of Context SengfiS) languages. Other works in field of learning
languages higher that CF includes [3] and [4].

One of the oldest established models for grammlatiéerence is Gold’s identification in the lin¥[

In his model, the learning algorithm accepts amitd sample of the unknown languaté, one example

at a time. At every point in time, the algorithmhkea a guess of the grammar of the unknown language.
A class of languages is identifiable in the linfiithere exists an algorithm which, for every langeid.'

in this class, will converge in a finite time t@eammar G such that L(G) E'. The sample can either be

a positive sample*Sr a complete sample(S), where Si L' and Si L'.In [17], Sakakibara made
use of the structure of the input examples to |€&ffrianguages.

Another model of inference is learning throughrigge This model was introduced by Angluin who
studied different types of queries and their agpian in algorithmic learning [1]. Subset and egili#nce
gueries are two types of queries she defined. Aetudpuery accepts a grammar G. It returns tru€d)

I L'and false otherwise. An equivalence query accegpsimmar G. It returns true if L(G) £' and
false otherwise. Other types of queries includembership and superset queries. Angluin used
membership and equivalence queries in learninglaeguammars in [2]. As an extension to her work,
Sakakibara [18][15] used structural membership a@&adivalence queries in learning context free
grammars. Queries were also used in the ideniidicaif pattern languages [11]. A good survey of the
different inference models and the current reseantier each model can be found in[17].

In this paper, we define a subclass of FAflled Linked Single Adjoining (LSA)-TAG and we
present an algorithm that identifies the definelctass given a positive sample of derived treeet&rk
with links for the unknown grammar. Our algorithnffets from Gold’s model in that it has to process
the whole input sample before inferring any gramndaskeleton is a derived tree whose internal nodes
are not labeled. The skeletons are used to pramfdemation about the structure of the input exasspl
The algorithm also makes use of an oracle thaaoawer subset and equivalence queries.

The algorithm decomposes the input skeletonsdrdet of elementary trees that will accept thetinpu
sample. The generated grammar is then generalige@ducing trees with matching skeletons under
certain restrictions. The reduction process is lammn essence to what Fu and Booth [6] descrilmed f
deriving regular grammars from canonical definitangmars by partitioning their set of non-terminals.
The same idea was modified and used in [14] totifyeregular languages in the limit. Our motivation
for developing a grammatical inference algorithmtfos class of languages lies in their capabtlitgleal
with crossing dependencies and consequently mageidoknotted RNA structures.

We start this paper by defining the grammar maoglelare dealing with in section 2. Section 3
introduces some preliminaries and basic definitidre will be used throughout the paper. Section 4
presents the algorithm in detail. The identificatigroof and the complexity analysis are presented i
sections 5 and 6, respectively. Finally, we coneludsection 7 by summarizing the results and plioyi
a list of open problems and future research desti



2. Model Definition

A Tree Adjoining Grammar (TAG), as defined in [8&,a 5-tuple (T, N, I, A, S), where T, N, and S
are: the set of terminals, the set of non-termijraaddl the starting symbol respectively. | and Adefined
as follows:

| (initial trees): A finite set of finite trees viitthe internal nodes’ labels belonging to N, thevés’
labels belonging to T, and the root being labelét &.

A (auxiliary trees): A finite set of finite treesti the internal nodes’ labels belonging to N, dmel
leaves’ labels belonging to T except one leaf neteh is labeled by the same non-terminal as
the root. This special leaf node is called a famten

We will refer to leaves with terminal labels astéral nodes, and we will refer to internal noded tre
foot node as non-terminal nodes.

Trees belonging toE A are called elementary trees. A tree derived dipposing two other trees is
called a derived tree. Trees can be composed tyesing the adjoining operationThe adjoining
operation composes an auxiliary tr@evith a foot node labeled X with any other tieehat has some
internal node with the same label X. The operatiamnks as follows: we start with the tréeand we
extract the sub-tree rooted at the internal noteléal with X (let that sub-tree lgg and replace it with
a. Then at the foot node af we reinsert. The adjoining operation is illustrated in Figdre_et T = {t
:$il Is.t. t can be derived from i}, then L(TAG) woutdnsist of the yield of all the trees in T. In TAG
with links, dependencies between elementary tregdesiare defined through links. These links get
stretched during derivation to maintain such depenis. Figure 2 depicts links in an auxiliary tess
how they get stretched in a derived tree.

‘ X
B o —_—
B adjoin A
A X
I A Tadj A adj A

Figure 1 The adjoining operation Figure 2 TAG wih links

In [12], TAG? is defined to be an extension of TAG where sorteriral nodes can be tagged with the
symbol *'. Adjoining can only occur at tagged nadeTheir extension is similar to TAG with null
adjoining (NA) constraint, as defined in [10], appl to all the internal nodes except those taggeia w
the special symbol **. In addition, a set of fingymbols FI N is defined. The language defined by
TAG? consists of the yield of all derived trees whéw labels of tagged non-terminal nodes are in F.

Definition: An LSA-TAG? is a TAG with links and the following additional restrictis:

1) Initial trees have only two levels: root (whichtle adjoining node), and leaves

2) Allinternal nodes in auxiliary trees appear onfythe backbone of the tree. The backbone is the pat
between the root and the foot node

3) Exactly one node per tree is tagged (labeled)dgiaing; thus the prefix Single Adjoining.

4) All terminal leaves in an elementary tree are lthkegether

5) No unnecessary nodes: This means every interna nagst have terminal node children except
under one of two conditions. A node can have only child which is a non-terminal node only if:

! There is another definition of TAG [9][10]whereitial trees can have non-terminals in the leaves auxiliary
trees can have more than one non-terminal in tneeke In that model there is another compositiceraton called
substitution.



a. The first is the root and the second is taggedétpoining and has a different non-terminal label
than the root.

b. The first is tagged for adjoining and the seconthes foot node and they have different non-
terminal labels.

In all the other cases, the two nodes can be adthpnto one without affecting the language

represented by the grammar.

The main two limiting restrictions of the aboves aestrictions (2) and (3). A detailed study of the
properties of LSA-TAG will be the focus of a future publication. It soffs to say for now that TYPE1-
TYPEA4 trees of TAGwa [12], can be represented with slight modificatiomsler LSA-TAG. However,
the model does not cover TYPES trees.

From this point forward, we will refer to an LSAAG? with the list of trees that defines it. To
differentiate between terminals and non-termina¢éswill use upper case to denote a non-terminal and
lower case to denote a terminal. The starting syistaways S.

3. Preliminaries:

A tree T is defined as a set of nodes. Each node, dpigwple (p, ch, Inks, Ib, tag), where p is the
parent node of d, ch is a set of children noded, dfiks is defined for terminal nodes and it is sle¢ of
leaf nodes linked to d as defined in TAGs with §r{B] (Figure 2 illustrates links), Ib is the temal or
non-terminal label of the node, and tag, definednfn-terminal nodes, is a Boolean specifying waeth
the node is tagged for adjoining or not. Define piags root(T), footnodgT), adjoining_nodg(T)
which map a tree, T, to its root, foot node ordl@ining node, respectively, if there is one. &arode d,
we definelabel(d), links(d), tag(d), parent(d), andchildren(d) which return the corresponding data for
the node as indicated by the mapping name. Wedafoelevel(T,d) which returns the depth of a node
dinatreeT.

Define askeletonto be a tree where all non-terminal nodes havellabundefined.Define an
incomplete treeto be a tree where the labels for non-terminal 8ddBIT E { undefined. The rank of a
non-terminal,rank (nt), is defined to be the order in which it wasstfiused in the inference process
relative to other non-terminalskeleton(T) is a mapping from a tree or an incomplete treeto its
skeleton.tagged_skeleto(il) is a mapping from a tree or an incomplete tigeto its skeleton while
preserving the tag on the adjoining node .We wéllllosely using the term tree to refer to incongplet
trees. Given a set of trees = {T,, T, ... T,}, SK( ) = {skeleton(T), skeleton(}), ...
skeleton(T)}. TSK is similarly defined for tagged_skeletonpfimitive tree is defined to be a tree where
all the terminal nodes are linked together.

The following three tree operations are definEgtract(T,A,B) extracts from T the tree section
bound by internal nodes A and Bxtract(T,A,B) = {d: dT T and level(T,A) < level(T,df level(T,B)
and dt B} E {(NULL, ch, Inks, tag, Ib) : A = (parent, ch, Inks, t49)} E {(p, &£ Inks, tag, Ib) : B = (p,
ch, Inks, tag, 1b)}.The second operation is thetisudhion operation ‘—'. It is used to calculate tkesulting
tree after extracting a,from T,. T, — T, = {d = (p, ch, Inks, tag, Ib): § T, and (di T, or root(T,)
(NuLL, ch, Inks, tag, Ib))}. The resulting tree, T, whihve a broken link. This means there exist tweesod
A and B in T such that A has a child C wheré 0 and parent(B) T. Therefore, we define the third
operationAdjustBrokenLinks (T). AdjustBrokenLinks removes C from children(A)daadds B instead.
It also sets parent(B) to be equal to A.

A structurally complete samplefor a TAG is a sample in which each possible axijigj operation is
represented in the sample.

4. The Inference Algorithm

Our inference algorithm accepts as an input afpositive derived trees’ skeletons with links.eTh
algorithm is a decompose/reduce/verify algorithinmékes use of subset and equivalence queriesgdurin
its various phases. The decompose phase genemesromore grammars. Each one is a definite



grammar which only accepts the set of positive gotam Among the generated grammars, there is at
least one solution G where SK(G) = SK(); assuming the unknown language = L(G'"). After the
decomposition is done, each generated definite mua@mis reduced/generalized to the smallest/most
general set of trees that accepts the positive pbesnand at the same time does not accept anyg $trin
L'. This is ensured by executing a subset query aftery reduction step. At the third phase of the
algorithm, we use equivalence queries to pick aecbrsolution. As presented here, the algorithnmsdoe
not generate the set of final non-terminals F. Hewgethis can be handled with slight modifications.

Before explaining our decomposition logic, letfust study the possible adjoining options allowed
LSA-TAG?s. An auxiliary tree can have one adjoining nodss Bdjoining node can either be the root,
the foot node, or an internal node. If the adjajnmode has no terrminal children, then we know the
child of the root or the parent of the foot nodéh@wise, it is considered an unnecessary nodehaikic
not allowed in LSA-TAG. Figure 3 shows the results of adjoining the stiadee, at the adjoining node,
tagged with *', for all possible positions of thedjoining node. Type d and type e represent the two
special cases of an adjoining node having no texhniode children.
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Figure 3 Adjoining nodes options

4.1 The Decompose Phase

The decompose phase accepts one positive examaléirae. The decomposition process starts by
detaching the initial tree from the bottom of theut skeleton (Figure 4 (b)). In LSA-TAS initial trees
have only two levels: the root, which is the adjoghnode, and the leaves. Thus, the set of lovidstd
nodes and their parent can be extracted from tbe&etsk. The starting symbol S is used to label the
parent node, and the extracted tree is added teethaf inferred trees. Once the initial tree feilired, it is
subtracted from the skeleton, and the starting synsbused to label root and foot node of the syl
tree after adjusting its broken links. If the reisig tree is primitive, it will be added to the sétinferred
trees. Otherwise, it undergoes a recursive decatigpogprocess that leads to inferring two or more
auxiliary trees.

The decomposition process breaks down a comphe itito two simpler trees by applying the
opposite of one of the adjoining options. For eatcthe auxiliary tree types illustrated in FiguretBere
is a corresponding decomposition function: Outgpdta), High (type b), Low (type c), ExtendedHigh
(type d), and ExendedLow (type e). Each of the fidlecomposition functions is responsible for
performing the following tasks: breaking down theetinto two simpler trees, determining the adimn
node that resulted in this composition and tagdingnd labeling the root and foot node of botlesrand
the node tagged for adjoining. The decompositiarc@ss can result in either two primitive trees or a
primitive tree and a complex tree. A resulting ctemptree is recursively sent to the decomposition
function. A resulting primitive tree is added t@tbet of inferred trees unless it does not comjily thie
model. First, we will discuss how the decompositeord tagging tasks are performed. Then, we will
discuss the node labeling.
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Figure 4 Decomposition Example

4.1.1. Decomposition and Tagging

Choosing a decomposition function depends on atialg the eight inference conditions in Table 1.
Let d, and d be the highest and lowest terminal nodes in aTfrezspectively. The root is always at level
0. That makesdthe terminal node with the lowest level andheé terminal node with the highest level.
Let i be the level of dand j be the highest level of any terminal nodidd to d. Let g be the level of d
and p be the lowest level of any terminal nodedithito ¢ The depth of T = n +1. Table 2 lists the
possible combination values of the inference caomatand the corresponding inference function ahoic
As obvious in the table, there are conflicts betwdecomposition functions High and ExtendedHigh,
High and Low, and Low and ExtendedLow. In such sasiee decomposition path branches into two
paths maintaining two sets of inferred elementages. At any point in the inference process, a
decomposition path can fail and terminate. A deawsitipn path fails if it leads to inferring an alixiy
tree that does not comply with the model constsaint

Condition Condition

Number

icl i=1

ic2 j=n

ic3 p=1

ic4 g=n

ic5 |children(root(T))| = 1

ic6 |children(parent(footnode(T)))| = 1

ic7 Tree in between levels i-1and j inclusive oftbis primitive
ic8 Tree in between levels p-1 and q inclusiveathlis primitive

Table 1 Inference Conditions' Codes

4.1.1.1 Outer Decomposition

Outer decomposition is chosen when the highestlawest terminal leaves are linked together.
Because we are inside a decomposition functionkmesv that T is not a primitive tree. Consequently,
there are some terminal nodes that are not a p#ntsochain of links. This means that if we loaktlae
levels of terminal nodes in this chain, these lewéll not cover all the levels in the tree. Weereto each
maximal set of consecutive levels not covered leydain as a gap. In the complex tree shown inr&igu
4(b), n =7, dis labeled ‘c’, dis labeled ‘g, i=p=1,j=q9g =n, and {2, 3,9, 6} is a gap. According to
LSA-TAG? definition, there can only be one adjoining noge plementary tree. Therefore, there can



only be one such gap in T. Let {a, a+1,...b} be thpe g0 T. The decomposition process, depicted in Box
1, extracts the tree section, TI, rooted at level and ending at level b. In the example showRigure

4, that would be the tree rooted at level 1 andrendt level 6. The tree, TO, resulting from subtirsg

Tl form T is a primitive tree. We tag for adjoininige node in TO corresponding to where the exwacti
occurred in T. Figure 4 (c) illustrates the resafitapplying outer decomposition on the complex tree

shown in Figure 4 (b).

Decomposition
Au'j('}llri];rt;/o'?r{a o| et ic2 ic3 ica ic5 Ic6 ic7 ic8
Type
Outer / a T T T T F F F F
High /b T F* F DC F* DC T DC
Low/c DC F F* T DC F* DC T
Ext. Low /e F F F* T* T* F DC T

Table 2 Inference Condition Values and Correspondig Decomposition Functions
DC : Don’t Care condition; * : sufficient conditisn

4.1.1.2 High Decomposition
In high decomposition, we start from the tree féipst, we identify the highest terminal nodg,id T

and the set of leaves in Inkg(dn the complex tree shown in Figure 4 (g)isllabeled ‘a’, i =j = 1. Note
that: (1) T is not a primitive tree because we iara decomposition function; (2) the tree in betwee
levels i-land j inclusive of both is primitive bes® ic7 is a necessary condition for High Decontjosi
Thus, we know that there are terminal nodes lowan the nodes in Inks{d In our example, those are
the three nodes labeled ‘c’, ‘c’, and ‘g’. We deqmse T into two trees. The upper, TU, has all tawés
in Inks(d,). The lower tree, TL, has all the leaves thatlaweer than the lowest leaf in InksjdDue to the
fact that ic7 is true, we know that TU is a primititree. The foot node of TU is tagged for adjajniBox

2 includes the pseudo code for High decomposiftagure 4 (d) illustrates the result of applying et
decomposition on the complex tree shown in Figufe 4

Outer(T) High(T)
- let a be the lowest terminal node in T - let a be the highest terminal node in T, and
- let B = internal node s.t. level (T,B) =i and b be the lowest node in Inks(a)
C = <p,, ch,, f, Ibl, tagc,>, internal - let A and B be the parents of a and b respectively
node s.t. level (T,C) = j — 1 where - let C = non-leaf child of B = <p,, ch, f, Ibl;, tagc,>
1,2,...,i,,},j+1,....n are the levels for - set TU = extract(T,A,C)
leaves in links(a) and n+1 is the depth of T -setTL=T-TL
- Tl = Extract(T,B,C) - AdjustBrokenLinks(TL)
-TO=T-TI - LabelEnds(TU)
- let Cyo = <pro, Che, T, Ibl¢, tage,>, Co1 TO - LabelEnds(TL)
- set tag(Cp) = 1 -let Cy = <p. f, f, Ibl;, tage> where Cy 1 TU
- AdjustBrokenLinks(TO) -settag(Cy) =1
- adjoining_node_label = AddAuxiliaryTree (TO) - AddAuxiliaryTree (TU)
- if failure - if failure
- exit; terminate this inference path - exit; terminate this inference path
- set label(root(TI)) = adjoining_node_label - if TL is primitive
- set label(footnode(Tl)) = adjoining_node_label - AddAuxiliaryTree(TL)
- if Tl is primitive - if failure
- AddAuxiliaryTree(Tl) - exit; terminate this inference path
- if failure - else
- exit; terminate this inference path - Decompose(TL)
- else
- Decompose(Tl)

Box 1 Outer Decomposition Box 2 High Decompositio



4.1.1.3 ExtendedHigh Decomposition

This kind of decomposition is the same as theipusvexcept that it includes in the resulting upper
tree TU, the foot node of T. The parent of footr@d® is tagged for adjoining. The resulting priméi
tree will be of type d. Box 3 includes the psewdde for ExtendedHigh decomposition. Figure 4 (e)
illustrates the result of applying outer decomposibn the complex tree shown in Figure 4 (d).

The decomposition functions Low and ExtendedLow mirror images of High and ExtendedHigh.
These two functions start decomposition from tiee tsottom. We will not go into the details of thése
functions due to space constraints.

4.1.2 Labeling Nodes

The main idea of node labeling is to establismk between the node marked for adjoining during
the decomposition process and the root and fooe mddhe other resulting tree. As mentioned before,
this step generates definite grammar(s). Every amedjoining node is determined it is labeled vath
new non-terminal label. Thus, the number of nomteals and consequently the number of resulting
distinct trees will be large. It is during the retlan step that the number of primitive tress aod-n
terminal labels used are reduced to reflect theahagrammar. Note that for any TAG G, L(G) is
independent the label of any non-terminal nodentess d is the root, foot node, or adjoining ndtfe.
call these non-critical nodes. Consequently, wélalilel any non-critical node d with a dummy lakél
Define rank(‘L") to be¥.

Please note that all the decomposition functicals AddAuxiliaryTree. AddAuxiliaryTree(T) is
responsible for making sure that T does not vialagemodel constraints, labeling the non-criticadles
with the dummy label, labeling the adjoining nodi#éhwa new non-terminal label if it is not already
labeled, and adding the tree to the inferred settreés if it does not already belong to it.
AddAuxiliaryTree returns the label of the adjoiningde to the calling function.

Decomposition functions vary in the way they usédRrimitiveTree. Outer, ExtendedHigh and
ExtendedLow use it to label and add the tree withddjoining node to the inferred tree set. Thay th
use the return value to label the root and fooenmidhe other tree (TI, TL, or TH respectively).

In High and Low, on the other hand, once the trag been broken down into two simpler trees,
LabelEnds is called to match the labels of the footle and root of each tree. In this case,
AddPrimitiveTree does not label the adjoining nbéeause it is already labeled.

4.2 The Reduce and Verify Phases

The reduction phase is applied to each of the grars generated by the decompose phase separately.
Let G be one such grammar. The Reduce function (Box dpdied on every pair of trees;(l) in G
where tagged_skeleton]T= tagged_skeleton()l or T; has no adjoining node and skeletoh(¥
skeleton(T). Each tree can have a maximum of three distinotterminal labels: the root and foot node
label, the adjoining node label (if different), atim dummy label ‘L’ used for all the non-criticabdes.
Let X be the label of the root and the foot noddadind Y be the label of the root and the foot noge T
and let Z and W be the labels for the adjoininga®odf T and T respectively. Without loss of generality,
assume that rank(X) < rank(Y) and rank(Z) < rank(\When the Reduce function will replace the
occurrences of Y in oy X. Z and W are treated similarly unless thesddummy label ‘L. In this case,
it is replaced in the tree under consideration omythe reduction example illustrated in Figurgéhgre is
a match between the non-tagged skeletong ah@ T;. Assuming that rank(‘R’) < rank (‘Q’), every label
‘Q’ will be replaced by ‘R’. Also, rank(‘L") =¢ > rank(‘P"). Thus, ‘L’ is replaced with ‘P’ in I Finally,
T3z will be eliminated form the grammar. Let.(he the resulting grammar after performing a reducti
on G, A subset query SUBSET(( is performed to check if the executed reducti@uses the

acceptance of any string io'. If the query returns false, the reduction is urao

The success or failure of each reduction trialedels on the order in which the reductions are
performed. Thus, the algorithm first arranges tieed, in the grammar to be reduced, in every plessib
permutation. It then starts comparing and redutivegtrees in each of these permutations. LebeGa



grammar resulting from the decompose phagéheza certain permutation of the trees jnad@d Ggreq be
the grammar resulting from reducing.®ote that G = Gy for all possible values of j and k; however,
Gijred does not necessarily equalds for all possible values of j and k. After perfongiall possible
reductions for every GL(Gjred) | L(G') The verify step uses equivalence queries to cifeanky of the
inferred grammars is equivalent to the unknown gnamG'. The algorithm will output an inferred
grammar G such that the query EQUIV(G) returns.true

ExtendedHigh(T)

- let a be the highest terminal node in T, and b be
the lowest node in Inks(a)

- let A and B be the parents of a and b respectively

- let C = non-leaf child of B = <p,, ch,, f, Ibl, tagc,>

- let E = parent(footnode(T)) = <pg, chg, f, Iblg,
tagE>

- TL = Extract(T,C,E)

-TU=T-TL

- AdjustBrokenLinks(TU)

- let Ey, = <pe,, Che, f, Iblg, tage> where Ey, T TU

-settag(Ew) = 1

- adjoining_node_label = AddAuxiliaryTree (TU)

- if failure
- exit; terminate this inference path

- set label(root(TL)) = adjoining_node_label

- set label(footnode(TL)) = adjoining_node_label

- if TL is primitive

- AddAuxiliaryTree(TL)

- if failure

Reduce(T1,T2)

- let root_Ibli= label(root(Ti) , i = 1,2

- let adj_Ibli= label(adj_node(Ti) , i=1,2

- if rank(root_lbl;) < rank(root_lbly)

- low_root_Ibl = root_lbl;
- high_root_Ibl = root_lbl,
- else
- low_root_Ibl = root_lbl,
- high_root_Ibl = root_lbl;
- if rank(adj_lbl;) < rank(adj_lbly)
- low_adj_lbl = adj_Ibl,
- high_adj_Ibl = adj_Ibl,
- else
- low_adj_lbl = adj_Ibl,
- high_adj_Ibl = adj_Ibl,

- Replace high_root_Ibl and high_adj_lbl with
high_root_lIbl and high_adj_Ibl respectively
in all inferrd trees and eliminate repetitions

- if SUBSET(current grammar) = false

- undo reduction

- exit; terminate this inference path
- else
-Decompose(TL)

Box 3 ExtendedHigh Decomposition Box 4 The Redudenction
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Figure 5 Reduction Example

5. Identification Proof

In this section, we will show that given a struetly complete sample o€', the decompose and
reduce phases will produce at least one grammanBere L(Gsg) = L(G").

The decompose phase gengaeset of definite grammars. Each grammar G ingbissatisfies the
condition: L(G) = S.

Lemma 5.1:
For every skeleton E S such that E = 4 adj A adj A adj ... A, there exists an inference path that
generates the set of primitive tregg Where TSK(Tw) = TSK{Aini ,ALA,,....Ad) E SK{A)}

Proof:



Claim 5.1 can be proved by induction.

Base case:

Assume T = A adj A adj A

The initial tree, Ay, will always be inferred correctly; see sectiof. 4The other two inferred trees;'A
and A, will depend on the types of Aand A. Notice that A’ does not have an adjoining node (see the
last inferred tree in Figure 4 (e)).

Cases 1-5A; is of type a, and Ais of type b, ¢, d, or e. The inference conditieector =
(T,T,T,T,F,F,F,F). The only decomposition option @Guter. A’ and A’ will be inferred where
tagged_skeleton(A) = tagged_skeleton(d and tagged_skeletonfA= skeleton(A).

Cases 6 — 8 and 1@\, is of Type b and Ais of type a, b, ¢, or e. The inference conditi@ttor =
(T,F,F,T,F,F,T,T). Possible decomposition optioreskdigh and Low. In the path where High is executed
A and Ay will be inferred where tagged_skeleton(A= tagged_skeleton(4 and tagged_skeletonfA

= skeleton(A).

Case 9A; is of Type b and Ais of type d. The inference condition vector =HF,F,F,T,T,T). Possible
decomposition options are High and ExtendedHighhénpath where High is executed, And Ay’ will

be inferred where tagged_skeletogijA tagged_skeleton(A and tagged_skeletonfA= skeleton(A).
Cases 11-15A1 is of Type c and Ais of type a, b, ¢, d, and f. Cases 11-15 areamimages of cases 6-
10. Here, conflicts will occur between High/Low dnolw/ExtendedLow. Similar results can be proven.
Cases 16-20A; is of type d and Ais of type a, b, ¢, d, or e. The inference conditvector =
(T,F,F,F,F, T, T,T). Possible decomposition optiome &ligh and ExtendedHigh. In the path where
ExtendedHigh is executed, /A and Ay will be inferred where tagged_ skeleton(A =
tagged_skeleton(A and tagged_skeletonfA= skeleton(A).

Cases 21-25A,; is of type e and Ais of type a, b, c, d, or e. Cases 21-25 are mimages of cases 16-
20. Here, conflicts will occur between Low/Extented. Similar results can be proven.

Induction HypothesisAssume that if E = f; adj A, adj A .... Adj A, there exists an inference path that
will generate the set of primitive treeg;Tvhere TSK(Ty) = TSK({Ainit ,ALA,,....And) E SKH{AD}

Induction Step:

Assume that T = f adj A adj A .... Adj A, adj At

Once again, the initial tree,if will always be inferred correctly. The next decaspion step will
depend on the types of And A.

Cases 1-5 A; is of type a and Ais of type a, b, ¢, d, or e. The inference conditvector =
(T,T,T,T,F,F,F,F). The only decomposition optiorQster. The output of the decomposition step well b
A7 and A,mp Where tagged_skeleton{\ = tagged_skeleton(4 and skeleton(ém) = skeleton(A adj
As.... adj A, adj Av+p).

Case 6A; is of type b and Ais of type a. The inference condition vector =HF,T,F,F,T,F). The only
decomposition option is High. The output of the aleposition step will be A and Acmp Where
tagged_skeleton(A) = tagged_skeleton(A and skeleton(&my = skeleton(A adj As.... adj A, adj A..q).
Case 7A; is of type b and A2 is of type b. The inferencaditon vector = (T,F,F,NA,F,NA T,NA).
Because some of the inference conditions are retrdaed by the types of,Aand A in this case, we
can not list the possible decompaosition optionsweler, we know that the sufficient conditions fdgh
are satisfied. Thus, one of the inference outputsb& A;' and A.mn, where tagged_skeleton{j =
tagged_skeleton(A and skeleton(&m) = skeleton(A adj As.... adj A, adj Ay.y).

Case 8A; is of Type b and Ais of type c. The inference condition vector =< F, T,F,F,T,T). Possible
decomposition options are High and Low. In the patfere High is executed, the output of the
decomposition step will be ;Aand A,m, Where tagged_skeleton{f\ = tagged_skeleton(4 and
skeleton(Aompy = skeleton(A adj As.... adj A, adj Av.a).

Case 9A; is of Type b and Ais of type d. The inference condition vector =HF,F,F,T,T,NA). Even
with the undetermined values of ic8, the only twosgble decomposition options are High and



ExtendedHigh. In the inference path where Highxiscated, the resulting trees arg¢ and A.,m, Where
tagged_skeleton(A) = tagged_skeleton(A and skeleton(&my) = skeleton(A adj As.... adj A, adj A.q).
Case 10A; is of Type b and Ais of type e. The inference condition vector =HF,T,F,F, T, T). Possible
decomposition options are High and Low. In the paltlere High is executed, the resulting trees ate A
and AompWhere tagged_skeletor{A= tagged_skeleton(A and skeleton(&my) = skeleton(A adj As....

adj A, adj Av.).

Cases 11-15A; is of Type ¢ and Ais of type a, b, ¢, d, and f. Cases 11-15 areamimages of cases 6-
10. It can be similarly shown that Low will alwape one of the decomposition options; thus, similar
results can be proven.

Cases 16-20A; is of type d and Ais of type a, b, ¢, d, or e. (T,F,F,F,F, T,T,F/NAA/T). Irrespective

of the value of ic8 which changes with the typelof in all five cases, the possible decomposition
options are High and ExtendedHigh. In the inferepath where ExtendedHigh is executed, the resulting
trees are & and A,m, Where tagged_skeletor{A = tagged_skeleton(d and skeleton(f&m) =
skeleton(A adj As.... adj A, adj A..y).

Cases 21-25A; is of type e and Ais of type a, b, c, d ,or e. Cases 21-25 areomimages of cases 16-
20. It can be similarly shown that ExtendedLow willvays be one of the decomposition options; thus,
similar results can be proven.

Let us rename the primitive trees, AA3, ... A1 t0 A, Ay, .. A, Considering the fact that the
decomposition process depends only on the sketdttre tree (no tags or non-terminal labels reglire
and using the induction step, we conclude our claim

Note: We will refer to the inference path that followsetdecomposition options resulting in a solution
that satisfies Lemma 5.1 as the correct infereiatie. p

Lemma 5.2

Let S be a structurally complete sample of the langudd@e'). Let be the set of all grammars resulting
from the decompose phase of the algorithm giverTBere exists at least one inferred solution G,~/=T
ETi1  such that. TSK() = TSK(G') and TSK(ETy) I SK(G").

Proof:

Let the set of trees generated by the correct enfsg path upon receiving positive example=E
skeleton(Ay: adj A adj A, adj ... A) be Ti(i) E ETii(i) where all the trees in;J(i) have an adjoining
node and Ej(i) has one tree with no adjoining node. The tre&T,(i) matches in skeleton the treg. A
We will refer to Acas an end tree. Then= |JT,, (i) and ET, = |JET,; (i) .Using Lemma 6.1, we

Eil S+ Eil S+
conclude that TSK() | TSK(G') (1) and TSK(ETy) I SK(G') (2). Since S+ is a structurally
complete sample, each tree will appear at leaginim example as a non end tree. Thus, T&K(
TSK(Ti) (3). From(1), (2), and,(3), we conclude Lemma 5.2

Observation 5.1: The reduction phase is a generalization step theiduces recursion into the definite
grammars generated from the previous phase. Thergkzation broadens the language accepted by each
grammar. Because we use subset queries to cordiloctions, we know that after the reduction phase
each grammar G in the solution set satisfies tingliion S 1 L(G) I L(G").

Lemma 5.3

Let S be a structurally complete sample of the langua@8'). Let geq be the set of all grammars
resulting from the decompose and reduce phaseleofilgorithm given S There exists at least one
inferred solution GegT  regSUCh that L(Ge = L(G"). .
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Proof:
From Lemma 5.2 we conclude that given a structpu@mplete sample , there exists at least onergder

solution GT ~ such that G = ; E ETiy where TSK(Ty) = TSK(G') and TSK(ETy) | SK(G').

Because Sis a structurally complete sample and every ne@'i has exactly one adjoining node, every
tree inG' resulted in inferring one or more trees i T.. (1). Because of the way G is constructed, as a
definite grammar for a structurally complete samaoie from(1), G can be reduced togwhereG' |

Greq If the tree reduction happens in a certain “cofrectler. Because we do not know the “correct”
reduction order that will ensure such result, thgodthm performs the reductions in each possible
ordering of the trees. Thus, the reduction of G meibult in at least one grammay.£5 whereG' | Gieq
This means that IG') | L(Gyeg... (2). FromFact 5.1and(2) we conclude that L(G) = L(G")

6. Time Complexity

Decompose Phasé&ince each primitive tree has a yield of at leas¢ character, the size of each
generated grammar is O(n) trees. The time requeedach decomposition operation to evaluate the
inference conditions, perform the extract, subtrant adjust link operations, and check if the Itagy
primitive tree violates the model conditions isreeér function in the maximum size of a grammae tre
yield which is O(n). Thus, the total time requirfed the decomposition phase is ®#) where M is the
number of generated grammars.

Reduce PhaseReduction is performed for each of the M gramméirss performed on each possible
permutation or ordering of trees in each of thargras. The size of each grammar is O(n). Thus, there
are O(n!) permutations of the trees in each gramkvar will refer to the process of reducing the sree
each of these permutations as a reduction protessach reduction process, @(rcomparisons are
required to determine the skeleton matches. The taquired for each comparison is a linear functibn
the maximum size of a grammar tree yield which (g)OEach reduction process will perform up to O(n)
reductions, each of which will require updatingdksbof up to O(n) trees. Tree updating requireston
time. After each reduction one SUBSET query is qrenkd. Thus, the total time for one reduction
process is Ofh+ ), and the total time for the whole phase is3m!). This is a conservative estimate
since the equivalence query might come up withvtB& answer early on. If many of these grammars are
the correct answers, then a random grammar ha®a gobability of yielding the answer YES on an
equivalence query. Also, the number of permutatifrtsees in a given grammar could be much less tha
n'.

Verify Phase The verify phase simply executes an EQUIVALENCE&ery for each of the reduced
grammars. The total time for this phase is O(M fijus the total time for the all three phases i8°®(
n!). Clearly, this run time is very generous. Weudolike to emphasize that the main focus of tlaper
is to introduce the new grammatical formalism dal@édor RNA structures and demonstrate the featsibil
of inferring this grammar from samples.

Analyzing M: At any point in time during the decompose phasere could be at most two
decomposition options. Thus, very conservatively caa say that the decompose phase will result in
O(2") solutions in the worst case. However, with furthealysis, it might be possible to deduce a tighte
bound for M.

7. Conclusion

In this paper, we have defined a subclass of TAG&ed Single Adjoining (LSA)-TAG which can
be learned from structural positive examples aretiga. We presented an inference algorithm for LSA-
TAG? The algorithm starts by decomposing the skelétothe sample to a set of elementary trees
generating a definite grammar that can only actieptsample. At certain points in the decomposition
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process, more than one decomposition option maynsglusible, so more than one solution is
maintained. After decomposition is done, a sequafaeductions is performed and subset queries are
used to validate the reductions. Finally, equivedequeries are used to choose one of the resulting
grammars after reduction.

Recently, there has been a special focus on theofiggrammatical inference in bioinformatics
[5][13][19]. In this direction and driven by our iination to use this algorithm to build grammars fo
RNA sequences, the following are three researchl@ms that we are planning to address next.

- Developing a method to construct the linked skeldtmr RNA sequences assuming a generic

grammar similar to TA&ua. This will enable us to use the algorithm for datdracted from
RNA databases.

Experimentally studying the number of solutions eyated by the decompose phase, and trying
to enhance the worst-case complexity, possiblydaygiheuristic methods.

Carefully studying the reduction process to reathirrderstanding of what makes a special order
of reductions “correct” and consequently reducimg ¢omplexity of the reduction phase.
Developing a heuristic version of the algorithmttaes the inference using only positive data.
We do not expect this version to be able to dotifieation in the limit. We plan to study the
quality of the output it generates experimentally.

On the theoretical level, we are currently workimg studying the formal linguistic properties of
LSA-TAG.

We would like to conclude with a mention of twoeopproblems.

Developing a tighter bound for the number of gramswgenerated by the decompose phase.
Extending the model and the inference algorithrdetal with TYPES trees of TAGA.
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