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A new methodology is presented for assessing the stability posture of a general
linear time-invariant—neutral time-delayed systems (LTI-NTDS). It is based on a “
ter Treatment of Characteristic Roots CTCR” paradigm, which yields a procedure c
the Direct Method (DM). The technique offers a number of unique features: It re
exact bounds of time delay for stability, as well as the number of unstable charac
roots of the system in an explicit and nonsequentially evaluated function of time de
a direct consequence of the latter feature, the new methodology creates entir
existing stability intervals of delay,t. It is shown that the Direct Method inheren
enforces an intriguing necessary condition fort-stabilizability, which is the main contr
bution of this paper. This, so-called, “small delay” effect, was recognized earlie
NTDS, only through some cumbersome mathematics. Furthermore, the Direct Me
also unique in handling systems with unstable starting posture fort50, which may b
t-stabilized for higher values of delay. Example cases are provided.
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1 Introduction and Problem Statement
Neutral time-delayed systemssNTDSd have attracted attentio

in the dynamic systems community for over four decadesf1–14g.
The most common problem in these investigations is the sta
analysis of such dynamics. The present study concentrates
subclass: Linear Time Invariant-NTDSsLTI-NTDSd. It presents
unique and general methodology for the stability analysis, w
also reveals some key conditions for the so ca
“t-stabilizability.”

A widely accepted form of LTI-NTDSf2,8,14g is considere
here:

ẋ = Ax + Bxst − td + Cẋst − td s1d

wherexsn31d, A ,B ,CPRsn3nd, tPR+. Taking A, B, andC
as constant matrices, the single parameter that influences th
bility of Eq. s1d is the time delay,t. Notice that the highest ord
dynamics,ẋ, is time delayed here. This is the attribute of NTD
For the retarded time delay systemssRTDSd this property does no
hold i.e., C=0. As we will discuss later in detail, the stabil
properties of these two classes of systems are identical exc
significant difference forsmall delaycases. This point alone h
occupied prominent investigators in recent yearsf6–11,14g. It is
very exciting that we can show the otherwise very tediou
prove feature of small delay NTDS dynamics falls out as a
product from our new methodology.

This text is strictly on the NTDS dynamics. The earlier inv
tigations typically start with a stable nondelayed system. They
the determination of stability margins int domainf3,14g, i.e. the
tmax that can still assure the stability. In this work, however, we
not assume the stability for nondelayed system, and we do no
the determination of stability margins. Our objective is to disco
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all possible pockets of stability int domain, disregarding the in
tial posture of the statesi.e., stable or unstable fort=0d.

The delay in Eq.s1d makes it infinite dimensional. The tra
scendental nature of the respective characteristic equation
about infinitely many characteristic roots, which have to be ex
ined for declaring the system stability. The complexity of
problem is obvious even for a fixedt. The focus of this paper is
resolve this question within the semi-infinite domain oftPR+.
The methodology we present here follows the framework c
the Direct Method, which was recently introduced primarily f
the retarded LTI-TDS f15g. A strong distinction, however, b
tween the retarded and neutral systems is reported in the lite
particularly for small delays. The treatment explained here
addresses this “small delay” phenomenon. We will show tha
phenomenon is linked directly to a necessary condition
t-stabilizability of NTDS, and this link appears as a natural
product of our new methodology, DM. This point is the prim
contribution of the study along with others mentioned later.

The characteristic equation of the system ins1d is

CEss,td = detssI − A − Be−ts − Cse−tsd = 0 with t . 0 s2d

which yields a scalar equation in the general form of

CEss,td = anssde−nts + an−1ssde−sn−1dts + ¯ + a0ssd

= o
k=0

n

akssde−kts = 0 s3d

whereakssd are polynomials of degreen sor lessd in s with real
coefficients. This system is called “neutral” if any one of the p
nomials ajssd, j =1, . . . ,n contains ansn term, i.e., the highe
order dynamics being influenced by the delay,t, becomesn.
Equations3d represents, in general terms, ann-toppled commen
surate time delay case, implying that the delays are integer
tiples of t.

By definition se.g.,f16gd, the linear system ins1d is asymptoti
cally stable if and only if all the characteristic roots of the tr
scendental equations3d are on the left half of the complexs plane

of

n
F.

Since there are infinitely many such roots, to examine their loca-
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