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Abstract

A fundamental issue in theoretical computer science is that of establishing unambiguous
formal criteria for algorithmic output. This paper does so within the domain of computer-
aided geometric modeling. For practical geometric modeling algorithms, it is often de-
sirable to create piecewise linear approximations to compact manifolds embedded in 
�� ,
and it is usually desirable for these two representations to be “topologically equivalent”.
Though this has traditionally been taken to mean that the two representations are homeo-
morphic, such a notion of equivalence suffers from a variety of technical and philosophical
difficulties; we adopt the stronger notion of ambient isotopy. It is shown here, that for
any ��� , compact, 2-manifold without boundary, which is embedded in 
�� , there exists a
piecewise linear ambient isotopic approximation. Furthermore, this isotopy has compact
support, with specific bounds upon the size of this compact neighborhood. These bounds
may be useful for practical application in computer graphics and engineering design sim-
ulations. The proof given relies upon properties of the medial axis, which is explained in
this paper.
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1 Topology in Geometric Modeling

Topologyhasmadefundamentalcontributionsto computerscience[31]; with ap-
plicationsto domain-theoreticfoundationsfor programminglanguages[34], anes-
sentialrole in digital topology [26], andmany applicationsto complexity lower
bounds[8,25,39].Topology also offers direct meansfor classifyingsolids, sur-
faces,andcurves; the principal elementsof computer-aidedgeometricmodeling
andcomputergraphics.As approximationis anunavoidableaspectof computation
with suchobjects,thequestionof whetheranapproximationis “good enough”to
preservetheessentialfeaturesof theobjectis of centralimportance.Wediscussthe
conceptof ambientisotopy, a topologicalnotion of equivalence,andgive condi-
tionssuf®cientfor anapproximationto offer suchequivalence.

Computer-aidedgeometricmodelingis theprocessof creatingelectronicrepresen-
tationsof geometricobjects,usuallyin threedimensions.Althoughcurved mod-
elscanbedesignedwith splines,algebraicsurfacesor implicitly via a subdivision
process;operationson the models,suchasvisualizationor ®nite elementanaly-
sis,might requirea piecewise linear (PL) approximationto themodel.This work
addressesthe questionof whenan object and its approximationshouldbe con-
sideredto be topologicallyequivalentandpresentsa new theoremwhich guaran-
teesthat suchtopologically faithful approximationcanbe achieved on compact,
2-manifolds,which areembeddedin � � andhave continuoussecondderivatives.
Recentdiscussionshave articulatedthe notion of `computationaltopology' [14],
primarily asa combinationof topologyandcomputationalgeometry. Most of the
focusto date[14,17] hasignoreddifferentiabilityandapproximation.To thecon-
trary, this work emphasizesthe integrationof computationaltopology, differential
topologyandapproximation.

2 Ambient Isotopy and Approximation

Many geometricapproximationalgorithmsoffer no guaranteesaboutthetopology
of theoutput.Sometimesit is guaranteedthattheoutputis homeomorphicto ade-
siredmanifold[2,24].We argueherethata guaranteeof homeomorphismis insuf-
®cient for many of theapplicationsfor which thealgorithmsaredesigned.Rather,
examplesaregivenfor preferringastrongerequivalencerelationbaseduponambi-
entisotopy.

Definition 1 If � and � are subspaces of � � , then � and � are ambient isotopic
if there is a continuous mapping
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���
� �������
	���
�� � �

such that for each ��� ���
	���
 , ����� 	 ��� is a homeomorphism from � � onto � � such that����� 	�� � is the identity and
���

� 	�� ��� � .

For otherfundamentalterms,thereaderis referredto thetext [22].

Althoughany two simpleclosedplanarcurvesareambientisotopic,Figure1 shows
two simplehomeomorphiccurves,whicharenotambientisotopic� , wherethePL
curve is anapproximationof thecurveontheleft. In theright half of Figure1 the �
co-ordinatesof someverticesarespeci®callyindicatedtoemphasizetheknotcross-
ingsin � � (All otherendpointshave � � � ). All endpointsof theline segmentsin
theapproximationarealsopointson theoriginal curve.Having this knottedcurve
asan approximantto the original unknotwould be undesirablein many circum-
stances,suchasgraphicsandengineeringsimulations[6,7]. Thesepathologiescan
bepreventedby extendingthe topologicalfoundationsfor geometricmodelingto
stipulateambientisotopy for topologicalequivalence.
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Fig. 1. Nonequivalent Knots

Otherproblemsarisefor surfaces(2-manifolds)in threedimensions.Somealgo-
rithmscomputeatriangulatedsurface! toapproximatetheboundary

�
of aclosed,

®nitevolume,with aguaranteethat ! is homeomorphicto
�

[3,4]. It is well-known
that this doesnot guaranteethatthecomplementof ! , � �#" ! , is homeomorphic
to the complementof

�
, � ��" � , meaningthat thereis no guaranteethat

�
and

! areequivalentlyembeddedin � � . An ambientisotopy between! and
�

, on the
otherhand,providessuchaguarantee.

The classof PL surfacespresentsanotherdomainin which topologicalguaran-
teesaredesirable.Evenguaranteeingthat thecommonedge contraction operator

� The different knot classifications of $ � and %'& � are indicated.
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producesan objecthomeomorphicto its input requiressomecarefor simplicial
complexes[18]. Preservationof genusduringapproximationby a polygonalmesh
[16] alsorequiresconsiderablecare.

The theorempresentedhereprovesan approximationtechniquewhich preserves
ambientisotopy overanimportantsub-classof 2-manifolds.

3 Related Work

Throughoutthearticle,for any integer � � � , thenotation !�� will referto a func-
tion (or manifold)having continuousderivativesof order � ; !�� will likewiseindi-
catecontinuousderivativesfor all non-negative integers.The relatedwork comes
from two broadareas,mathematicsandcomputerscience.

3.1 Mathematics

The sub-disciplinesof differentialtopology, PL topologyandknot theoryarethe
mostrelevant,for whichkey summaryreferencesaregiven,below.

In differentialtopology, extensionof isotopiesto ambientisotopiesis accomplished
on a !�� manifoldwithoutboundaryby constructinga tubular neighborhood[22].
The assumptionof !�� is naturalwithin that context, but is not invoked here.
Rather, our resultsonly require! � continuity.

FromPL topology, therearenecessaryandsuf®cient conditionsfor an isotopy of
compactpolyhedra[32,Theorem4.24,p. 58] to beextendedto anambientisotopy.
A commontechnicaltool for proving compactsupport� of anambientisotopy is
theclassof functionsknow as`pushes'[9]. A generalizationof a pushis usedin
theproofgivenhere.

In knot theory, ambientisotopy theoremsfocusuponknotdiagrams[20,21].Finite
sequencesof Reidemeistermovesareknown to preserveambientisotopy overknot
diagrams.An alternative de®nitionof ambientisotopy canbegiven[32] in terms
of commutativediagrams.

� A function � from 	 onto itself has compact support if there exists a compact set 
��
	
such that � is the identity except possibly on 
 .
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3.2 Computer Science

The catalystfor this paperwaswork on the problemof constructingan approxi-
matingsurfacemeshgivenonly a sampleof pointsfrom thesurface.Thisproblem
wasformalizedandbroughtto theattentionof thecomputergraphicscommunity
in aseminal1992paper[23]. AmentaandBern[1,2] describedthecrust algorithm
for which they couldshow, undersomeconditionson thesurfaceandthesample,
that the outputapproximates,geometrically, the surfacefrom which the samples
weredrawn.A latersimpli®cation[3] of thisalgorithmwasshown to produceaPL
(triangulated)manifoldhomeomorphicto thesurfacefrom whichthesampleswere
taken,usingasomewhatcomplicatedargumentinvolving coveringspaces.Bothof
theseapproachesusethemedial axis.

Betweenany two points,� 	�� � � � , let � � � 	�� � denotetheusualEuclideandistance
andfor any two sets� 	 ��� � � , let � � � 	 � �����	��

��� � � 	�� ��� � � � 	�� � ��� .

Definition 2 Let � � � � and ��� � � . A point ����� is a nearestpointon � to � if

� � � 	 � �����	��

��� � � 	 �����'���������

The medialaxis of � , ��� � � � , is the closure of the set of all points that have at
least two distinct nearest points on � .

Thisconceptwasoriginally de®nedfor objectrecognitionin thelife sciences[10].
Oneinvestigationof themathematicalpropertiesof themedialaxisandits associ-
atedtransformfunction[15] is restrictedto geometrywithin theplane.More gen-
erally, therehasbeenbroadattentionto themedialaxisin � � within thecomputer
scienceliterature,wherethetopologicalanddifferentiableinvestigations[35,37,38]
aremostdirectly relevantto ourmaintheoremaboutambientisotopy.

Theissueof rigorousproofsfor thepreservationof topologicalform in geometric
modelingappearsto have been®rst raisedregardingtolerancesin engineeringde-
sign[11,12,36],but thesepapersdid not speci®callyproposeambientisotopy asa
criterion.Theclassof geometricobjectsconsideredwasappreciablyexpandedby
theoremsfor ambientisotopicperturbationsof PL simplexesandsplines[5–7].

In responseto theexampleof Figure1, a theoremwaspublishedfor ambientiso-
topic PL approximationsof 1-manifolds[27]. The proof utilizes `pipe surfaces'
from classicaldifferentialgeometry[29]. Theimprovedapproximationis shown in
Figure2. Thereis a relatedstudyof curves,comparingthemto � -shapes[19] via
ambientisotopies[33].
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Fig. 2. Ambient Isotopic Approximation

4 Existence of Ambient Isotopy Via the Medial Axis

Thissectioncontainsthemainresultof thepaper. For thereader'sconvenience,we
brie�y summarizethe salientaspectsof the simpli®edcrustalgorithm[3] as the
basisfor ourextensions.

Let � be a ! � , compact,2-manifoldwithout boundary, with an embedding� �
� � � � ; let

�
denotetheimageof � under� . (By embedding, wemeanthat(i.)

� is ! � , (ii.) � is injective, (iii.) thedifferentialof � is everywherenon-singular,
and (iv.) that � is homeomorphicto

�
when

�
is given the relative topology

inheritedfrom � � . Our terminologyfollows [13, � II]; seeAppendixA for more
discussion.)

It wasshown [3] thatthereexistsa PL (triangulated)manifold ! which is embed-
ded in � � suchthat every vertex of ! belongsto

�
and that therealsoexists a

homeomorphism� � ! � �
, de®nedby mappingeachpoint of ! to thenearest

pointon
�

. Furthermore,for each� � ! ,

� � � 	 � � ������� � � ���	� � � � � � ��� 	 ��� � � ��� �

The creationof sucha homeomorphismassumesthat the verticesof ! form a
`suf®cientlydense'samplingof

�
, meaningthatfor everypoint � on

�
thedistance

from � to thenearestvertex of ! is at mostsome � � ��
 timesthedistancefrom �
to ��� � � � [3]. Theparticularvaluesof � � ���	� and � � ��
 werechosenfor convenient
numericalmanipulationwithin thecitedproof,andcouldpossiblybeimproved.
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4.1 Preparatory Lemmas

Lemma3 hasappearedin theliterature[37], usingdifferentterminology. In order
to keepthis paperself-contained,we alsopresentits proof in AppendixA. Note
thatLemmas3, 4 and 7 would befalsewithout somehypothesisaboutthediffer-
entiabilityof

�
, whereourassumptionof ! � is suf®cient.

Lemma 3 � � � 	 ��� � � ����� � .

PROOF. SeeAppendixA. �

Lemma 4 If � is any point not on
�

, then any line segment from
�

to � having
length � � � 	 � � is perpendicular to

�
.

PROOF. See,e.g.,[30, Theorem1]. �

Thefollowing de®nition,restatedfrom [38], is usefulwithin ournext lemma.

Definition 5 Let � be a closed subset of � � . A point � � � � is a non-extender
relative to � if there exists a shortest path from � to � which cannot be extended to
be a shortest path to any point beyond � .

Proposition 6 Let � be a non-extender relative to
�

, then � ����� � � � .

PROOF. See[38], whereit is shown that ��� � � � is in fact theclosureof theset
of non-extendersrelativeto

�
. (N.b., Wolteradoptsdifferentterminologyfor these

sets:his cut locus is equivalentto our medial axis. He shows that the closureof
thesetof non-extendersis thesameastheclosureof thesetof pointswith at least
two nearestneighbors,asin De®nition2).See[38,De®nition3.4.I], [38,De®nition
3.4.II], andthefollowing remarks.

�
�

Lemma 7 Let �� � and �� � be unit length normals to
�

at two distinct points � � and
� � . Suppose that the two lines � � � ��� ��� �
	 ���� � and � �

� � � ��� � 	 �
�� � intersect at a
point � , where � 	 ��� ���
	�� � . Then

����� � � � � � 	 � � 	 � � � � 	 � � �
� � � � 	 ��� � � � � �

�
Note, finally, that Wolter also defines a notion of medial axis, only directly applicable to

compact, regular closed subsets of 
 � .
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PROOF. Let � � � ����� � � �
� ����� � � ; without loss of generality, we assumethat

��� � � � � � 	 � � � ��� � � � � � 	 � � � � . For � � ���
	�� � , let
���

be the closedball
centeredat � � � ��� of radius� andnotethatfor all � � � �
	 � � , we have that � � ��� ���
(wherethenotation � indicatestheboundary).By Proposition10 in AppendixA,
thereexistssome�
	 � � suchthatfor all ��� ���
	 �
	 
 , � ����� � � � � . Let

� � ��
���� �'� � ���
	�� ��� � ����� � � � � ���
notethat � � � 	 � � � �

�����
so that � ��� ��� . Any point of

������� �
mustbe on the

boundaryof
��� �

becauseany interiorpointof
� � �

whichalsoappearedin
�

would
alsobecontainedin

� � �"!$#
for someappropriatelysmallpositive % ; this is precluded

by our choiceof � � . Likewise, observe that for any ��� � � , thereare points of�
in the interior of

���
andhencethat � � � � � � is a non-extender. By Proposition6

we musthave � � � � � � � � � � � . Hence � � � � � � � � 	 � � 	 � � � � 	 � � �
� � � � � 	 � � � � � ��� �

� � � 	 ��� � � � � , asdesired. �

4.2 Main Theorem

In this section,we show that thereexists an ambientisotopy of compactsupport
betweenthesurfaces

�
and ! . This is themaintheoremof thispaper. To establish

this,we®rst de®nethefollowing functions.

Considerthevectorfrom � to its nearestpoint, � � ��� on
�

. Let �'& denotethisnearest
point to � andlet

" �� � & denotethevector � & " � . Any pointof ! suchthat � � � & will
becalleda fixed point ( of ! . Let )! denotethesetof all ®xedpointsof ! . Note,
by Lemma4, thatfor any �+*� )! , thevector

" �� �,& is normalto
�

at �-& .
De®nethetwo functions.� and /� , from ! into � � sothat

.� � ����� � 	10 � " �� � & 	 and

/� � ����� � " " �� � & �

Let .� ��2436587:9 � .� � and /� �;2436587:9 � /� � .
Lemma 8 The functions .� � ! � .� and /� � ! � /� are homeomorphisms.

( Each sample point is a fixed point of � and there is nothing that precludes a subset of
some triangle of � from being a subset of < , meaning that all points of that subset would
also be fixed points.
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PROOF. Observe thatfor any � � ! ,

� � � & 	 ��� � � � � & 	 .� � ��� � � � ���	� � � � � & 	 � � � � � � � and0 � � � � & 	 ����� � � � & 	 /� � ��� � ��� ��� � � � � & 	 � � � � � �
�
Sinceboth .� � ��� and /� � ��� lie alongnormalsto

�
at ��& , theseindicatedsmall dis-

tancesfrom ��� � � � aresuf®cient to concludefrom Lemma7 that both .� and /�
are1-1. Theotherpropertiesrequiredfor .� and /� to behomeomorphismsfollow
easily. �

Theorem 9 There exists an ambient isotopy of compact support between the sur-
faces

�
and ! .

PROOF. De®nethefunction � � ! � ���
	���
 � � � sothat

� � � 	 �����
���� ��� /
� 	 � � " �� �,& 	 if ��� ���
	�� * � 
 	 where /� � /� � ��� 	
� 	 � � � " � * � � " �� � & 	 if � � � � * � 	 0 * � 
 	 and

� & 	 � � � " 0 * � � " �� � & if ��� � 0 * � 	���
 �
Notethatbetween� and � * � , this deformsthesurface /� into ! , between� * � and0 * � this deforms� thesurface ! into

�
, andbetween0 * � and � , this deformsthe

surface
�

into .� . Let 2 � /� 	 .� � denotethe set �	� � � 	 ��� � � � ! 	 � � ���
	���
 � . By
Lemma7, � is 1-1on theset

� !�
 )! � �����
	���
 . (On �#� )! , � � � 	 � � ��� � � 	 ��� for all
� 	 ��� ���
	���
 .)
Now, let id

� ���
	���
�� ���
	���
 be the identity mapandlet 
 � � �
	���
 � � �
	���
 be the
function


 � � ���
�� � 0 � 	 if � � ���
	�� * � 
 	 and� � 	 � � * 0 if � � � � * � 	���
 �

Let ��� � � 	 � ����� � � 	 
 � � � � . Observe that ��� � � 	 ��� alsodeforms /� into .� , but theset
! � � � * � � , whichwasmappedto ! under� is now mappedto

� ��� � ! 	 0 * � ���� � � ! 	 
 � � * � ��� . We interpolatebetween� � � 	 � � and � � � � 	 � � to de®netheambient
isotopy.

De®nethefunction � � � � � ���
	���
�� � �
so that for each � � � � � 
 2 � /� 	 .� � ��� )! ,

� � � 	 ��� � � for all � ; for a point
� � 2 � /� 	 .� ��
 )! , let

� ��� 	 ���'� ��� ! � � ��� andde®ne� � � 	 ������� � ��� 	 � � � 
 	 � � " ��� � id 
 � ��� � � 	
� The choices of the values ��� � and !	� � here are arbitrary, but are not related to the use of
the constant $�"#�$� within the second inequality in the proof of Lemma 8. The values of ��� �
and !	� � used here could be replaced by any values % , & , such that $('�%)'*&+'�� . The
technical details of the proof would change, but the underlying logic would be the same.
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where � � � 
 	 � � " ��� � id 
 � ���
	���
�� ���
	���
 is themap ���� � � 
 � � � 	 � � " ��� � � .

Observethat,for each� , � � � 
 	 � � " ��� � id 
 is abijectionon � � 	���
 andhencethemap� ��� 	 ��� is bijectivefor ®xed ��� ���
	���
 . To seethat
� ��� 	 ��� is continuous,observethat

theboundaryof 2 � /� 	 .� � is precisely .� � /� ; as
� � � 	 ��� is clearlycontinuousin the

interiorof 2 � /� 	 .� � it suf®cesto checkthat
� ��� 	 ��� ®xeseverypoint in .� � /� , which

it doessinceboth � and � are®xedby � � � 
 	 � � " ��� � id 
 . Finally, observe thatfor
all � ,

� � � � 	 � � � " � � � 	 � � � � � � � � " � � �
� � ���	� � � � � 	 � � � � � � , from which it easily

followsthat
�

is continuouson � � �����
	���
 .
Note that

� � � 	 � � is the identity functionon � � , that �
� � � 	�� � � � � ! � � � and

that
�

is anambientisotopy between! and
�

. �

5 Conclusions and Future Directions

Theoreticalfoundationsfor geometricalgorithmsshouldaddresstopologicalchar-
acteristics,asis demonstratedby examplein this paper. Themaintheoremproven
in this papersigni®cantlyexpandsthe classof manifoldsknown to have PL ap-
proximationswhich preserve thetopologicalcharacteristicsof thegivenmanifold.
Speci®cally, suf®cientconditionsaregivenfor aPL (triangulated)approximationto
beambientlyisotopicto agiven ! � compact2-manifold,withoutboundary, where
themanifold is assumedto beembeddedin � � . Furthermore,it is shown that this
isotopy hascompactsupport,with aspeci®cupperbounduponthedistanceof this
compactsetfrom theoriginal manifold.This quantitative boundmaybeusefulin
practicalapplicationsin computergraphicsandengineering.Themagnitudeof this
boundis generallyinverselyproportionalto the numberof approximatingfacets.
Typically, in practicalcomputingapplications,it is desirableto minimizethisnum-
berof facets.Thereis no claim in this paperaboutachieving any suchminimality
andthisminimality relationremainsto beinvestigated,bothfor thework presented
herefor 2-manifoldsandfor work by previousauthorson1-manifolds.
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[30] Pegna, J. and Wolter, F.-E., Surface curve design by orthogonal projection of space
curves onto free-form surfaces, Journal of Mechanical Design, 118, March, 1996, 45
- 52.

12



[31] Reed, G. M., Roscoe, A. W. and Wachter, R. F., (Eds.), Topology and Category
Theory in Computer Science, Clarendon Press, Oxford, Great Britain, 1991.

[32] Rourke, C. P. and Sanderson, B. J., Introduction to Piecewise-Linear Topology,
Springer-Verlag, New York, 1972.

[33] Sakkalis, T. and Charitos, Ch., Approximating curves via alpha shapes, Graphical
Models and Image Processing, 61, 1999, 165 - 176.

[34] Scott, D. S., Domains for denotational semantics, in Neilson, M. and Schmidt, E. M.,
(Eds.), Automata, Languages and Programming: Proceedings 1982, Springer-Verlag,
Berlin, Lecture Notes in Computer Science 140, 1982.

[35] Sherbrooke, E. C., Patrikalakis, N. M., and Wolter, F-E., Differential and topological
properties of medial axis transforms, Graphical Models and Image Processing, 58,
#6, 1996, 574 - 592.

[36] Stewart, N. F. Sufficient condition for correct topological form in tolerance
specification, Computer-Aided Design 25, No. 1, 1993, 39-48.

[37] Wolter, F.-E., Cut locus and medial axis in global shape interrogation and
representation, Design Laboratory Memorandum 92 - 2, MIT, Department of Ocean
Engineering, Cambridge, MA, September 1993.

[38] Wolter, F.-E., Cut Loci in Bordered and Unbordered Riemannian Manifolds,
Dissertation, Vom Fachbereich Mathematik der Technischen Universität Berlin zur
Verleihung des akademischen Grades.

[39] Yao, A C.-C., Decision tree complexity and Betti numbers, ACM Symposium on
Theory of Computing 26, Proceedings of the Twenty-Sixth Annual ACM Symposium
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A Proof of Lemma 3

Recallthatan � -dimensional!�� manifoldis a(secondcountable,Hausdorff) topo-
logical space� togetherwith a collectionof maps(which we call charts) such
that:

(1) eachchart
�

is a homeomorphism
� ��� � ��� � � � , where

�
is openin �

and
���

is openin � � ;
(2) eachpoint � ��� is in thedomainof somechart;and
(3) for any pair of charts

� ��� � �	� � � � and 
 ��� � �
� � � � , the“change
of coordinatesmap”

� 

! � � 
 ��� ��� � � � ��� ��� � is !�� .

Sucha collectionof mapsis saidto beanatlas for � . (Notethatany atlascanbe
enlargedsothatit is in factmaximalwith respectto properties1, 2, and3, above.)
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Priorto provingLemma3,westateandprovethefollowingsupportingproposition.
Again,similarargumentsappearin theliterature[35,37].

Proposition 10 Let � be a point of
�

and �� � � � a unit vector normal to
�

at
� . Then there exists some %�� � such that the closed ball

� # � � 	 % �� � of radius %
centered at � 	 % �� intersects

�
at exactly one point, � .

PROOF. Theargumenthastwo parts,dealingwith the local andglobalstructure
of
�

, respectively. We begin with thelocal argument.Considera point �� � � and
its image� � � � ���� � � . Let

� � � � �	� � � � beachartwith �� � � andconsider
the ! � function

� � ��� �
! �

mapping
�	�

to � � . Let � � be
� � ���� . We would like to

seethatthereis a neighborhood� of � � andan � � � sothatany sphereof radius
� tangentto thesurface

� � � � meets
� � � � atasinglepoint.

As � is an embedding,the derivative of
�

at � � , denoted��� � � � � � 
 , hasrank two.
Since

�
is ! � , ��� � � � � 
 is a continuousfunction of � on

� �
, we may selecta

neighborhood
� � � �

of � � so that ��� � � � � 
 hasrank two on all of
�

. If we
then®x a boundedconvex neighborhood� 	 of � � and � a compactsetsatisfy-
ing ��	 �	� � �

then

(1) for some
� � � , all secondpartial derivativesof

�
are boundedabove in

absolutevalueby
� � � ateverypoint in � 	 ,

(2)
�

is a homeomorphismof ��	 onto the imageof
�
, whengiven its relative

topology, and
(3) for some
 � � , for all � ��� 	 andall � � � � , � ��� � � � � 
 � � � � � 
 � � � .

By applyinga®rst-orderTaylor formula(see,e.g.,[28]) to
�
, for any � 	 � ��� 	 ,

� � � � � � � � � 	 ��� � � � � 
 � � � 	 
 � � �
where� � � " � and 
 ��

� is a remainderterm(whichdependson � ). Fixing, for
themoment,a speci®c� ��� 	 , the � th coordinateof this remaindertermmaybe
boundedby

�0 ��
��� ��� �

� � � �� � � � � �
� � &��� � � � � � 	

for some� & on theline segmentbetween� and � 	 � . (Recallthat
�

is ! � , sothat
thesepartialsexist.) In particular, the quantityabove canbe boundedin absolute
valueby

� � � � � , in which case
� 
 � � � � � ��� � � � � � � . So let � be a sphereof

radius � , tangentto the surfacegiven by
�

at the point
� � � � . As � is tangentto� � � 	 � , thedistancefrom thepoint

� � � 	 � � " 
 � ��� to thecenterof thesphereis at
least � � 
 � � � � � 	 � � 	
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by thede®nitionof 
 . Observethatif thisdistanceexceeds� 	 � 
 � � � � , thenwecan
besurethatthepoint

� � � 	 � � doesnot lie in (or on)thissphere.If � � 
 � * � � � � � �
and

� � � � 
,* � � � � � , then
� � 
 � � � � � 	 � � � � 	 � � � � � � � � � 	 � 
 � � � � 	

asdesired.In particular, we mayselecta neighborhood� � � 	 about� � sothat
for any � 	 � � � andany sphere� of radiuslessthan 
 � * � � � � � � which is tangent
to
�

at
� � � � , wecanbeguaranteedthat

� � � � fallsoutside� .

Now we work with theglobalstructureof
�

. For a point � on
�

, we let �� denote
�
! � � ��� . For eachpoint � � � , selecta chart

� � � � � � ���� � � � sothat �� � � � ;
the local argumentabove assertsthat thereis a neighborhood� � of � � � � � � ����
andan ��� � � so thatevery sphereof radiuslessthen ��� tangentto � � �

! �� � � � �
meets� � �

! �� � � � � atasinglepoint.(We index theobjects
� � , � �� , etc.by � rather

than �� or � � to simplify the notation.)Let ! � � � ! �� � � � � and let � denotethe
collection � ! � � � � � � . Now, as � is anembedding,thetopologyof � is identical
to the relative topologyon

�
(and � is a homeomorphismwhen

�
is given this

topology).In particular, for every ��� � , thereis a neighborhood� � of � so that
� � � � � � � ! � � . Let � � besmallenoughsothattheopenball

����� � ��� of radius� �
centeredat � is containedin � � . Finally, for each� , de®ne

� � � ! � � �
! � � � � �	� ��


�
� ��� �

andlet � be the opencover � � ��� � � � � . Note that for each� � � , we have
�� � � � . If � is a sphereof radiuslessthan ��� * 0 tangentto thesurface

�
ata point

� � � � � � � , then � is a subset
�
���

andhenceany point in the intersectionof
�

and � mustactuallylie on � � � � � . If, furthermore,� hasradiuslessthan ��� , then
� meets� � � � � ata singlepoint.So,let % � � �	� � ��� 	 � � * 0 � . �

The % constructedabove canbe taken to be a continuousfunction of � ; as
�

is
compact,theaboveargumentyieldsasinglevalueof % � � applicableto theentire
manifold,asexpressedin thefollowing corollary.

Corollary 11 There exists % � � so that for every � � � and unit vector �� which
is normal to

�
at � ,

� # � � 	 % �� � � � � � � � .

Theproofof lemma3 follows immediatelyfrom theabove:

PROOF of Lemma 3. It is animmediateconsequenceof thepreviouslemmathat
thereis ��� � � so thatany spheretangentto

�
of radius ��� or lessmeets

�
at a

singlepoint.Recallthatthemedialaxisof
�

is theclosureof thesetof pointsin � �
with at leasttwo nearestneighborson

�
. Observethatif 3 is apointonthemedial

axisof
�

and � � 3 	 � � � � , thenfor any %�� � thereis a tangentsphereto
�

of
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radius� 	 % whichcontainsat leasttwo pointsof
�

. Hence� � � 	 ��� � � � � � � � �
� . �
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