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Abstract

A fundamental issue in theoretical computer science is that of establishing unambiguous
formal criteria for algorithmic output. This paper does so within the domain of computer-
aided geometric modeling. For practical geometric modeling algorithms, it is often de-
sirable to create piecewise linear approximations to compact manifolds embedded in
and it is usually desirable for these two representations to be “topologically equivalent”.
Though this has traditionally been taken to mean that the two representations are homeo-
morphic, such a notion of equivalence suffers from a variety of technical and philosophical
difficulties; we adopt the stronger notion of ambient isotopy. It is shown here, that for
any , compact, 2-manifold without boundary, which is embedded in | there exists a
piecewise linear ambient isotopic approximation. Furthermore, this isotopy has compact
support, with specific bounds upon the size of this compact neighborhood. These bounds
may be useful for practical application in computer graphics and engineering design sim-
ulations. The proof given relies upon properties of the medial axis, which is explained in
this paper.
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1 Topology in Geometric Modeling

Topologyhasmadefundamentatontritutionsto computerscienceg31]; with ap-

plicationsto domain-theoretifoundationgor programmindanguage$34], anes-
sentialrole in digital topology[26], and mary applicationsto compleity lower

bounds[8,25,39]. Topology also offers direct meansfor classifyingsolids, sur

faces,and curves;the principal elementsof computeraidedgeometricmodeling
andcomputemgraphics As approximatioris anunasoidableaspecbf computation
with suchobjects,the questionof whetheran approximations “good enough’to

preseretheessentiafeaturef theobjectis of centralimportanceWe discusghe

conceptof ambientisotopy, a topologicalnotion of equivalence,and give condi-

tionssuf®cientfor anapproximatiorto offer suchequvalence.

Computeraidedgeometrianodelingis the proces®f creatingelectronicrepresen-
tationsof geometricobjects,usuallyin threedimensionsAlthough curved mod-
elscanbedesignedvith splines,algebraicsurfacesor implicitly via a subdvision
processpperationson the models,suchasvisualizationor ®nite elementanaly-
sis, might requirea piecavise linear (PL) approximatiornto the model. This work
addresseshe questionof whenan objectandits approximationshouldbe con-
sideredto be topologicallyequivalentand presents new theoremwhich guaran-
teesthat suchtopologically faithful approximationcan be achieved on compact,
2-manifolds,which areembeddedn andhave continuoussecondderiatives.
Recentdiscussion$ave articulatedthe notion of “computationatopology’ [14],
primarily asa combinationof topologyandcomputationageometry Most of the
focusto date[14,17] hasignoreddifferentiability andapproximationTo the con-
trary, this work emphasizethe integrationof computationatopology differential
topologyandapproximation.

2 Ambient Isotopy and Approximation

Many geometricapproximatioralgorithmsoffer no guaranteeaboutthetopology
of theoutput.Sometimest is guaranteethatthe outputis homeomorphit¢o ade-
siredmanifold[2,24]. We agueherethata guarante®f homeomorphisns insuf-
®cientfor mary of theapplicationgor which the algorithmsaredesignedRathey
examplesaregivenfor preferringa strongerequvalencerelationbaseduponambi-
entisotopy.

Definition 1 If and aresubspacesof ,then and are ambient isotopic
if there is a continuous mapping



such that for each : is a homeomorphismfrom  onto  such that
is the identity and

For otherfundamentaterms thereadeilis referredto thetext [22].

Althoughary two simpleclosedplanarcurvesareambientisotopic,Figurel shavs
two simplehomeomorphicurves,which arenotambientisotopic , wherethe PL
curveis anapproximatiorof thecurve ontheleft. In theright half of Figurel the
co-ordinate®f someverticesarespeci®callyindicatedo emphasizéheknotcross
ingsin  (All otherendpointshave ). All endpointsof theline segmentsn
theapproximatiorarealsopointson the original curve. Having this knottedcurve
asan approximantto the original unknotwould be undesirablen mary circum-
stancessuchasgraphicsandengineeringimulationg6,7]. Thesepathologiesan
be preventedby extendingthe topologicalfoundationsor geometricmodelingto
stipulateambientisotopy for topologicalequivalence.

Fig. 1. Nonequivalent Knots

Otherproblemsarisefor surfaces(2-manifolds)in threedimensionsSomealgo-
rithmscomputeatriangulatedsurface toapproximateheboundary ofaclosed,
®nite volume,with aguarante¢hat ishomeomorphito [3,4]. It iswell-known
thatthis doesnot guarante¢hatthe complemenbf , IS homeomorphic
to thecomplemenbf , meaningthatthereis no guaranteghat and

areequvalentlyembeddean . An ambientisotopy between and , onthe
otherhand,providessucha guarantee.

The classof PL surfacespresentsanotherdomainin which topologicalguaran-
teesaredesirable Even guaranteeinghatthe commonedge contraction operator

The different knot classifications of  and are indicated.



producesan objecthomeomorphido its input requiressomecarefor simplicial
complees[18]. Preserationof genusduringapproximatiorby a polygonalmesh
[16] alsorequiresconsiderableare.

The theorempresentecdere proves an approximationtechniquewhich preseres
ambientisotopy overanimportantsub-clas®f 2-manifolds.

3 Related Work

Throughouthearticle,for ary integer , thenotation  will referto afunc-
tion (or manifold) having continuousderwativesof order ; will likewiseindi-
catecontinuouderivativesfor all non-ngative integers.The relatedwork comes
from two broadareasmathematicendcomputerscience.

3.1 Mathematics

The sub-disciplinesf differentialtopology PL topologyandknot theoryarethe
mostrelevant,for which key summaryreferencesiregiven,below.

In differentialtopology extensionof isotopiego ambientisotopieds accomplished
ona manifoldwithout boundaryby constructinga tubular neighborhood?22].
The assumptionof is naturalwithin that context, but is not invoked here.
Ratheyourresultsonly require  continuity.

From PL topology therearenecessarandsuf®cient conditionsfor anisotopy of
compacpolyhedrgd32, Theoremd.24,p. 58] to beextendedo anambientisotopy.
A commontechnicaltool for proving compactsupport of anambientisotopy is
the classof functionsknow as pushesf|9]. A generalizatiorof a pushis usedin
theproofgivenhere.

In knottheory ambientisotopy theoremgocusuponknotdiagramg20,21].Finite
sequencesf Reidemeistemovesareknown to presere ambientisotopy overknot
diagramsAn alternatve de®nition of ambientisotopy canbe given[32] in terms
of commutatve diagrams.

Afunction from onto itself has compact support if there exists a compact set
such that is the identity except possibly on



3.2 Computer Science

The catalystfor this paperwaswork on the problemof constructingan approxi-
matingsurfacemeshgivenonly a sampleof pointsfrom the surface.This problem
wasformalizedandbroughtto the attentionof the computergraphicscommunity
in aseminall992papef23]. AmentaandBern[1,2] describedhecrust algorithm
for which they could shav, undersomeconditionson the surfaceandthe sample,
that the outputapproximatesgeometrically the surfacefrom which the samples
weredravn. A latersimpli®cation[3] of thisalgorithmwasshavn to producea PL
(triangulatedynanifoldhomeomorphito thesurfacefrom whichthesamplesvere
taken,usinga somavhatcomplicatecargumentinvolving coveringspacesBoth of
theseapproachessethemedial axis.

Betweenary two points, , let denotetheusualEuclideardistance
andfor ary two sets , let

Definition 2 Let and . A point is a nearespointon to if
The medialaxisof , is the closure of the set of all points that have at

least two distinct nearest points on

This conceptwasoriginally de®nedfor objectrecognitionin thelife science$10].
Oneinvestigationof the mathematicapropertiesof the medialaxisandits associ-
atedtransformfunction[15] is restrictedto geometrywithin the plane.More gen-
erally, therehasbeenbroadattentionto themedialaxisin ~ within the computer
sciencditerature wherethetopologicalanddifferentiablenvestigation$35,37,38]
aremostdirectly relevantto our maintheoremaboutambientisotopy.

Theissueof rigorousproofsfor the preseration of topologicalform in geometric
modelingappeargo have been®rst raisedregardingtolerancesn engineeringle-
sign[11,12,36],but thesepaperdlid not speci®callyproposeambientisotopy asa
criterion. The classof geometricobjectsconsideredvasappreciablyexpandedby
theoremdor ambientisotopicperturbation®f PL simplexesandsplines[5—7].

In responséo the exampleof Figurel, a theoremwaspublishedfor ambientiso-
topic PL approximationf 1-manifolds[27]. The proof utilizes "pipe surfaces’
from classicalifferentialgeometry[29]. Theimprovedapproximatioris shovnin
Figure2. Thereis arelatedstudyof curves,comparingthemto -shapeg19] via
ambientisotopieq33].



Fig. 2. Ambient Isotopic Approximation

4 Existence of Ambient Isotopy Via the Medial Axis

This sectioncontainghe mainresultof thepaper For thereaders corveniencewe
briey summarizethe salientaspectof the simpli®ed crustalgorithm[3] asthe
basisfor our extensions.

Let bea , compact2-manifoldwithout boundarywith anembedding
;let denoteheimageof under . (Byembedding, we meanthat(i.)
is , (ii.) isinjective, (iii.) thedifferentialof is everywherenon-singular
and (iv.) that is homeomorphido when is given the relatve topology
inheritedfrom . Our terminologyfollows [13, 1l]; seeAppendixA for more
discussion.)

It wasshawn [3] thatthereexistsa PL (triangulatedmanifold  whichis embed-
dedin suchthatevery vertex of  belongsto  andthattherealsoexists a
homeomorphism , de®nedby mappingeachpointof to thenearest
pointon . Furthermorefor each :

The creationof sucha homeomorphismassumeghat the verticesof  form a

“suf®cientlydense'samplingof , meaninghatfor everypoint on thedistance
from tothenearesvertex of is at mostsome timesthe distancefrom

to [3]. Theparticularvaluesof and werechoserfor corvenient
numericalmanipulationwithin the cited proof, andcould possiblybeimproved.



4.1 Preparatory Lemmas

Lemma3 hasappearedn the literature[37], usingdifferentterminology In order
to keepthis paperself-containedye alsopresentts proofin AppendixA. Note
thatLemmas3, 4 and 7 would be falsewithout somehypothesisaboutthe differ-
entiabilityof , whereourassumptiorof  is suf®cient.

Lemma 3

PROOF. SeeAppendixA.

Lemma4 If is any point not on , then any line segment from to having
length is perpendicular to

PROOF. Seeg.q.,[30, Theoremi].

Thefollowing de®nition,restatedrom [38], is usefulwithin our next lemma.

Definition 5 Let  be a closed subset of . A point is a non-etender
relative to if there exists a shortest path from to which cannot be extended to
be a shortest path to any point beyond

Proposition 6 Let be a non-extender relative to , then

PROOF. See[38], whereit is shavn that is in factthe closureof the set
of non-extendergelativeto . (N.b., Wolter adoptdifferentterminologyfor these
sets:his cut locus is equivalentto our medial axis. He shows that the closureof
the setof non-etenderss the sameasthe closureof the setof pointswith atleast
two nearesheighborsasin De®nition2). Seg/38, De®nition3.4.1],[38, De®nition
3.4.11], andthefollowing remarks.

Lemma7 Let and be unit length normalsto at two distinct points  and
. Suppose that the two lines and intersect at a
point , where . Then

Note, finally, that Wolter also defines a notion of medial axis, only directly applicable to
compact, regular closed subsets of



PROOF. Let ; without loss of generality we assumehat

. For , let  bethe closedball

centeredat of radius andnotethatfor all , we have that B
(wherethenotation indicatesthe boundary)By Propositionl0 in AppendixA,
thereexistssome suchthatfor all . . Let
notethat ~ sothat . Any pointof mustbe on the
boundaryof  becausary interiorpointof ~ whichalsoappearedh would
alsobecontainedn  for someappropriatelysmallpositive ; thisis precluded
by our choiceof . Likewise, obsere that for ary , thereare points of

in theinteriorof  andhencethat is a non-ectender By Proposition6
we musthave . Hence

, asdesired.

4.2 Main Theorem

In this section,we shaw thatthereexists an ambientisotopy of compactsupport
betweerthesurfaces and . Thisis themaintheorenof this paperTo establish
this, we ®rst de®nethefollowing functions.

Considethevectorfrom toits nearespoint, on .Let denotehisnearest
pointto andlet  denotethevector . Any pointof  suchthat will

becalledafixed point of .Let denotethesetof all ®xedpointsof . Note,
by Lemmad4, thatfor ary ,thevector isnormalto at

De®nethetwo functions and ,from into sothat

and

Let and

Lemma 8 The functions and are homeomorphisms.

Each sample point is a fixed point of  and there is nothing that precludes a subset of
some triangle of  from being a subset of , meaning that all points of that subset would
also be fixed points.



PROOF. Obsenrethatfor ary ,

and
Sinceboth and lie alongnormalsto at , theseindicatedsmall dis-
tancesfrom aresuf®cientto concludefrom Lemma? thatboth and

are1-1. The otherpropertiesequiredfor and to be homeomorphismollow
easily

Theorem 9 There exists an ambient isotopy of compact support between the sur-
faces and

PROOF. De®nethefunction sothat
if where
if and
if

Notethatbetween and |, thisdeformsthesurface into , between and
thisdeforms thesurface into , andbetween and , thisdeformsthe

surface into . Let denotethe set . By
Lemma7, isl-lontheset .(On : for all
)
Now, let id be the identity mapandlet be the
function
if and
if
Let . Obsenre that alsodeforms into , buttheset
, whichwasmappedo under isnow mappedo
. We interpolatebetween and to de®nethe ambient
isotopy.
De®nethefunction
so that for each , for all ; for a point
, let andde®ne
id
The choices of the values and here are arbitrary, but are not related to the use of
the constant within the second inequality in the proof of Lemma 8. The values of
and used here could be replaced by any values , , such that . The

technical details of the proof would change, but the underlying logic would be the same.



where id isthemap

Obsenrethat,for each, id isabijectionon andhencethemap

is bijective for ®xed . To seethat is continuouspbsene that
the boundaryof is precisely ; as is clearly continuousn the
interior of it suf®cesto checkthat ®xesevery pointin , Which
it doessinceboth and are®xedby id . Finally, obsenre thatfor
all , romwhichit easily

followsthat iscontinuouson

Notethat is theidentity functionon , that and
that isanambientisotopy between and

5 Conclusions and Future Directions

Theoreticafoundationdor geometricalgorithmsshouldaddressopologicalchar
acteristicsasis demonstratedy examplein this paper The maintheoremproven
in this papersigni®cantly expandsthe classof manifoldsknown to have PL ap-
proximationswhich presere thetopologicalcharacteristicef the givenmanifold.
Speci®callysuf®cientconditionsaregivenfor aPL (triangulatedppproximatiorto
beambientlyisotopicto agiven  compact2-manifold,withoutboundarywhere
the manifoldis assumedo beembeddedn . Furthermoreit is shavn thatthis
isotopy hascompactsupportwith a speci®cupperbounduponthedistanceof this
compactsetfrom the original manifold. This quantitatve boundmay be usefulin
practicalapplicationsn computegraphicsandengineeringThe magnitudeof this
boundis generallyinverselyproportionalto the numberof approximatingfacets.
Typically, in practicalcomputingapplicationsit is desirableo minimizethis num-
berof facets.Thereis no claimin this paperaboutachiezing any suchminimality
andthis minimality relationremaingo beinvestigatedbothfor thework presented
herefor 2-manifoldsandfor work by previousauthorson 1-manifolds.
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A Proof of Lemma 3

Recallthatan -dimensional manifoldis a(seconccountableHausdorf) topo-
logical space togetherwith a collectionof maps(which we call charts) such
that:

(1) eachchart is ahomeomorphism , Where isopenin
and isopenin

(2) eachpoint is in thedomainof somechart;and

(3) for ary pair of charts and , the“change
of coordinatesnap” IS

Sucha collectionof mapsis saidto beanatlas for . (Notethatary atlascanbe
enlagedsothatit is in factmaximalwith respecto propertiesl, 2, and3, above.)
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Priorto proving Lemma3, we stateandprove thefollowing supportingoroposition.
Again, similaragumentsappeain theliterature[35,37].

Proposition 10 Let be a point of and a unit vector normal to  at
. Then there exists some such that the closed ball of radius
centered at intersects  at exactly one point,

PROOF. Theamgumenthastwo parts,dealingwith thelocal andglobal structure

of , respectrely. We beggin with thelocal agument.Considera point and
itsimage .Let beachartwith andconsider
the  function mapping to .Let be . Wewouldliketo
seethatthereis aneighborhood of andan sothatary sphereof radius
tangento thesurface meets atasinglepoint.
As is anembeddingthe derivative of at , denoted , hasranktwo.
Since is is a continuousfunctionof on , we may selecta
neighborhood of sothat hasrank two on all of . If we

then®x a boundedcorvex neighborhood of and acompactsetsatisfy-
ing then

(1) for some , all secondpartial dervativesof are boundedaborve in
absolutevalueby ateverypointin

(2) is a homeomorphisnof ontotheimageof , whengivenits relative
topology and

(3) for some , for all andall ,

By applyinga®rst-orderTaylor formula(seeg.g.,[28]) to , for ary ,

where and is aremaindeterm(whichdepend®n ). Fixing, for
themoment,a speci®c , the th coordinateof this remaindetermmay be
boundedy

forsome ontheline sggmentbetween and . (Recallthat is ,sothat
thesepartialsexist.) In particular the quantityabove canbe boundedn absolute
value by , iIn which case B . Solet be a sphereof
radius , tangentto the surfacegivenby at the point . As s tangentto

, thedistancdrom thepoint to thecenterof thespheras at
least

14



by thede®nitionof . Obserethatif thisdistancesxceeds , thenwe can

besurethatthepoint doesnotlie in (or on)thisspherelf

and , then

asdesiredIn particular we may selecta neighborhood ~ about sothat
for ary andary sphere of radiuslessthan whichis tangent
to at , We canbe guaranteethat fallsoutside .

Now we work with the globalstructureof . Forapoint on ,welet denote

. For eachpoint , Selecta chart sothat ;
the local agumentabove assertghat thereis a neighborhood  of
andan sothatevery sphereof radiuslessthen tangentto
meets atasinglepoint. (We index theobjects , ,etc.by rather
than or to simplify the notation.)Let andlet denotethe
collection .Now, as isanembeddingthetopologyof isidentical
to the relative topologyon (and is a homeomorphismvhen s giventhis
topology).In particular for every , thereis aneighborhood of sothat

.Let besmallenoughsothatthe openball of radius

centeredat iscontainedn . Finally, for each , de®ne

andlet bethe opencover . Note thatfor each , we have
.If isasphereof radiuslessthan tangento thesurface atapoint
,then isasubset andhenceary pointin the intersectionof
and mustactuallylie on . If, furthermore, hasradiuslessthan |, then
meets atasinglepoint. So,let

The constructedabore canbe taken to be a continuousfunctionof ; as is
compacttheabove agumentyieldsa singlevalueof applicableto theentire
manifold,asexpressedn thefollowing corollary.

Corollary 11 There exists so that for every and unit vector  which
isnormalto at ,

Theproof of lemma3 follows immediatelyfrom theabove:

PROOF of Lemma 3. It is animmediateconsequencef the previouslemmathat
thereis sothatarny sphergangentto of radius orlessmeets ata
singlepoint. Recallthatthemedialaxisof istheclosureof thesetof pointsin

with atleasttwo nearesheighboron . Obserethatif isapointonthemedial
axisof and , thenfor ary thereis atangentsphereto  of
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radius which containsatleasttwo pointsof . Hence
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