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Abstract

The unresoled subtleties of oating point computationsin geometricmod-
eling becomeconsiderablymore di cult in animations and scieri ¢ visu-
alizations. Someemergingsolutions basedupon topological considerations
will be preserted. A novel geometricseedingalgorithm for Newton's method
wasusedin experimerts to determinefeasiblesupport for thesevisualization
applications.

1 Computing the pip e surface radius

Parametric curveshave beenshavn to have a particular neighborhood whose
boundary is non-self-irtersecting [5]. It has also beenshown that speci ed
movemerts of the curve within this neighborhood presene the topology of
the curve [9, 8], asis desiredin visualization. This neighborhood is de ned
by a singlevalue, which is the radius of a pipe surface,wherethat radius de-
pendson curvature and the minimum length over thoseline segmets which
are normal to the curve at both endpoints of the line segmen [5]. Since
computation of curvature is a well-treated problem, the focus of this pa-
per is e cient and accurate oating point techniquesto compute the other
dependeancyfor that radius.
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De nition 1.1 For a non-self-interseting, parametric curve ¢, where
c:[0;1]! R

and for distinct valuess;t 2 [0;1], the line segment [c(S); c(t)] is doubly
normal if it is normal to c at both of the points c(s) and c(t).

To avoid unnecessarycomplications with computing derivatives, only
curveswith regular parameterization[3] are considered.

De nition 1.2 The global separationis the minimum over the lengths of
all doubly normal segments. (For compact curves, this minimum has been
shownin be positive [6].)

An examplecubic B-splinescurve is givenin Figure 1, with

1. cortrol points: (0.0 0.00.0) (-1.01.00.0) (4.55.52.0) (5.0-1.08.5)
(-1.52.5-4.5) (4.56.08.5) (3.5-3.50.0) (0.00.00.0)
&

2. knot vector: f00000.20.40.60.8111 1g

For this curve, there exist many doubly normal segmets, as showvn in Fig-
ure 1. The problemis how to e ciently nd all thesedoubly normal seg-

Figure 1. Many doubly normal segmets exist on this curve.

merts, andthen nd the pair which represets the global separationdistance,
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denotedas . A pair of distinct points at parametric valuess and t on a
curve will be endpoints of a doubly normal segmein if they satisfy the two
equations[5]:

[c(s) c(t)] cXs)=0 (1)
[c(s) c(t)] c{t)=0 ()

where,s;t 2 [0; 1]

In principle, the systemgiven by Equations 1 and 2 could be solved alge-
braically by writing them in their power basisform, but this approad results
in well-known algorithmic di culties [10]. Hence,alternative techniqueswill
be preserted. For the software infrastructure available to these authors, it
was corvenient to corvert the B-spline curve into a composite Bezier curve
by the usualtechnique of increasingthe multiplicit y of ead interior knot to
3. This produces5 subcurves, with cortrol points, as follows (roundedto 2
decimal placesfor this exposition):

(000) (-1 10) (1.753.251) (3.213.292.58),

(3.203.292.58) (4.67 3.334.17) (4.831.176.33) (3.830.675.25),
(3.830.675.25) (2.830.174.17) (0.67 1.33-0.17) (0.58 2.5 -0.17),
(0.582.5-0.17) (0.5 3.67-0.17) (2.5 4.834.17) (3.253.04 4.21),
(3.253.044.21) (4 1.254.25)(3.5-3.50) (0 0 0).

Newton's method for two variables[7] was applied to Equations 1 and 2.
The numerical experimerts reported on prototype code suggestthat this
approad could be su cien tly rapid to support scieri ¢ visualization. These
experimerts were performedon a 64-bit AMD processomwith Red Hat Linux
FedoraCore2 and OpenGL with doublebu ering. As always, the integration
with a speci ¢ graphicssubsystemis highly dependart upon the underlying
architecture, and incorporation of this code on any platform would require
further dewvelopmen and experimertation.

As is typical, the "art' requiredfor the successfuliseof Newton's method
is highly dependart upon the determination of reasonablenitial estimates,
within the following standard formulation

f(sn;tn)
g(Sn;tn)

Sn+1 = Sn J 1(Sn;tn)

n=0;1;:: 3
tn+1 tn ( )



until jJ 2(sn;ta)[f (sn;tn) 9(sn;tn)]"j islessthan some > 0,whered (s,;tn)
is the inverseJacobianmatrix.

A viable approad to this art is presemed and veri ed on an illustrativ e
example. The generalideais to take nitely many points on ead subcurve
and considerall line segmets betweenead pair of points asa candidatefor
being doubly normal. Many of thesesegmets can be excludedfrom further
considerationby an easyculling technique basedupon a lack of normality at
oneend point or the other.

Let < c(s); c(t) > denotethe vector of unit length, formed by taking the
vector betweenc(s) and ¢(t) and dividing that vector by its norm. Let cXs)
and c{t) denotethe unit tangert vectorsat points c(s) and c(t), respectively.
Let ; and , be positive. The following modi cations of Equations 1 and 2
are used

<cs)ot)> cls) < i (4)

and

< c(s);c(t) > cAt) < o (5)

If the result of the precedingcomparisonis false,then this segmenis rejected.
Otherwise, it is su cien tly closeto beingdoubly normal to sene asaninitial
estimate for Newton's method.

Thesecandidate double normal points are showvn graphically in Figure 2
with line segmets connectingthe pairs of candidate points for eat pair
of Bezier segmets. Pairs of Bezier segmets that do not have a connect-
ing line segmeh meanthat no candidate doubly normal points were found.
Pairs of Bezier segmets that have only one connectingline segmety mean
that Newton's method did not convergefor those particular points. Pairs of
Bezier segmets that have two pairs of connectingline segmeis meanthat
Newton's method did corverge, and the resulting pair of minimum double
normal points is one of the two line segmets from ead pair. Typically, con-
vergencewith = 0:0001occuredafter 3 or 4 iterations. Note that Figure 2
depicts the samecurve asin Figure 1, but now the curve is rotated about
the y-axisto get a better view of doubly normal points, with illustrated in
the zoomed-in sectionof Figure refnewtons-methal-color.

Table 1 summarizesexperimertal work completed. Tests1 - 3 report on
a naive, direct approad. This relies purely upon the limiting notion that
su cien tly many appraximation pairs will producea list that cortains a rea-
sonableestimate for . This producesthe reliable estimatesshavn in both
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min distance = 0.44268

Figure 2: Newton's method.

Tests1 and 2, but at prohibitiv ely slow performancefor visualization appli-

cations. Furthermore, Test 3 shows that further coarseningon the partition

results in both poor estimatesfor and unacceptableperformance. Alter-

natively, Test4 showvs that Newton's method producesa reliable estimate of
with acceptableperformanceover a very coarsepartition 1.

| Test# || Method | Partition Size,n | Time(s) | |

1 Direct 10,000 85 0.44268
2 Direct 2,000 6 0.44268
3 Direct 1,000 2 0.91921
4 Newton 10 N 0.44268

Table 1: Estimating

2 Guaran teeing a Lower Bound

The estimate of producedby Newton's Method can be done quickly, but
it could easilybe an overestimateof . To be consenrative in the useof any
estimateof it would be desirableto have a guararteedlower bound. Hence,
the theory to produce sud a lower bound is presered, though it should be

LAs averi cation of the Newton's codeimplemerted, the valueof ~ for this experimental
curve was corobborated by an independertly created code [1].
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clearthat the partitioning becomesprohibitiv ely expensiwe, sothis algorithm
hasnot beenpresened. This analysisis consisten with the presemation and
discussionof Table 1.

2.1 Partitioning by Taylor's Theorem

The algorithm preserted in this sectionwill proceedin terms of a parameter

. One algorithmic criterion will be to createa PL approximation of ¢ that
is within =2 of c. A lower bound will be provided for , and an a priori
bound can be provided upon the number of subdivision iterations neededto
achieve that appraximation. Hence,for a curve ¢, approximation of relies
on the following two conditions.

1. The distancebetweena PL approximant and ¢ must be lessthan =2.

2. The edgesof the PL approximant must be good local appraximations
to the tangerts of c.

To do so, the rest of the analysispresetied will beto nd a partition of the
parametric interval [0; 1] by the increasingsequencef points

Then a PL approximation to cis createdby connectingthe interpolant points
¢(S0); C(S1); 1 c(s):

Both conditions canbe met by invoking Taylor's Theorem[2]. Taylor's The-
orem s stated asfollows. For f : R! R andn > 0, supposethat f ("*1)
existsfor ead x in a non-empty openinterval | R cortaining a. For ead
X 6 ain | there existsty strictly betweena and x sud that

f (@)

FO)=f@+fY)(x a)+ i+ —

(x a)"+ra(x)

where oD (1)
* tx n+1
G

Note that this statemen of Taylor's Theoremis for the univariate caseinto
R, whereasthe presen application is to map ¢ : [0;1] ! R3, a univariate

r(x) =
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function into R3. Howewer, the x, y and z componerts can be treated inde-
penderly asfunctionsinto R.

Condition 1. PL Appro ximation within =2: This part discusseghe
creation of a PL approximant of ¢ that is within =2 of c. Sincethe value for

is unknown, it is initially setto = 1. The resulting estimatefor isthen
tested for validity (Seealgorithm in Section2.2, below.), and failure results
in halving , repeating the iterations until a valid estimatefor is obtained.
In this way, the overall algorithm is logarithmic in 1= .

Sinceonly cortinuousfunctions de ned on the compactset[0; 1] are con-
sidered,there is a maximum positive value for kcXt)k, denotedasM,. Recall
that c{t) is non-zerofrom the regularity of c. Then for any t 2 [to;t4],
(whenjt; toj is suciently small), a straightforward application of Taylor's
Theoremto the x componert of c(t), denotedas c,(t) would give,

C(t) = ox(to) + Ex(t)

for somet 2 [to;t], where

Ex(t)=(t to)c(t);

with E4(t ) playing the role of r,(x) above. Clearly, this canbe donein eat
componert. Then, sincethe nal intent is to usethe Euclideannorm on the
vector-valued ¢, denotedaskc(t) c(to)k, an elemenary algebraicargumert
shows that the componert-wise inequalities can be conbined to yield

ke(t) c(to)k  (ty to)p 3M 0-

It remainsto show that (t; to)IO 3M, < =2. Notethat to andt, arevaluesin
the parametric domain of ¢, correspnding to the parametric points picked
for uniform subdivison { namely ead sub-interval will be halved at eath
iteration. Their maximum distanceapart will spanat mosttwo sub-intervals,
if chosencorrespnding to sub-intervals over consecutie but di erent curve
subsegmets. Hence,choose o sud that

2 ‘0+1p§|v|0< =2:
or
] p_
M
*o = dogy( 3 % + 2e: (6)




Note that this analysisonly appliesto a singlecurve, and recall that a curve
¢ can be composedof many Bezier sub-cures. Supposethere arej many
sub-cunes. Then, the Taylor's theorem analysismust be applied to eat of
the j -many sub-cunes.

Condition 2. Guaran teeing Sucien tly Good Local Tangent Ap-
pro ximations : This is analagousto the precedingargumert. Supposethe
curvature is positive somewhere. If not, the curve is the trivial caseof a
straight line. Let M, denotethe maximum value of kc®ft)k, and let  de-
note the minimum value of kc{t)k. A similar application of Taylor's Theorem
yields,

ke(t) Atk  jti  tojke™t )k (t1  to)My:

Let  denotethe anglebetweencYt,) and c{t). Then,

ke(t)  cAto)k,
k(Ok

For a su ciently small value of chosento be greater than 0O, the arcsine
function is monotonically increasingon [ =4; =4]. Therefore,showving that
sin( ) < sin(=4) over that interval is sucient to have | {j < =4. The
previous application of Taylor's Theorem gives

ke(t)  cAto)k My,

Hence,it remainsto show that (t; tg)M= ¢ < sin( =4). Therefore,choose
"1 sud that

jsin( )]

jsin( 1)

-a M ,
2 121 < sin( =4);
0
or,

1= d|092(08+(1:4)) + le: (7)
The above argumen keepstrack of the angle that the rst derivative
makesrelativeto the vector ¢(to). If this anglefor any two points onthe curve
whoseparametric valuesare from consecutie subintervalsis strictly lessthan
=2 radians,then this smallangularmeasureprecludesthe possibility of there
being a segmen joining those points which are normal to the curve at both
points on the curve. With thesetwo conditions in place, the algorithm for

estimating is now givenin the next subsection.
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Figure 3: The points ¢(s ) and c(t") are -nearly doubly normal.

2.2 Lower bound algorithm for

The introduction, here,of the terminology \ -nearly doubly normal” is simi-
lar to the conditions previously set forth for the seedsor Newton's Method,
asexpressedn Equations1 and 2 in Sectionl.

Let ¢(s ) andc(t ) betwo distinct points of c sud that d(c(s );c(t )) =
Consider those circumstances,where for su ciently small positive there
exist s ;t 2 [0;1] sudh that the linesL, and L, cortaining the normals at
c(s ) and c(t") intersectat a point nearto the segmeh connectingc(s )
and c(t ) wheneer the angle formed betweenlL; and L, is between
and . An illustration is shavn in Figure 3, wherea and b denotethe lengths
alongthe indicated line segmets.

Any two points ¢(s) and c(t) are saidto be -nearly doublynormal if

(c(s) ct)) c{s)=0 & (cs) coft) cAt)=0

or
< <

The triangle inequality gives d(c(s );c(t)) a+ b andthat a+ b

The algorithm descrilked will estimate the global separation distance using
appraximations of d(c(s );c(t)). Sinced(c(s );c(t)) , the estimate
produced,denotedas () (de ned immedidately, below) will alsobe shovn
be no morethan . The value () (SeeFigure 4) is de ned over any two
-nearly normal points c(t); c(s) with t 6 s,

() = mingeqy.es)gf d(c(t); c(s)):9

The transition to providing an estimate of the more conserative value

() rather than trying to directly approximate is motivated by the fol-
lowing example. Let be a planar C! curve cortaining an arc of the
unit circle with arc-length strictly lessthan , but where hasits minimum
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separationdistance being much greaterthan 2 and found elsewhereon the
curve. For any algorithm that attempts to approximate by focusingupon
pairs of points that were nearly normal within some xed tolerance, there
would always be someinput curve like which would return somevalue near
2, sincethis arc-length can be made arbitrarily closeto

Figure 4: The points c(s) and c(t) on the curve segmets inside eat cylinder
are -nearly doubly normal, and D is the distancebetweenthe PL segmets
that appraximates the curve segmets.

Let D be de ned asthe distancebetweentwo PL segmets that approxi-
mate the curve segmets over which () is realized. Note that D ()+ ,
sincethe radius of the cylinders shavn in Figure 4 is at most =2, as given
previously by Taylor's analysis.

The value () is now acceptedas a good estimate of , and the focus
shifts to approximating (), recallingthat () . Then, the algorithm
below in Figure 5 will return an appraximation A( ) of (), with the follow-
ing two guarartees:

A() () , and
AC)>( ()=2

Note that the previous Taylor anlaysesprovides for a value * that gives
the following three guarartees:

the length of eat cylinder is strictly lessthan =2,
the radius of ead cylinder is strictly lessthan =2, and

the angular deviation betweentangerts on the curve segmets in eah
cylinder is strictly lessthan =4.

Sincethe choiceof a value for is not obviously a priori, it is reasonable
to rst set = 1. The resultant estimateA( ) is then testedfor validity (See
algorithm in Figure 5), and failure resultsin halving this value, repeating the
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Global Separation Distance Estimate Algorithm

Input: A splinecurve c &

0. Initialize = 1and! for upper precisionbound.

1. IniB’aLIize A()=0.

2. 1f 3Mo= >1=20r M;=( o¢sin(=4))>"!=2(Eqs.6 & 7)

Terminate.

3. Usel="to uniformly partition [O;1] (Equation ?7?).
Create PL approximation of ¢ using partition of [0; 1].
Find pw-distances,d(e;; g )
with points p, q that realized(e;; ).

6. If pand q are -nearly doubly normal

retain d(e; ) for further consideration,
Elsediscard.
Let D = min(d(e;g)).
7.fD 4
A()=D 2
Else = =2,and Goto Step 1.
Output: A( ) = estimate for global separationdistance.

ok

Figure 5. Generalalgorithm for estimating the global separationdistance.

iterations until a valid value is obtained. In this way, the overall algorithm
is logarithmic in 1= ().

Termination and Satisfactory Value: The algorithm will terminate when
2 < (), which will be logarithmic in 1= (). Seeral applications of the
triangle inequality in Figure 4 show that D () 2, or equialertly
D+2 (); yielding
D D 1 1
= = 2=3:
() D+2 2 2
1+ = 1+ =
D 4
Hence,D (2=3) () andD () , asdesired.
The global separationdistance algorithm in Figure 5 assumeshe exis-
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tence of a geometricdistance predicate d(e;; ) betweentwo line segmets,
e and g, which returns:

the distanced(e; g ) betweenthe two line segmets, and

the points p and g on & and g, respectively, where that distanceis
realized.

Asymptotic Time Bound : The upper time bound for the global separa-
tion distanceestimatealgorithm is given quadratically in the boundsderived
earlier for the Taylor's analysis. The nal a priori bound is expressedn
terms on the total number of subdivisions required, namely *, asis standard
practice [4]. For a curve ¢ with j-many sub-cunes, this ertails (j 22)? dis-
tance computations. Howewer, since " is logarithmic, this yields a tractable
bound of O(maxf j2Mg?= 2; j2M,%=m¢? g). The asymptotic upper time
bound for this algorithm is expressedas

iMy

omaxt (1M)2 log(1= () s

)? log(1= () 9):

2.3 Example Analysis

For the curve already used, the valuesfor the indicated parameters,above,
were computed using the Maple symbolic software as

Mo = 149,
= 34,
M, = 219.

Theselead to a partition sizeof 49 1C°, when = 0:1. This appears
to be consistet with the experimerts reported in Table 1, where approxi-
mately 2000iterations produced an acceptableappraximation, but without
the additional numer boundsguararteed here.
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