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Abstract

The unresolved subtleties of 
oating point computations in geometricmod-
eling becomeconsiderablymore di�cult in animations and scienti�c visu-
alizations. Someemergingsolutions basedupon topological considerations
will be presented. A novel geometricseedingalgorithm for Newton's method
wasusedin experiments to determinefeasiblesupport for thesevisualization
applications.

1 Computing the pip e surface radius

Parametric curveshave beenshown to have a particular neighborhood whose
boundary is non-self-intersecting [5]. It has also beenshown that speci�ed
movements of the curve within this neighborhood preserve the topology of
the curve [9, 8], as is desiredin visualization. This neighborhood is de�ned
by a singlevalue, which is the radius of a pipe surface,wherethat radius de-
pendson curvature and the minimum length over thoseline segments which
are normal to the curve at both endpoints of the line segment [5]. Since
computation of curvature is a well-treated problem, the focus of this pa-
per is e�cien t and accurate 
oating point techniquesto compute the other
dependeancyfor that radius.
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De�nition 1.1 For a non-self-intersecting, parametric curve c, where

c : [0; 1] ! R3;

and for distinct values s; t 2 [0; 1], the line segment [c(s); c(t)] is doubly
normal if it is normal to c at both of the points c(s) and c(t).

To avoid unnecessarycomplications with computing derivatives, only
curveswith regular parameterization[3] are considered.

De�nition 1.2 The global separation is the minimum over the lengthsof
all doubly normal segments. (For compact curves, this minimum has been
shownin be positive [6].)

An examplecubic B-splinescurve is given in Figure 1, with

1. control points: (0.0 0.0 0.0) (-1.0 1.0 0.0) (4.5 5.5 2.0) (5.0 -1.0 8.5)
(-1.5 2.5 -4.5) (4.5 6.0 8.5) (3.5 -3.5 0.0) (0.0 0.0 0.0)

&

2. knot vector: f 0 0 0 0 0.2 0.4 0.6 0.8 1 1 1 1g

For this curve, there exist many doubly normal segments, as shown in Fig-
ure 1. The problem is how to e�cien tly �nd all thesedoubly normal seg-

Figure 1: Many doubly normal segments exist on this curve.

ments, and then �nd the pair which represents the globalseparationdistance,
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denoted as � . A pair of distinct points at parametric values s and t on a
curve will be endpoints of a doubly normal segment if they satisfy the two
equations[5]:

[c(s) � c(t)] � c0(s) = 0 (1)

[c(s) � c(t)] � c0(t) = 0 (2)

where,s; t 2 [0; 1]
In principle, the systemgiven by Equations1 and 2 could be solved alge-

braically by writing them in their power basisform, but this approach results
in well-known algorithmic di�culties [10]. Hence,alternative techniqueswill
be presented. For the software infrastructure available to theseauthors, it
was convenient to convert the B-spline curve into a composite B�ezier curve
by the usual technique of increasingthe multiplicit y of each interior knot to
3. This produces5 subcurves,with control points, as follows (rounded to 2
decimalplacesfor this exposition):

� (0 0 0) (-1 1 0) (1.75 3.251) (3.21 3.292.58),

� (3.20 3.292.58) (4.67 3.334.17) (4.83 1.176.33) (3.83 0.675.25),

� (3.83 0.675.25) (2.83 0.174.17) (0.67 1.33-0.17) (0.58 2.5 -0.17),

� (0.58 2.5 -0.17) (0.5 3.67-0.17) (2.5 4.834.17) (3.25 3.044.21),

� (3.25 3.044.21) (4 1.254.25) (3.5 -3.5 0) (0 0 0).

Newton's method for two variables[7] was applied to Equations 1 and 2.
The numerical experiments reported on prototype code suggestthat this
approach could besu�cien tly rapid to support scienti�c visualization. These
experiments wereperformedon a 64-bit AMD processorwith Red Hat Linux
FedoraCore2 and OpenGL with doublebu�ering. As always, the integration
with a speci�c graphicssubsystemis highly dependant upon the underlying
architecture, and incorporation of this code on any platform would require
further development and experimentation.

As is typical, the `art' required for the successfuluseof Newton's method
is highly dependant upon the determination of reasonableinitial estimates,
within the following standard formulation

�
sn+1

tn+1

�
=

�
sn

tn

�
� J � 1(sn ; tn)

�
f (sn ; tn )
g(sn ; tn )

�
; n = 0; 1; ::: (3)
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until jJ � 1(sn ; tn )[f (sn ; tn ) g(sn ; tn )]T j is lessthan some� > 0, whereJ � 1(sn ; tn )
is the inverseJacobianmatrix.

A viable approach to this art is presented and veri�ed on an illustrativ e
example. The generalidea is to take �nitely many points on each subcurve
and considerall line segments betweeneach pair of points asa candidatefor
being doubly normal. Many of thesesegments can be excludedfrom further
considerationby an easyculling technique basedupon a lack of normality at
oneend point or the other.

Let < c(s); c(t) > denotethe vector of unit length, formed by taking the
vector betweenc(s) and c(t) and dividing that vector by its norm. Let c0(s)
and c0(t) denotethe unit tangent vectorsat points c(s) and c(t), respectively.
Let � 1 and � 2 be positive. The following modi�cations of Equations 1 and 2
are used

< c(s); c(t) > � c0(s) < � 1; (4)

and

< c(s); c(t) > � c0(t) < � 2: (5)

If the result of the precedingcomparisonis false,then this segment is rejected.
Otherwise,it is su�cien tly closeto beingdoubly normal to serve asan initial
estimate for Newton's method.

Thesecandidatedouble normal points are shown graphically in Figure 2
with line segments connecting the pairs of candidate points for each pair
of B�ezier segments. Pairs of B�ezier segments that do not have a connect-
ing line segment, meanthat no candidatedoubly normal points were found.
Pairs of B�ezier segments that have only one connectingline segment, mean
that Newton's method did not convergefor thoseparticular points. Pairs of
B�ezier segments that have two pairs of connectingline segments mean that
Newton's method did converge, and the resulting pair of minimum double
normal points is oneof the two line segments from each pair. Typically, con-
vergencewith � = 0:0001occuredafter 3 or 4 iterations. Note that Figure 2
depicts the samecurve as in Figure 1, but now the curve is rotated about
the y-axis to get a better view of doubly normal points, with � illustrated in
the zoomed-in sectionof Figure refnewtons-method-color.

Table 1 summarizesexperimental work completed. Tests1 - 3 report on
a naive, direct approach. This relies purely upon the limiting notion that
su�cien tly many approximation pairs will producea list that contains a rea-
sonableestimate for � . This producesthe reliable estimatesshown in both
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Figure 2: Newton's method.

Tests1 and 2, but at prohibitiv ely slow performancefor visualization appli-
cations. Furthermore, Test 3 shows that further coarseningon the partition
results in both poor estimatesfor � and unacceptableperformance. Alter-
natively, Test 4 shows that Newton's method producesa reliable estimateof
� with acceptableperformanceover a very coarsepartition 1.

Test # Method Partition Size,n Time(s) �
1 Direct 10,000 85 0.44268
2 Direct 2,000 6 0.44268
3 Direct 1,000 2 0.91921
4 Newton 10 N 0.44268

Table 1: Estimating �

2 Guaran teeing a Lower Bound

The estimate of � produced by Newton's Method can be done quickly, but
it could easilybe an overestimateof � . To be conservative in the useof any
estimateof � it would bedesirableto have a guaranteedlower bound. Hence,
the theory to producesuch a lower bound is presented, though it should be

1As a veri�cation of the Newton's codeimplemented, the valueof � for this experimental
curve was corobborated by an independently created code [1].
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clearthat the partitioning becomesprohibitiv ely expensive, sothis algorithm
hasnot beenpresented. This analysisis consistent with the presentation and
discussionof Table 1.

2.1 Partitioning by Taylor's Theorem

The algorithm presented in this sectionwill proceedin terms of a parameter
� . One algorithmic criterion will be to createa PL approximation of c that
is within � =2 of c. A lower bound will be provided for � , and an a priori
bound can be provided upon the number of subdivision iterations neededto
achieve that approximation. Hence,for a curve c, approximation of � relies
on the following two conditions.

1. The distancebetweena PL approximant and c must be lessthan � =2.

2. The edgesof the PL approximant must be good local approximations
to the tangents of c.

To do so, the rest of the analysispresented will be to �nd a partition of the
parametric interval [0; 1] by the increasingsequenceof points

0 = s0; s1; : : : ; s` = 1:

Then a PL approximation to c is createdby connectingthe interpolant points

c(s0); c(s1); : : : c(s` ):

Both conditions can be met by invoking Taylor's Theorem[2]. Taylor's The-
orem is stated as follows. For f : R ! R and n > 0, supposethat f (n+1)

exists for each x in a non-empty open interval I � R containing a. For each
x 6= a in I there exists tx strictly betweena and x such that

f (x) = f (a) + f 0(a)(x � a) + : : : +
f n (a)

n!
(x � a)n + rn (x)

where

rn (x) =
f (n+1) (tx )
(n + 1)!

(x � a)n+1

Note that this statement of Taylor's Theorem is for the univariate caseinto
R, whereasthe present application is to map c : [0; 1] ! R3, a univariate
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function into R3. However, the x, y and z components can be treated inde-
pendently as functions into R.

Condition 1. PL Appro ximation within � =2: This part discussesthe
creation of a PL approximant of c that is within � =2 of c. Sincethe value for
� is unknown, it is initially set to � = 1. The resulting estimate for � is then
tested for validit y (Seealgorithm in Section2.2, below.), and failure results
in halving � , repeating the iterations until a valid estimatefor � is obtained.
In this way, the overall algorithm is logarithmic in 1=� .

Sinceonly continuousfunctions de�ned on the compactset [0; 1] are con-
sidered,there is a maximum positive value for kc0(t)k, denotedasM 0. Recall
that c0(t) is non-zero from the regularity of c. Then for any t 2 [t0; t1],
(when jt1 � t0j is su�cien tly small), a straightforward application of Taylor's
Theoremto the x component of c(t), denotedas cx(t) would give,

cx (t) = cx (t0) + Ex (t � )

for somet � 2 [t0; t], where

Ex (t � ) = (t � t0)c0
x (t � );

with Ex (t � ) playing the role of r 1(x) above. Clearly, this can be donein each
component. Then, sincethe �nal intent is to usethe Euclideannorm on the
vector-valued c, denotedaskc(t) � c(t0)k, an elementary algebraicargument
shows that the component-wise inequalitiescan be combined to yield

kc(t) � c(t0)k � (t1 � t0)
p

3M 0:

It remainsto show that (t1� t0)
p

3M 0 < � =2. Note that t0 and t1 arevaluesin
the parametric domain of c, corresponding to the parametric points picked
for uniform subdivison { namely each sub-interval will be halved at each
iteration. Their maximum distanceapart will spanat most two sub-intervals,
if chosencorresponding to sub-intervals over consecutive but di�erent curve
subsegments. Hence,choose`0 such that

2� `0+1
p

3M 0 < � =2:

or,

`0 = dlog2(

p
3M 0

�
) + 2e: (6)
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Note that this analysisonly appliesto a singlecurve, and recall that a curve
c can be composedof many B�ezier sub-curves. Supposethere are j many
sub-curves. Then, the Taylor's theorem analysismust be applied to each of
the j -many sub-curves.

Condition 2. Guaran teeing Su�cien tly Go od Lo cal Tangent Ap-
pro ximations : This is analagousto the precedingargument. Supposethe
curvature is positive somewhere. If not, the curve is the trivial caseof a
straight line. Let M 1 denote the maximum value of kc00(t)k, and let � 0 de-
note the minimum valueof kc0(t)k. A similar application of Taylor's Theorem
yields,

kc0(t) � c0(t0)k � jt1 � t0jkc00(t � )k � (t1 � t0)M1:

Let � t denotethe anglebetweenc0(t0) and c0(t). Then,

jsin(� t )j �
kc0(t) � c0(t0)k

kc0(t)k
:

For a su�cien tly small value of � chosento be greater than 0, the arcsine
function is monotonically increasingon [� �=4; �=4]. Therefore,showing that
sin(� t ) < sin(�=4) over that interval is su�cien t to have j� t j < �=4. The
previousapplication of Taylor's Theoremgives

jsin(� t )j �
kc0(t) � c0(t0)k

kc0(t)k
� (t1 � t0)

M1

� 0
:

Hence,it remainsto show that (t1 � t0)M1=� 0 < sin(�=4). Therefore,choose
`1 such that

2� `1+1 M1

� 0
< sin(�=4):

or,

`1 = dlog2(
M1

� 0sin(�=4)
) + 1e: (7)

The above argument keepstrack of the angle that the �rst derivative
makesrelative to the vector c(t0). If this anglefor any two points on the curve
whoseparametricvaluesarefrom consecutive subintervals is strictly lessthan
� =2 radians,then this smallangularmeasureprecludesthe possibility of there
being a segment joining thosepoints which are normal to the curve at both
points on the curve. With thesetwo conditions in place, the algorithm for
estimating � is now given in the next subsection.
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Figure 3: The points c(~s� ) and c(~t � ) are � -nearly doubly normal.

2.2 Lower bound algorithm for �

The introduction, here,of the terminology \ � -nearly doubly normal" is simi-
lar to the conditions previously set forth for the seedsfor Newton's Method,
as expressedin Equations 1 and 2 in Section1.

Let c(s� ) andc(t � ) betwo distinct points of c such that d(c(s� ); c(t � )) = � .
Consider those circumstances,where for su�cien tly small positive � there
exist ~s� ; ~t � 2 [0; 1] such that the lines L 1 and L2 containing the normals at
c(~s� ) and c(~t � ) intersect at a point � near to the segment connectingc(s� )
and c(t � ) whenever the angle � formed betweenL 1 and L2 is between� � �
and � . An illustration is shown in Figure 3, wherea and bdenotethe lengths
along the indicated line segments.

Any two points c(s) and c(t) are said to be � -nearly doublynormal if

(c(s) � c(t)) � c0(s) = 0 & (c(s) � c(t)) � c0(t) = 0;

or
� � � < � < � :

The triangle inequality gives d(c(~s� ); c(~t � )) � a + b, and that a + b � � .
The algorithm described will estimate the global separationdistance using
approximations of d(c(~s� ); c(~t � )). Since d(c(~s� ); c(~t � )) � � , the estimate
produced,denotedas � (� ) (de�ned immedidately, below) will alsobe shown
be no more than � . The value � (� ) (SeeFigure 4) is de�ned over any two
� -nearly normal points c(t); c(s) with t 6= s,

� (� ) = min f c(t );c(s)gf d(c(t); c(s)) :g

The transition to providing an estimate of the more conservative value
� (� ) rather than trying to directly approximate � is motivated by the fol-
lowing example. Let � be a planar C1 curve � containing an arc of the
unit circle with arc-length strictly lessthan � , but where� has its minimum
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separationdistancebeing much greater than 2 and found elsewhereon the
curve. For any algorithm that attempts to approximate � by focusingupon
pairs of points that were nearly normal within some�xed tolerance, there
would always be someinput curve like � which would return somevaluenear
2, sincethis arc-length can be madearbitrarily closeto � .

Figure 4: The points c(s) and c(t) on the curve segments insideeach cylinder
are � -nearly doubly normal, and D is the distancebetweenthe PL segments
that approximates the curve segments.

Let D be de�ned asthe distancebetweentwo PL segments that approxi-
mate the curve segments over which � (� ) is realized. Note that D � � (� ) + � ,
sincethe radius of the cylinders shown in Figure 4 is at most � =2, as given
previously by Taylor's analysis.

The value � (� ) is now acceptedas a good estimate of � , and the focus
shifts to approximating � (� ), recalling that � (� ) � � . Then, the algorithm
below in Figure 5 will return an approximation A(� ) of � (� ), with the follow-
ing two guarantees:

� A(� ) � � (� ) � � , and

� A(� ) > (� (� ))=2.

Note that the previous Taylor anlaysesprovides for a value ` that gives
the following three guarantees:

� the length of each cylinder is strictly lessthan � =2,

� the radius of each cylinder is strictly lessthan � =2, and

� the angular deviation betweentangents on the curve segments in each
cylinder is strictly lessthan �=4.

Sincethe choiceof a value for � is not obviously a priori , it is reasonable
to �rst set � = 1. The resultant estimateA(� ) is then tested for validit y (See
algorithm in Figure 5), and failure results in halving this value, repeating the
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Global Separation Distance Estimate Algorithm

Input: A spline curve c & � .
0. Initialize � = 1 and ! for upper precisionbound.
1. Initialize A(� ) = 0.
2. If

p
3M 0=� > ! =2 or M 1=(� 0sin(�=4)) > ! =2 (Eqs. 6 & 7)
Terminate.

3. Use1=` to uniformly partition [0; 1] (Equation ??).
4. Create PL approximation of c using partition of [0; 1].
5. Find pw-distances,d(ei ; ej )

with points p, q that realized(ei ; ej ).
6. If p and q are � -nearly doubly normal

retain d(ei ; ej ) for further consideration,
Else discard.
Let D = min (d(ei ; ej )).

7. If D � 4�
A(� ) = D � 2�

Else � = � =2, and Go to Step 1.
Output: A(� ) = estimate for global separationdistance.

Figure 5: Generalalgorithm for estimating the global separationdistance.

iterations until a valid value is obtained. In this way, the overall algorithm
is logarithmic in 1=� (� ).

Termination and Satisfactory Value: The algorithm will terminate when
2� < � (� ), which will be logarithmic in 1=� (� ). Several applications of the
triangle inequality in Figure 4 show that D � � (� ) � 2� , or equivalently
D + 2� � � (� ); yielding

D
� (� )

�
D

D + 2�
=

1

1 +
2�
D

�
1

1 +
2�
4�

= 2=3:

Hence,D � (2=3)� (� ) and D � � (� ) � � , as desired.
The global separationdistance algorithm in Figure 5 assumesthe exis-
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tence of a geometricdistancepredicate d(ei ; ej ) betweentwo line segments,
ei and ej , which returns:

� the distanced(ei ; ej ) betweenthe two line segments, and

� the points p and q on ei and ej , respectively, where that distance is
realized.

Asymptotic Time Bound : The upper time bound for the global separa-
tion distanceestimatealgorithm is given quadratically in the boundsderived
earlier for the Taylor's analysis. The �nal a priori bound is expressedin
terms on the total number of subdivisions required, namely `, as is standard
practice [4]. For a curve c with j -many sub-curves, this entails (j 22` )2 dis-
tance computations. However, since` is logarithmic, this yields a tractable
bound of O(maxf j 2M0

2=� 2; j 2M1
2=m0

2 g). The asymptotic upper time
bound for this algorithm is expressedas

O(maxf (
j M0

�
)2 log(1=� (� )) ; (

j M1

m0
)2 log(1=� (� )) g):

2.3 Example Analysis

For the curve already used,the valuesfor the indicated parameters,above,
were computedusing the Maple symbolic software as

� M 0 = 14:9,

� � = 3:4,

� M 1 = 21:9.

Theselead to a partition sizeof 4:9 � 105, when � = 0:1. This appears
to be consistent with the experiments reported in Table 1, where approxi-
mately 2000iterations producedan acceptableapproximation, but without
the additional numer boundsguaranteed here.
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